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2 K. T. Compton 

to be found there at every turn. A very important account of the methods of 
ventilating mines in Belgium comes next to the careful description of some animal 
monstrosity such as a calf with more than ^he proper allowance of heads or legs. 
The professor of astronomy at Oxford writes on the use of incubators in Egypt. 
Early discussions on tide prediction, then a very important matter because the 
old harbours did not easily accommodate the large boats wanted for the Amerioan 
trade, lie side by side with a disquisition on a remarkable set of teeth and pertinent 
references to the properties of sugar. The hodge-podge is readily understandable. 

The infant was beginning to notice and ask questions_We can well be amused 

at all this, remembering that the infant has now become a very sturdy youth: and 
that the proceedings of these early fellows of the Royal Society were only the first 
results of the new regard for natural knowledge.’ 

Sir William then proceeded in most interesting fashion to sketch the significant 
facts in the life, work and social view-point of Count Rumford and Thomas Bernard, 
and pointed out that the w ealth of Bernard and the stimulation given by Benjamin 
Thompson, both of them men who spent their early lives within a few miles of 
my home in Massachusetts, led to the establishment of your Royal Institution. 

Then, after drawing lessons from the life of Michael Faraday, Sir William con¬ 
cluded with these words: 

‘Science was not merely a collection of inventions to be applied by the rich for 
the comfort of the i>oor. It was a glorious purpose to be shared by all mankind. 
We must try to understand the world m which wo live, for our own enjoyment, for 
tho training of our minds, for the enrichment of our souls’ contemplation, for the 
means whereby we may help each other. It is in this spirit that we may try to do 
our work. It is true of course that we must work for ourselves, instructors have 
to earn their living and students must come to learn how to earn theirs As the 
world is made it must be so, but also the world is so made that the vision of its 
wonder and of the delight of mutual service and the happy task of exploring the 
one to help us in achieving the other, can light our lives for us as the sunshine 
lights the earth.’ 

As we think of the noble ideals which Count Rumford, Thomas Bernard and 
Michael Faraday held for science as that which ‘ can light our lives for us as the 
sunshine lights the earth', it is a grim and discouraging contrast to see the scientists 
of the world engaged to-day in developing new instrumentalities for destruction 
or other instrumentalities for protection against the destruction which would be 
wrought upon us by the engines of war of our enemies. The fact that this is so is a 
grim reminder that our skill in statesmanship and our art and ethics of Christian 
living have not kept pace with our ideals. We have no alternative now but to apply 
our knowledge of science in every aspect to serve us in our struggle for survival 
and to preserve for us that opportunity for which our race has struggled throughout 
the oenturies—the opportunity to live and work in peace and freedom. 

As the seoond personal note, let mo lay claim to scientific kinship with your body 
as one who might be called a scientific grandchild of another one of your late 
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leaders, Sir Joseph Thomson. We in America affectionately called him ‘ as 
I understand you also did in England, and we look upon him as the progenitor of 
that tribe of physicists who interested themselves in the conduction of electricity 
through gases. Taking him as the founder of that tribe, one of the second genera¬ 
tion, your Sir Owen Richardson, was my guide and inspiration during my graduate 
student years at Princeton University For his sake I am sorry that 1 did not 
turn out to be a more productive pupil, but the interests and satisfactions I have 
had in the field of research I owe more to him than to any other man. 

As you know, we in America have two principal scientific societies which are 
broadly representative of all the fields of science and which are rather parallel to 
two of your principal scientific bodies, the Royal Society of London and the British 
Association for the Advancement of Science 

Dr Frank B. Jewett, President of our National Academy of Sciences, has asked 
me to deliver his personal message to the President of the Royal Society of London, 
Sir Henry Dale, and in addition he requested me to express to you the admiration 
which js felt by the members of the National Academy of Sciences for the magni¬ 
ficent manner in which the scientists of Great Britain have thrown the whole 
weight of their energies and abilities to master the innumerable technical problems 
arising m this war. He wanted me to assure you that in so far as we can do likewise, 
we in America are making a sincere effort to handle our similar problems and 
co-operatively to supplement the great work which you are doing. 

Dr Isaiah Bowman, last month elected president of the American Association 
for the Advancement of Science, also gave me a message of greeting to British 
scientists from which I quote as follows 

'Now that the war has advanced to the stage at which wo begin to talk of post¬ 
war plans, we feel more than ever the need for collaboration between Great Britain 
and the United States While there is no such thing as an Anglo-American bloc in 
world politics there is such a thing os close comradeship in the fight for principles. 
This comradeship we feel whenever we deal with the leaders of Britain and what¬ 
ever the field of interest I venture to predict that, whatever difficulties may 
arise, we shall find that comradeship and agreement upon principles will ever 
mark our future relations. This belief is based upon our widely recognized common 
responsibility for the peace and safety ot mankind in the years after the war. If 
England is being changed by the war the United States is changing just as 
rapidly. Once our President was able to report on “the state of the Union”, as 
our Constitution provides, almost without touching on foreign affairs. Two world 
wars have changed both the tenor and the scope of such messages. The state of 
the Union now includes the state of the world This conception of the state of the 
Union lays new obligations upon us all. The scientist can no longer report on the 
state of the sciences. He must report on the impact of science upon society. He 
must make use of the qualities of mind that science fosters in dealing rationally 
with the terrible waste in vital resources that war imposes upon the human species. 
We may hope that the day will soon come when every mature man and woman 
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will feel himself responsible for the state of the Union and act responsibly in that 
sector of our common life committed to his care, no matter how small the sector 
may be, no matter how humble. 

‘We say these things while recalling again how great an inheritance they repre¬ 
sent from the unfolding political life of Great Britain. No one can speak of liberty 
and political responsibility and community enterprise without echoing truths 
that were discovered by centuries of experiment and experience on the part of 
rulers and ruled in the English political system. Thus, no matter where one starts 
in estimating future problems and future responsibilities, one ends by recognizing 
the special bond between America and Britain, by acknowledging the rich 
inheritance that has been responsible for so many strong elements in American life, 
and by elevating the comradeship that we both feel and need.’ 

And now I come to the subject of my address. I have chosen to speak on a subject 
pertinent to the war, to describe to you the manner in which American scientists 
have organized to make their contribution to the same cause which has mobilized 
your efforts. In so doing, T trust that I shall be within the spirit, if not the letter, 
of Sir William’s directive for these lectures For he said, ‘Such lectures would 
associate workers in a common task’, and surely our common task right now is to 
direct our scientific resources for victory 

In these days, when numbers of scientists are crossing the Atlantic in both 
directions on special missions, a better understanding of each other’s organizations 
may be practically helpful. For I frankly confess sympathy with one of your 
number who recently told me that he found the American organization of inter¬ 
related scientific groups a bit complicated. I can only draw cold comfort from the 
fact that, complicated as it is, the scientific organization is far simpler than that of 
our governmental departments and bureaux generally But that is another story. 


Peace-time organization of scientists in the U S. 

Let me first give an over-all picture of tho scientific and technical organizations 
of the United States as they exist in peace-time; After this brief review I shall pass 
to a discussion of the special scientific organizations for war, which is the subject 
of more particular interest to us at this time. 

The scientific and engineering work in tho United States may be discussed 
under three categories- first, the agencies of the Federal Government, exclusive 
of the Armed Services, secondly, the agencies within the Armed Services, and 
thirdly, the non-governmental agencies. 

Federal Bureaux The scientific services of the Federal Government in peace¬ 
time are spread through about forty federal bureaux, of which eighteen can be 
called primarily scientific. Their operations involve only about half of 1% of the 
total peace-time federal budget, but their work is absolutely essential to the 
national welfare in agriculture, manufacture, commerce, health and safety. The 
personnel of all these bureaux operates under the Civil Service. 
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From the point of view of size of personnel and budget, the scientific services under 
the Department of Agriculture stand first in the list Probably these scientific 
establishments, however, are not as well known generally as those of some of the 
other departments because their research work is quite largely spread through a 
great number of agricultural experimental stations distributed throughout the 
various states of the Union and operated co-operatively between the Federal 
Government and the States. Most of the bureaux in Washington are primarily 
of an administrative character, but there are several which also conduct centralized 
research, as, for example, the Bureau of Chemistry and Soils and the Food and 
Drug Administration. Until recently the U S Weather Bureau operated under the 
Department of Agriculture, but a few years ago it was transferred to the Depart¬ 
ment of Commerce, largely because the requirements of air transportation had 
taken the lead in demanding more accurate and refined methods of weather fore¬ 
casting than those which had served reasonably well in the past to provide for the 
needs of agriculture. 

Many of you will probably recognize some of the more important of these 
governmental scientific bureaux, as, for example, the National Bureau of 
Standards under the Department of Commerce, the Geologioal Survey, the 
Bureau of Mines, the Bureau of Mineral Statistics and Economics under the 
Department of the Interior, and the National Institute of Health under the 
U.S. Public Health Service. 

Of particular interest because of its unique character is the National Advisory 
Committoo for Aeronautics which was established during the last war and which 
operates three great research establishments. Until recently the work of the 
N.A C.A was centred in the aerodynamical research programme at Langley Field, 
Virginia Several years ago there was added another aerodynamical research 
establishment named the ‘Ames laboratory’ at Moffett Field, in California, and 
quite recently still another large research and development establishment for 
aircraft engines in Cleveland, Ohio. Also, under the N A C.A , there are currently 
some eighty research projects being carried on at universities under contract 
This obviates unnecessary duplication of facilities in a government laboratory and 
maintains a group of university scientists and engineers in close contact with the 
problems of aeronautical research. 

The administration of this organization is also unique among our federal scien¬ 
tific agencies in that its controlling body is a committee which serves without 
salary and has been comfwsed of men of such high character and distinction as to 
render it completely free from political influence. This committee is provided with 
representation from the most interested branches of the Army, Navy and Govern¬ 
mental Departments, but the chairman and the majority control reside in a body 
of citizen scientists appointed by the President who, m practice, has followed the 
recommendations of the chairman in appointments to fill vacancies. The present 
chairman of the N.A.C.A. is Professor J. C. Hunsaker, head of the Departments 
of Mechanical and Aeronautical Engineenng at the Massachusetts Institute of 
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Technology, and incidentally, while a very young man, the designer of the first 
American airplane to fly the Atlantic. 

Turning now to the United States Armed Services, I oan best describe their 
research and development work as principally a co-operative effort between the 
services themselves and American industrial companies, with occasional par¬ 
ticipation from the research laboratories of the technological and educational 
institutions. 

Army. Each branch of the Army contains a technical division under which 
operate laboratories or arsenals in which a certain amount of research and develop¬ 
ment work is carried on, but whose activities consist for the most part of testing 
and proving new war materials or equipment Thus the technical staffs m the 
various branches of the Army and Navy have the threefold duty of planning and 
co-ordinating an extensive programme of research and development carried on in 
the industrial laboratories, of organizing and conducting research programmes in 
their own establishments, and of carrying on the extensive operations of proving 
and testing which result in the acceptance of new devices and the drafting of 
specifications for production orders. 

Among the principal Army establishments in which such work is centred, I 
would mention particularly those falling under the Ordnance Department, the 
Signal Corps, the Chemical Warfare Service, and the Army Air Forces. The 
Ordnance Department operates a great proving ground at Aberdeen, at which is 
centred most of the proving and testing of ordnance and research on ballistics for 
arms of all types. In addition it operates five principal arsenals. The Watertown 
Arsenal is concerned principally with the manufacture of mounts for large-calibre 
guns and is the principal centre for research and technical service in the field of 
metallurgy The Picatinny Arsenal is devoted to the testing of explosives and the 
design and operation of pilot plants as guides to the industrial producers. The 
Rock Island Arsenal carries on research and development in the field of oils and 
lubricants The Frankford Arsenal supplements the Aberdeen Proving Ground as 
a testing and a development centre for small arms The Tank Arsenal in Detroit is 
the centre for the design and testing of tanks. 

In the Signal Corps the technical division is divided into three principal branches: 
the Ground Signal Branch, the Electronics Branch and the Aircraft Radio Branch. 
The research, development and testing work carried on under the Signal Corps is 
divided principally between the signal laboratories at Fort Monmouth, Camp 
Evans, Camp Coles, Eatontown, and Toms River The Signal Corps also maintains 
a large co-operative establishment working with the Army Air Forces at its 
principal centre, Wright Field. 

Until quite recently the research and development work of the Chemical Warfare 
Service was centred in its great Edgewood Arsenal. As the threat of war came closer, 
however, a few years ago, and since a very large portion of the facilities at the 
Edgewood Arsenal are taken up by production, the Chemical Warfare Service 
established a subsidiary research laboratory and took over.for this purpose the 
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newly erected Chemical Engineering Laboratory of the Massachusetts Institute 
of Technology. 

Despite the great expansion of the Army Air Forces, this service has continued 
to concentrate its research, development and testing activities at its huge establish¬ 
ment at Wright Field in Ohio. There are of course many other centres at which 
extended service testing goes on, or at which new equipment is installed in air¬ 
craft, but Wright Field remains the headquarters for the research and development 
work of the Army Air Forces. 

The co-ordination among all these various technical services of the Army is 
maintained by two types of agency Within each branch of the Army is a Board 
which has general supervision over technical matters within that branch. Examples 
are the Coast Artillery Board and the Army Engineers Board. When a project has 
been approved by one of these boards it is next discussed by the appropriate 
Technical Committee, composed of members of this branch of the service, and 
other branches which may be concerned with the project. If this Technical Com¬ 
mittee also approves the project it goes as a recommendation to the general staff 
which presumably issues the appropriate directive 
Mention should be made also of the Army Medical Corps, within which a signi¬ 
ficant amount of research is conducted under the general supervision of the Surgeon- 
General of the Army. 

Navy The Naval Observatory and the Hydrographic Office, which are under 
the Chief of Naval Operations, have obvious functions in research and development 
work. The Marine Corps does some research, but naturally dcjiends to a large extent 
on the Army and the various Bureaux of the Navy. All the Bureaux of the Navy 
Department, Ships, Ordnance, Aeronautics, Naval Personnel, Supplies and 
Accounts, Medicino and Surgery, Yards and Docks, do research and development 
work, though naturally the materiel Bureaux conduct the greatest volume 
All research work of the Navy Department is tied together through the office of 
the Co-ordinator of Research and Development, which office also arranges co¬ 
ordination with the Army, with other government departments, and with the 
numerous civilian agencies which I will mention later 
Under the Bureau of Ships the Naval Research Laboratory near Washington 
is a centre for all matters of fundamental research including radio, electronics, 
chemical warfare defence, etc. The David W Taylor Model Basin, also near 
Washington, is the primary station for research and development of ship structures, 
propeller and hull design. The Naval Boiler and Turbine Laboratory at Philadelphia 
is concerned with all matters of boiler research, testing and design including fuel, 
composition, quality and nature of boiler fuels, ceramics, etc., and also for research, 
test and development of main propulsion turbines. The U.S. Naval Engineering 
Experiment Station at Annapolis, Md., is assigned all problems of research, test 
and development of mechanical equipment in ships other than main propulsion, 
and it also has a well-equipped Diesel-engine laboratory. The principal metal¬ 
lurgical laboratory for the Bureau of Ships is also located at the Engineering 
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Experiment Station. In New York there is looated the Materials Test Laboratory 
which handles all matters of research, test and development of electrical materials 
and equipment, acoustical equipment, optical and navigational material and 
equipment, plastics and allied materials. There are Rubber and Paint Laboratories 
at Mare Island, California, and an inspection test laboratory in Pittsburgh, Pa., 
where line-production methods for chemical analyses are set up which permit a 
capacity of about 5000 chemical analyses per week with a minimum of personnel 
and equipment In addition to the above each Navy Yard is equipped with an 
industrial laboratory to servo the purf loses of the Yards. It has been found pos¬ 
sible to place specialized problems in some of these laboratories such as the develop¬ 
ment of chain and rope in the Boston Navy Yard. The assignment and progress, 
as well as general administration of all research, development, and test work, is 
carried out by the Bureau of Ships in Washington in order most fully and effectively 
to co-ordinate all work and to collect, apply, and distribute the results. 

Under the Bureau of Ordnance there are the Dahlgren Proving Ground, the 
Naval Gun Factory at Washington, whose research department includes the Naval 
Ordnance Laboratory, the Naval Powder Factory near Washington, and the 
Newport Torpedo Station. In addition there are establishments devoted to mines, 
counter-mines, nets and the like. 

Under the Bureau of Aeronautics there is the Naval Aircraft Factory in Phila¬ 
delphia, the Cedar Point Flight Testing Field near Washington, and the Aircraft 
Armament Laboratory and Testing Field at Hampton Roads 

Research in medicine and surgery is directed by the Research Division of the 
Bureau of Medicine and Surgery, using many facilities but largely those of the U.S. 
Naval Medical Research Institute at Bethesda near Washington, and the Medical 
Research Laboratories at Pensacola and New London 

Civilian agencies. I pass now to the non-governmental scientific organizations 
in the United States, most of whose members are attached to the staffs of some 
600 colleges, universities and engineering schools, some 2000 industrial research 
laboratories, and other specialized research institutes Do not be alarmed when 
I begin by saying that these comprise well over one hundred nationally recognized 
scientific and engineering societies, exclusive of the social sciences Of these, only 
a few are general in scope in the sense that they cover broadly the entire field of 
science. Largest of these is the American Association for the Advancement of 
Science, a close [larallel to your British Association, with a direct membership of 
about 24,000 and an indirect aggregate membership of about a million through the 
187 associated and affiliated societies. Of a more exclusive character and without 
the affiliated and associated societies are the American Philosophical Society and 
the American Academy of Arts and Sciences. 

Unique among the scientific organizations of the United States is the National 
Academy of Sciences Tn March 1863, during a crisis of our Civil War, Congress 
established the National Academy of Sciences, and President Lincoln signed the 
Act of Incorporation. This Act specified that ‘ the Academy shall, whenever called 
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upon by any department of the governments, investigate, examine, experiment 
and report upon any subject of science or art, the actual expense of such investi¬ 
gations, examinations, experiments and reports to be paid from appropriations 
which may be made for the purpose There was also the provision in the charter 
that, except for the actual expenses of these activities, neither the Academy nor 
any member of the Academy is entitled to receive any compensation whatsoever 
for such services. Although the membership is legally limited to 450, the actual 
membership in the Academy has never exceeded its present enrolment of 350. 

Outside of its services in war-times, perhaps the most noteworthy public service 
by the Academy was its geological and engineering investigation of the slides which 
at one tune threatened to prevent the successful consummation of the Panama 
Canal. However, the utilization of the Academy by the government has been 
rather ‘spotty’. Under some administrations the Academy has been used rather 
extensively, and in other administrations has been more or less forgotten by the 
government In this respect I believe that your Royal Society has had a more 
consistent role of usefulness 

One inevitable characteristic of this typo of organization, in which membership 
is considered to be the highest scientific honour of the country, is that membership, 
like scientific recognition, is likely to come to a man after he has passed the peak 
of activity in his scientific career. For this reason the Academy has been able to 
perform an excellent function of the ‘scientific elder statesmen’ variety It has 
zealously kept itself free from all types of political influence Its ideals have been 
unselfish service, integrity and scientific competence. Frequently, however, 
probably m the great majority of cases, when a very active research programme 
has to be undertaken, many of the personnel best adapted for the particular job 
are not found within the membership of the Academy 

During the last world war in Europe, but before the United States had become 
a participant, President Wilson by executive order requested the National 
Academy of Sciences to establish the National Research Council as a measure of 
national preparedness. This organization ojicrated so usefully during the war 
that after its termination, in April 1919, the National Research Council was 
perpetuated by the National Academy of Sciences at the express request of 
President Wilson. 

This National Research Council is organized into nine permanent divisions 
covering the various fields of scientific research and of scientific administration. 
These divisions are composed of appointed members and also of representatives 
from many of the scientific and engineering societies and branches of the govern¬ 
ment Because of this wide representation the National Research Council is a most 
effective agency for finding just the right persons to do any specific scientific job. 

During the present war the National Academy and the National Research Council 
have been called upon to perform many important services, some of an advisory 
character and some involving the placing of contracts for research and development 
work in various laboratories. 
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Among the nearly 200 committees operating under the National Research Coun¬ 
cil, the following are typical of those concerned with the war: Aviation Medicine, 
War Metallurgy, Passive Protection against Bombing, War Use of Research 
Facilities, Tin Smelting and Reclamation, Clothing, Shock and Transfusions, 
Treatment of Gas Casualties, War-time Diet, and Selection and Training of Service 
Personnel. 


War-time scientific organization 

In spite of the apparently complete peace-time organization which I have just 
described, it has always been our experience, in the time of great emergency, that 
it appears advisable to establish temporary new agencies to deal particularly with 
the emergency. For example, I happened to be attached to one of these temporary 
agencies during the last war, and 1 mention the matter not only by way of illus¬ 
tration but also because it will enable me to relate an anecdote about your late 
distinguished colleague, then Sir Ernest Rutherford 

This agency was the Research Information Service, set up jointly by our Military 
Intelligence, Naval Intelligence and Council of National Defence, with offices in 
Washington, London. Paris and Rome. The function of these offices was essentially 
the same as that of the Scientific Liaison Offices which have been operating so 
effectively between units of the British Commonwealth and the United States 
during the present war. 

The head of the Research Information Service in London was the late Professor 
Bumstead whom some of you doubtless remember I was attached to the Paris 
office and happened to be temporarily in oharge during the time when an allied 
conference on submarine detection was arranged in Paris under the auspices of 
this office. 

One of the delegates from Great Britain was Sir Ernest Rutherford who had 
been collaborating closely with the French physicist, Paul Langevin, m the 
development of underwater supersonic devices. The day before the conference, 
when the British and American delegations came over from London, Rutherford 
was not present but he sent me a letter, delivered by Professor Bumstead, stating 
that some very recent experiments which he and his research assistant had been 
carrying on in the Cavendish Laboratory had apparently indicated success in dis¬ 
integrating the nucleus of the hydrogen atom. ‘If this is true’, Rutherford wrote, 
‘it is a fact of far greater importance than the war.’ He went on to say that he was 
in the midst of a second experiment to check these startling findings and that ho 
would be delayed a couple of days pending the termination of this ex|>enment. 
Then Rutherford added as a postscript: ‘ Tell nobody about this because I may be 
mistaken.' Later it developed that what Rutherford had actually done had not 
been to disintegrate the hydrogen nucleus, but rather to disintegrate the nuclei of 
nitrogen atoms. So far as I know, Rutherford’s letter to me was the first written 
indication of success in the long, long struggle to produce by artificial means a 
transmutation of one chemical element into another. I wish 1 held kept that letter 
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and had turned it over to Professor Eve at the time when he was writing his 
interesting biography of Ernest Rutherford. But to return to our topio. 

I have frequently tried to analyse the reasons for the establishment of special 
scientific agencies during times of crisis. The reasons I think are varied and rather 
fundamental. One of them is that every great crisis involves conditions so different 
from the normal situation that the types of organizations which can survive and 
operate during peace-time are not adequate to meet the emergency It may be, 
for example, that the emergency calls for exercise of very extensive administrative 
functions, such as the supervision of research projects and the disbursement of 
large governmental funds to a far greater extent than in peace-time. Hence a 
peace-time body of scientists organized primarily to exercise advisory functions 
may not be organized in a manner suited to prompt and efficient executive action 
Another reason is the impossibility of always maintaining in the administrative 
positions of peace-time agencios the yiersonnel who would lie most effective for 
handling important projects in a war emergency Men who have the proper 
capabilities are frequently too busy and too active in other directions to be willing 
to hold down positions in a peace-time organization which is relatively inactive. 
Consequently when the emergency comes, the only alternatives may lie to change 
the leadership in the existing organizations, a difficult if not impossible process, 
or to set up new temporary agencies to deal with the emergency. 

Whatever the reasons may be, this present war emergency has run true to form 
and has resulted in the establishment of a group of special agencies of temporary 
character which I shall proceed now to describe. It is these agencies which are 
carrying the principal burden of the scientific research and development work 
related to the war, in the United States. 

The National Roster of Scientific and Specialized Personnel was established early 
in July 1940, when President Roosevelt approved a project for making available 
in one central office an index of all American citizens who have special scientific 
or professional skill. Headed by President Leonard Carmichael of Tufts College, 
this agency operates under the War Man-power Commission under the Office for 
Emergency Management of the executive office of the President As a result of 
information secured from questionnaires sent to all members of all scientific and 
professional organizations in the country, and supplemented by other information, 
an elaborate punch-card system has been set up in which practically every person 
in the country with specialized training or skill is listed with reference to his or 
her major professional fields and with the addition of a great deal of supple¬ 
mentary information regarding special interests, languages read or spoken, foreign 
countries travelled in, previous experience in the armed services or in in¬ 
dustry, etc 

There are altogether fifty-nine special fields listed in the roster, falling under the 
general categories of administration and management, agricultural and biological 
sciences, engineering and related fields, humanities, medical sciences and related 
fields, physical sciences, and social sciences. At the present time the total number 
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of persons in this roster is about 000,000, including, in October last, 71,511 
chemists, 7297 mathematicians, 10,080 physicists or astronomers, 4550 radio 
engineers, 14,729 electrical engineers, only 408 professional philosophers, and the 
smallest entry in the list is 142 speleologists. 

As an illustration of the manner of use of thiB roster I quote the following 
paragraph from a report by Dr Carmichael • 

‘ How would you like to get an order for the names of all Americans who possess 
a knowledge of epidemiology and chemotherapy, who are competent in the 
diagnosis and control of Endamoeba histolytica, and other protozoan infections, 
have a knowledge of the Hindustani language, are skilled in the operation and ubo 
of specialized bacteriological research apparatus and who have travelled in the 
tropics* ’ To secure this information the stops of the punch-card sorting mechanism 
are pushed in at the appropriate places, the cards are ground through the maohine, 
and all of those which conform to the above specifications fall out together. 

The roster was originally conceived to serve governmental agencies who might 
request information on scientific personnel. More recently, as serious man-power 
shortages have developed both in industry and in education, and as the armed 
services have become more and more concerned over the most effective use of all 
scientifically trained personnel, the roster has been used to an increasing degree in 
connexion with placement work and to give the supply and shortage data on 
professional groups. Up to the middle of last month the National Roster had 
certified more than 140,000 names of specialists to various agencies engaged in the 
war programme in the United States. 

Office of Scientific Research and Development (O S.R.D.) Most important of the 
scientific agencies established specially to deal with problems of this war is the 
Office of Scientific Research and Development, whose Director is Dr Vannevar 
Bush, President of the Carnegie Institution of Washington. It was created by 
executive order of the President in June 1941, and under it operate the National 
Defence Research Committee, which had been established just a year earlier, and 
also the more recently established Committee on Medical Research. The O.S R D 
is directed to co-ordinate, and where necessary supplement, the scientific research 
and development work relating to the war among civilian agencies as well as those 
of the government, including the Armed Services To facilitate this co-ordination 
the advisory council to the Director of 0 S R.D includes high-ranking repre¬ 
sentatives from the War and Navy Departments, the Chairmen of the National 
Advisory Committee for Aeronautics, the National Defence Research Committee 
and the Committee on Medical Research, and, by invitation, the President of the 
National Academy of Sciences and the Director of the newly established Office of 
Production Research and Development of the War Production Board 

The principal research and development activities of the O.S.R.D. are carried 
on under contracts with appropriate research institutions, these contracts being 
financed out of an annual Congressional appropriation. At the present time these 
contracts involve expenditures at the rate of about $100,000,000 per year, and 
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there are currently active about 1400 contracts with about 200 industrial labor¬ 
atories and 100 educational or special research institutions About 6000 scientists 
and engineers of professional grade are engaged on these contracts, with the 
assistance of a considerably larger number of technicians of various types 

To facilitate interchange of information between O.S.R.D. and our British 
colleagues, an O.S.R.D. Liaison Office was established with offices in Washington 
and London, now headed by Dr Caryl P. Haskins and Mr Bennett Archambault, 
respectively. These, in co-operation with the similar liaison services of Great 
Britain, Canada and, less extensively, Australia and South Africa, have served 
well to knit together our joint scientific efforts. 

The National Defence Research Committee ( N.D R.C ) operates to recommend to 
the Director of O.S R.D. research and development contracts in the field of instru¬ 
mentalities, devices and mechanisms of warfare. Under the chairmanship of 
President James B. Conant of Harvard University, this Committee is composed 
of four civilian scientists plus one representative each from the Army and Navy, 
and the Commissioner of Patents Feeding into it come the recommendations from 
nineteen divisions, most of which are subdivided into several sections. These divi¬ 
sions and sections are each built around a specific functional concept such as fire 
control or subsurface warfare or explosives. However, there are two divisions which 
are in the nature of ‘catch-alls’. For example, the Division of Physics and the 
Division of Chemistry can be defined as handling everything in these respective 
fields which does not fall under any one of the more sharply defined divisions 

In addition to the nineteen divisions of N.D.R C. there are two panels concerned 
respectively with applied mathematics and engineering. The difference between a 
division and a panel is suggested by the fact that the Fire Control Division, for 
example, is concerned with the development of fire control instruments, whereas 
the Applied Mathematics Panel is not concerned with the development of applied 
mathematics as such, but rather with the use of mathematics to aid m accom¬ 
plishing the objectives of the various divisions. For this reason the Applied 
Mathematics Panel includes membership on each divisional committee in which 
applied mathematics is likely to be lmjiortant. The Engineering Panel serves all 
the divisions to expedite the transition from the stage of research and development 
to the stage of quantity production under Army or Navy contract. 

Intimate contact between N.D R C. and its divisions on the one hand, and the 
Armed Services on the other, is maintained at several levels by an extensive 
organization of Army and Navy liaison officers who have proved invaluable as 
channels for acquainting N.D R.C. with the needs and desires of the Armed 
Services for new equipment and for making arrangements for demonstrations and 
service tests. 

Proposals for research or development projects come to N.D.R.C. from a wide 
variety of sources—requests or suggestions from the Army or Navy, proposals 
from industrial or academic research laboratories, promising inventions trans¬ 
mitted to N.D.R.C. from the National Inventors’ Council, or in many cases 
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projects originating within the N.D.R.C. committees themselves. However, the 
N.D.R C. has complete freedom in making its decisions on the projects whioh it 
recommends to the Director of O.S.R.D. and the priority attaohed to these 
projects, and the Director of the O.S.R.D. has complete freedom in his own judge¬ 
ment to authorize the recommended contracts. 

For reasons of security no person serves as a member of any N.D.R.C. oom- 
mittee unless he has been ‘cleared’ by the Army and Navy Intelligence Offices, 
after investigation. Similarly, all personnel of the contractors working on the 
research and development projects are ‘cleared’ by these intelligence offices to 
whatever degree is deemed advisable in virtue of the degree of secrecy attached to 
the project. 

The Committee on Medtccd Research (C.M.R.), under the chairmanship of 
Dr A. Newton Richards of the Medical School of the University of Pennsylvania, is 
in every respect parallel to the National Defence Research Committee in its 
organization and methods of operation. It deals exclusively with problems of war 
medicine, such as shock, immunization or protection against types of diseases 
characteristic of the present theatres of war, etc. Though considerably younger and 
smaller than N D.R.C. in both personnel and budget, it already has a record of 
substantial accomplishment. 

Joint Committee on New Weapons and Equipment {J.N.W.). The organizations 
described thus far have proven effective in organizing and administering research 
projects and in maintaining close relationships and exchange of information with 
the Armed Services and our British allies In respect to the Armed Services, how¬ 
ever, these relationships are primarily at the research and development level and 
for a time lacked one very important element necessary to make the work fully 
effective m the war. This missing element was an intimate relationship between the 
research and development agencies and the Highest Command of the Army and 
Navy who have the responsibility of planning the military or naval ojiorations in 
which newly developed weapons might be used effectively or for which new devices 
should be developed. In order to fill this gap the U.S. Joint Chiefs of Staff in May 
1942 established the Joint Committee on New Weapons and Equipment, oomposed 
of Dr Bush, Director of O.S R.D., aH Chairman, the Assistant Chief of Staff G4 
of the Army (now Brigadier-General Moses) and the Chief of the Readiness Division 
of the Navy (now Rear-Admiral De Laney). 

J.N.W. is charged by the Chiefs of Staff with correlating the research programme 
of army, navy and civilian agencies. It acts through subordinate bodies of which 
the special mission in which I am at present engaged in England is an example. 

Through J.N.W. any new weapon whose potentialities appear to be unusually 
significant is brought directly to the attention of the High Command for their 
consideration in the planning of future operations. Conversely, J.N.W. offers a 
direct channel through whioh the High Command can pass down to the research 
scientists a request for development of any particular instrumentality which could 
be particularly effective in connexion with some contemplated operation. This 
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type of liaison between the scientists and the High Command is new in the United 
States. Its possibilities are still being explored and developod, but it can be Baid 
definitely that it has already demonstrated its possibilities of great value in the 
war. It is a move in a desirable direction in which you have gone further than we 
have gone. 

National Inventors' Council. War is a great stimulus to invention, not only in 
the research laboratories of a country, but on the part of great numbers of its 
citizens, some of whom are technically competent and most of whom are un¬ 
informed but sincere in their desire to be helpful. Any actively operating research 
organization like the O.S R D. or the Naval Research Laboratory could be quickly 
bogged down under the deluge of ideas and inventions induced from all sources by 
the war. It is very important for purposes of morale that these inventors and would- 
be inventors be sympathetically handled It is also important that their ideas be 
expertly examined to make sure that really worth-while ideas are not brushed aside, 
even though experience has shown that perhaps only one in one hundred thousand 
is new and significant. 

To give such sympathetic and expert consideration and to screen the inter¬ 
esting suggestions out of the great mass, the National Inventors’ Council was 
established in June 1940, in close association with the U S. Patent Office in the 
Department of Commerce, under the chairmanship of Dr Charles F. Kettering, 
Vice-President in charge of research for the (General Motors Corporation. All 
suggested inventions relating to the w r ar from any source and submitted to any 
agency or person in the government are channelled through this National In¬ 
ventors’ Council (unless they happen to come initially to an appropriate agency 
which is immediately interested in pursuing the matter). They pass through the 
hands of an expert staff of examiners who select those inventions which appear to 
have merit and bring them to the attention of the appropriate agency. 

Office of Production Research and Develojrment of the War Production Board. 
Until recently the organized war research efforts in the United States failed to 
include the very important category of research aimed at the development of 
substitute materials in fields where shortages exist, or of improved methods of 
production and manufacture. It was apparently assumed that the commercial in¬ 
terest of the production companies would lead them automatically to take care of 
this situation. However, under the pressure of war-production orders, limitations 
of man-power and materials, and financial regulations, the normal peace-time 
incentives to such research and development work by companies proved inade¬ 
quate to meet the needs of the situation Consequently, last September, there was 
established in the War Production Board an Office of Production Research and 
Development under the directorship of Dr Harvey N. Davis, President of the 
Stevens Institute of Technology. This agency is still in the process of organization 
to operate somewhat along the lines of the Office of Scientific Research and 
Development but with primary responsibility for materials and method of pro¬ 
duction rather than for devices and instrumentalities of warfare. It is regrettable 
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that we did not have the foresight to establish this much-needed agency at a muoh 
earlier date, but it has already begun its operations and we hope that it may be 
enabled to play an important role during the balance of the war. 

Engineering, Sctence and Management War Training Programme, Though not 
directly concerned with scientific research, a review of the scientific war agencies 
in the United States would not be complete without at least a brief reference to the 
efforts to increase the supply of technically trained personnel to meet the in¬ 
creasing demand for such personnel in every field of war activity In October 1940 
a special engineering training programme was organized under the U.S. Office of 
Education and financed by Congressional appropriation. Later, this programme 
was extended to include also framing in science and industrial management. It 
operates at both the collegiate and the technical school levels, and its magnitude 
may be appreciated by the fact that, even in its first year of operation, it put 
through its specialized courses approximately ten times as many students as 
graduated m that year from the regularly established engineering colleges. Most 
but not all of the work w as carried on in night schools, and the whole programme 
has been decidedly helpful m relieving the technical man-power shortage. 

Army and Navy Technical Training Programmes. At the present time the Army 
and Navy are jointly establishing a very extensive programme for the training of 
their own younger personnel in suoh fields as aeronautical engineering, naval 
architecture, electronics, communications, automotive engineering, etc., through 
contractual arrangements with several hundred of the nation's colleges and uni¬ 
versities. Under these programmes it is anticipated that approximately 250,000 
selected young men in uniform will be detailed for this traming at educational 
institutions during the coming year, the duration of such training to vary from 
field to field and individual to individual, in accordance w'ith the needs of the 
situation and the performance of the individual. These special collegiate pro¬ 
grammes are intended to supplement, at the higher level, the very much larger 
technical training programmes which the Army and Navy are conducting in their 
own establishments. 


Conclusion 

I conclude this factual, over-long, but I hope usefully informative address on a 
note of faith and optimism which I am sure is shared by the allied scientists on both 
sides of the Atlantic Each of us concerned with some phase of the war effort is 
aware of some very significant new applications of scientific research in the war. 
For most of us, this knowledge is largely restricted to the special fields in which 
we ourselves have been working. Of necessity, the general publio knows only in 
a vague way about some of these things and nothing at all about most of them. 

When victory has boen won, and the whole story of these scientific accomplish¬ 
ments can be told, it will indeed be a thrillingly interesting recital. Out of it all 
will come, not only its important contribution to victory, but a number of exceed¬ 
ingly significant results of permanent peace-time value. It is already evident that 
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many of these war-time developments will have very useful peace-time applica¬ 
tions, whose contributions to our standards of living and general prosperity and 
comfort will help to compensate for the ravages wrought by the war. Scientists 
will have a renewed faith in the worth-whileness of their work, and will continue 
their intellectual and practical endeavours with the increased i>ower that has 
come from the experience of ‘team-work’ on war problems. The general public, 
and especially the governmental and industrial leaders, will have greater apprecia¬ 
tion of the value of science and scientists, both pure and applied—and this should 
result m permanently increased support of scientific research in the universities, 
industries and governmental agencies. These, I trust, will be some of the long-term 
gains to which we may look forward as the result of the temporary concentration 
upon practical problems of survival and victory which the war has forced upon us. 

With these words of optimism, I close with the hope that the next American 
Pilgrim Trust lecturer to address you may not feel obliged to discuss the war, but 
will be able to treat of some interesting aspect of the progress of science in accord 
with the original conception of Sir William Bragg and as a happy feature in the 
post-war forward march of Science. 


The secondary electron emission from metals in 
the low primary energy region 
By Irena Gimfkl and Sir Owen Richardson, F.R.S. 

(Received 28 October 1942) 


This paper describes a now method and apparatus for measuring and analysing the 
secondary electron emission from non-gaseous materials. It has been devised especially for 
dealing with secondary emissions caused by primary electrons of very small energy The 
essential features include a beam of primary electrons defined and controlled by an electro¬ 
static electron lens system, which directs it towards the centre of a sphere A of the material 
investigated. A is surrounded by a concentric conducting sphere which collects the secondary 
electrons emitted from the surface of A. With the arrangement as set up it is possible to 
measure the contact potential difference between essential elements of the apparatus during 
the course of the experiments, without moving them or doing anything which would change 
the nature or composition of their surfaces. 

The method is applied to the case of pure gas-free copper with primary electrons having 
energies down to the lowest practicable with a tungsten thermionic source (about 0 35 eV at 
2000° K). The distribution of energy is analysed both for the primary and the secondary 
electrons. It is found to be practically the game for both groups for all energies below a few 
volts. From this we deduce (1) that for these low-energy electrons the secondary electrons are 
just reflected electrons, and (2) that the coefficient of reflexion r varies vory little with the 
energy of the electrons. Numerous direct determinations of r have been made. 

It is shown that no manipulation with tieldg can ever reduce the mean energy of electrons 
from a thermionic source below 2 kT, where T is the temperature of the source and t is Boltz¬ 
mann's constant. Many determinations of r have been made from a few volts down to SkT. 
and the average value of r is about 0 24. No variation of r has been established with oertamty. 
but there are indications that it drops a little from the value at 2JbT to a minimum at about 
2W+0-5 eV, then increases slightly. 


Vol IS* A 
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Introduction 

In 1908, in an investigation of the energy distribution of thermionically emitted 
electrons, one of us (O. W. R.) observed that more electrons were captured by a hole 
than by a metal surface of equal aperture. This proved that such electrons were 
reflected by metal surfaces. This was found to be the case when the electrons were 
not accelerated by an applied electric field and had only their thermal energy of 
emission, kT being of the order 0-06 eV. In such a case, for a brass surface, it was 
found that the reflexion coefficient (ratio of number of reflected to that of incident 
electrons) was 0-3. 

Since then a great deal has been discovered about secondary electron emission, 
too much to be summarized here. But we can take a typical case, a beam of 200eV 
electrons. When this falls on a metal surfaco three groups of electrons are emitted: 
(1) elastically reflected electrons with energy 200 eV, (2) inelastically reflected 
electrons with energies under 200 eV, but with the more energetic members not much 
under, and (3) a group of electrons of comparatively low energy. There is evidence 
that group (3), or a part of it, originates in the same process as group (2). As the 
energy of the primary electrons is reduced from 200 eV, the proportion of the secon¬ 
dary electrons found in group (1) steadily increases and the proportions of those 
found in groups (2) and (3) steadily diminish together until with primary energies of 
the order 10eV group (I) appears to contain almost the whole of the secondary 
electron emission. 

While there is now a considerable body of evidence, on the whole fairly consistent, 
in support of the statements just made, there is still no general agreement either as 
to the character of the phenomena or the magnitude of the secondary emission for 
primary energies in the region of about 1 eV, or less. It might appear at a first glance 
that the nature of the phenomena in this small energy range is a trivial matter, but 
that is not at all the case, as may be judged from the following considerations. 

The value of the reflexion coefficient at zero primary energy can be calculated, 
theoretically, from the fundamental structure of metallio surfaces. That structure 
is at present unknown, but the value of the coefficient is something with which the 
right structure must be compatible The value of the reflexion coefficient at ther¬ 
mionic energies also enters fundamentally into the formula for the thermionic 
emission. If the coefficient is zero, the temperature-independent factor in the formula 
is a universal constant involving Planck’s h, whereas if itte unity this factor is zero 
and there is no thermionic emission at all, a state of things which should be attained 
as the contact potential of a metal tends towards — oo. 

The experiments to be described were carried out with the object of throwing 
more light on the phenomena which characterize this region. 

The lack of progress in this field hitherto has not been due to want of interest or 
effort. It is due to the fact that one meets here with serious experimental difficulties 
which are absent, or at any rate unimportant, at higher energies. For a direct attack 
on the problem it is necessary to obtain a fairly narrow, sufficiently homogeneous 
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and well-defined beam of electrons. For high energies this is easy, but at low- 
energies it tends rapidly towards impossibility at zero energy owing to the mutual 
repulsion of the electrons. For the Bame reason, fundamentally, the currents all 
become very small, which impairs accuracy. The contact potential differences 
between conducting surfaces in the apparatus become of the same order of magni¬ 
tude as the volt equivalents of the impressed electron energies, and it is consequently 
necessary to be able to check these differences at many essential stages, since they 
are subject to large changes by very minute contamination. 

The method of attacking the problem which wo shall describe was initiated by one 
of us (O. W. R.) about 8 years ago and, partly owing to interruptions, the task of 
overcoming the various difficulties made only rather slow progress. Ursula Andrewes 
and M. A. El Sherbini took part in the earlier development work, and notable 
contributions were made later by Arthur M. C'rooker. One of the authors (I. G.) has 
only been associated with the work since the autumn of 1038, but all the experiments 
and measurements actually described in the pajier were made since that date, moBt 
of them m 1940 and 1941. 

The work was carried out at King’s College, London, until it was evacuated soon 
after the outbreak of war, when the apparatus was moved to the Imperial College 
and re-erected there. This move was probably a fortunate one, as it would almost 
certainly have been completely destroyed by a heavy high-explosive bomb which 
exploded about 50 ft away from its original site in Octolier 1940. 

The primary electron beam 

A narrow beam of electrons of high energy sufficiently definite for experimental 
purposes may be obtained by geometrical limitations, for example, by making them 
pass through apertures in a serios of diaphragms in field free space. With electrons 
of low velocity this method is inadequate 

If a beam of electrons of circular cross-section is travelling along the axis of x in 
a field free space, and if when a certain section of it crosses the plane x = 0 all the 
electrons in it are moving with the same resultant velocity v parallel to the x axis, 
and if at that instant the radius of this section of it is r 0 , it is not difficult to show that, 
owing to the mutual repulsion of the electrons, after this section has travelled a 
further distance x its radius will have become 



where e and m are the electronic charge and mass and i is the current density in the 
beam. In this equation e and i are in e s.u. If we change over to i = mA/sq. cm. and 
V = energy in eV, it becomes 

r =■ r 0 oxp (2) 

Thus the lower the speed of the electrons in the beam the more it spreads out. 
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The path of the electrons between the cathode and the target in the apparatus 
used in this investigation was about 6-5 era. long. If there were no electric field the 
spreading of the electron beam would be considerable in this distance, which it is 
not practicable to reduce very much. 

This difficulty has been overcome by placing a series of six electrically charged 
diaphragms, each with a small circular aperture, in the path of the electrons from the 
source to the target. This constitutes a set of electrostatic electron lenses. A central 
section of this part of the apparatus, actual size, as it was used in the experiments, 
in shown in figure 1. It is mounted in an envelope of transparent fused silica drawn 
to scale in figure 2. Only a part of this, easily recognizable from the figures, is 
included in figure 1. 



The source of primary electrons is the hot cathode (figure 1). This consisted of 
a tungsten strip 1-2 cm. long, 0-06 cm. wide and 0-004 cm. thick. The strip is fixed 
to two stout copper wires which are led outside the apparatus through two quartz 
tubes passing through the inner quartz stopper (1, figure 2) to which they are also 
fused. These quartz tubes serve as support for the leads and filament. The copper 
leads are crossed immediately behind the filament to minimize the magnetic field 
from the current. The heating current was 8 amp. 





21 


The secondary electron emission from metals 

The atrip was bent so as to form a V-shaped bulge in the middle of it. The bend 
in the V is appreciably hotter than the rest of the filament, so that owing to the 
very rapid increase of electron emission with rising temperature it becomes a good 
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approximation to an equipotential electron souroe. The source also maintains a 
more constant position relative to the diaphragms than when the bend is absent. 

The electrons from the filament (figure 1) pass through the seven circular 
apertures D v D t , D t , Z) 4 , D it DJ and D t in successive parallel copper plates and fall 
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on the copper target T where they are absorbed or reflected or emit secondary 
electrons. The secondary electrons and the reflected electrons are received by the 
oolleotor C. This is a conducting sphere formed by evaporating pure copper on to 
the inner surface of the spherical quartz envelope. In figure 1 the target T is repre¬ 
sented as a sphere; in the actual experiments it was part, approximately hemi¬ 
spherical, of a spherical sheet of pure copper and is marked T in figure 3. The com¬ 
mon centre of the spheres T and C, the centres of the seven apertures and of the 
effective portion of the filament, all lie on the common axis of the cylindrical portion 
of the quartz envelopo 3 of figure 2 (the outermost cylinder of figure 1) and of the 
cylindrical extension 2' of the outer stopper 2 of figure 2 (the outermost cylinder 
within the envelope in figure 1) All the diaphragms except /), are mounted on the 
inside of 2' in a manner which can be seen from figure 1. 

Starting from the top of figure 1 we have a quartz tube which fits into 2'. This 
tube is kept in place by a constriction in the wall of the cylinder 2'. Pressing 
against the ground end of this quartz tube is the diaphragm T) x which forms the 
plane flanged end of the copper cylindrical box W v W x slides into the quartz tube. 
The diaphragms D t and Z> 2 , and the diaphragms D a , D t and D s , are separated from 
each other by quartz rings fitting into the cylinder 2'. The diaphragms D t and D a are 
the plane ends of the cylindrical copper box W t which slides into the cylinder 2'. 
The diaphragms D a and D' t are the plane ends of the cylindrical box W a . All the 
diaphragms, boxes and quartz spacers are kept in place by thin rods driven into the 
flange of D a whose other ends are attached to a copper strip which is fixed tight on 
to the outside of the cylinder 2' The last diaphragm D a is a flat copper plate sited 
so as to continue as far as possible the spherical contour of C with the copper lining 
of which it is in electrical connexion. It is supported by tungsten springs mounted 
in the quartz side tubes e and /. The outside connexions to D v D a , D A and D h are 
brought out, first through a long slot cut in the cylinder 2' of figure 2 and then 
through the other two side tubes of figure 1. All the diaphragms D x -D t are made of 
pure copper sheet 0-2 mm. thick. The circular apertures in D x -D s are all 1-8 mm. in 
diameter, that of D a is 8 mm., that of D B is 8 mm. in diameter 

As an instrument of research it is desirable that the electron lens system should 
be compact, robust, easily taken apart and reassembled when changes are required 
and also put back exactly as it was when changes are not wanted. The apparatus 
described has boon found to fulfil these requirements satisfactorily. 

Let us now consider the working of this electron lens system. 

It consists of two lenses. The diaphragms D lt D t form an immersion lens. The 
cylinder W t and the diaphragms D a , D t , D h , the cylinder W 3 and the diaphragm 
JDj make up a single lens. 

It follows from the known behaviour of space-charge limited currents between 
two parallel plates that large thermionic currents even under low voltages can be 
obtained by placing the diaphragm D x close enough to the cathode F v The distance 
between ^ and D x was varied in different experiments between (M5 and 1-0 mm. 
Distances much smaller than this are not practicable. 
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One single diaphragm in front of the cathode acts like a divergent lens. The 
formula for the focal length/ of such a lens (Davisson & Calbick 1932) is 

S-iVUR-Bd, (3) 

where V is the potential of the diaphragm with respect to the cathode, and E x and 
E t are the electric forces on the incident and emergent sides respectively. In the case 
of a single diaphragm E t is zero and the focal length is negative. The electron beam 
emerging through the diaphragm gets scattered. The addition of the diaphragm D % 
at a higher potential with respect to tho cathode than D x prevents the electron 
beam from scattering. 

If V x is the potential of T) x and + V a is the potential of D a , 1^ + V a is called the 
potential of the electron gun. The electrons after emerging from the immersion lens 
(D x , D a ) pass the single lens [(W a , D a ), D v (D & , W a , D^)] of figure I. W a , D a , D a , W a , IY a 
are connected together and kept at the same potential as D a . The diaphragm D t is 
kept at a higher potential with respect to the cathode than D t . The potential V t of 
D t with resj>ect to D a is called the focusing potential of the Bingle lens. A character¬ 
istic property of a single lens is that the electrons entor and leave it with the same 
velocity. 

The potential V T of the targot with respect to the cathode determines the energy 
of the electrons in the primary beam striking the targot. When the potential V T of 
the target is between 0 and 3 V, it is necessary to keep the potential of the electron 
gun V x + V a higher than V T by a few volts. When the potential of the electron gun is 
equal to or less than the potential of tho target V r , the currents to the galvanometers 
O x , 0 2 (figure 4) are too small to be measured accurately. 

This means that the electrons are first accelerated to the diaphragm D' b by the 
potential V x + V a and then retarded between D' b and the target by the potential 
difference V^ + Vz—Vp. An electron beam travelling against a retarding potential 
difference gets dispersed. It is therefore of advantage to have the distance between 
the diaphragm D a , which completes the collector, and the preceding diaphragm 
D' s short. In tho apparatus used this distant* was reduced to 2 mm. 

The electrons are prevented from scattering between the last diaphragm D b of 
the electron gun and the target T by the collecting action of the single lens. The 
electrons leave the single lens os a convergent beam, so that the later dispersing action 
of the retarding field is counteracted The electrons missing the target, and hitting 
the collector directly, vitiate the results, they cause the moasured secondary emis¬ 
sion coefficient to be bigger than the true one. It is therefore essential to make sure 
that no electrons miss the target 

The focal length f of the single lens is given by the following equation (Bouvers 
I935): / = d(p+p»), (4) 

where d is the distance between the diaphragms D a and D t , as well as D t and D s , 
and p = ty x + V t )/V t . When tho potential of the electron gun V x + is kept fixed, the 
focal length of the single lens can be varied by varying the focusing potential V t . 
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The optimum values of V 4 are found by measuring the ratio of the current to the 
collector i e to the primary current i p as a function of V 4 . 

As the focusing potential V t is increased from zero, the measured values of the 
ratio iji p steadily diminish at first until a certain value of V 4 is reached, after which 
they begin to rise again. Thus the graphs of the measured iji p : V 4 have a minimum 
at a certain V 4 . At low values of V 4 the electron beam is divergent, and some of it 
passes outside the target and falls directly on the collector Ab V 4 increases, the focal 
length shortens and the focusing action of the single lens brings more of the beam 
on to the target As V 4 is increased further the focal length may become too short, 
so that the beam is focused on a point in front of the target which again finds itself 
in a divergent beam. Ultimately, the beam will become so divergent that some of it 
again escapes the target and falls directly on the collector. This causes the rise in 
the ratio tji p after passing the minimum. 

These minima are often very flat, and for practical purposes the i r /i p : V 4 curves 
drop down to a straight line parallel to the V 4 axis. This means that once the whole 
beam has been focused on to the target quite a large change in the focusing potential 
is neoessary to move any of it off again. This is probably an indication of good 
alinement of the centres of the filamont, of the apertures and of the target. 

We have not investigated the properties of this electron lens system in very great 
detail, as all that is essential for our main objective is to make sure that the whole 
primary beam falls on the target, so that none of the electrons in it reach the collector 
directly, that is to say, except by reflexion from the target That condition is satisfied 
with the focusing potential V 4 which we apply if both when V 4 is increased and when 
it is diminished the measured ratio i f /i p either increases or is unchanged. 

However, we measured tji p as a function of 1^ for various values of Pj/PJ and of 
Pi + T* which showed that the focusing potentials at which the minimum values of 
ijip appeared were dependent on Pi/Pi, but the minimum value of i r /i p was in¬ 
dependent of VjV v 

It is advantageous to keep Vj + V t as low as possible because (1) the retarding 
potential difference between D" 4 and the target, V x + V t — P^, is then small, and (2) the 
probability of producing slow secondary electrons on the edges of the diaphragms 
is decreased. 

When experiments with very slow electrons are performed, it is necessary to 
reduce the local magnetic field of the laboratory in the apparatus. 

The radius (r cm.) of curvature of the path of an electron (energy V eV) crossing 
a uniform transverse magnetic field of strength H gauss is given by 

rH = 3-37 JV. (8) 

The local field was reduced by two permanent magnets 30 cm. long and 1 m. apart. 
They were placed symmetrically with respect to the quartz apparatus in the broad¬ 
side-on position in the magnetic meridian. The magnetic field was measured by a 
coil and a ballistic galvanometer. It was reduoed to about 0-05 gauss. That this 
reduction was adequate is clear from the followihg considerations. 
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In the electron gun the energy of the primary electrons is of the order of several eV. 
From equation (5) this radius of ourvature of the path of a 4 eV electron, for instance, 
in a transverse field of 0-05 gauss is 135 cm., whereas the whole path of the electrons 
between the cathode F y and the last diaphragm Tf h of the eleotron gun in figure 1 is 
4 cm. Over a path of 4 cm. a radius of curvature of 135 cm. would represent a devia¬ 
tion of about 0-03 cm. 

The distance between l/ s and the centre of the target T in figure 1 is 3 cm. The 
radius of the target is 0-6 cm. The smallest radius of curvature, r, which an outer 
primary electron in the space between I/ 6 and T may have without missing the 
target is given by 

(r + 0-l)* + 3* = (0-6 + r)*. (6) 

Thus r = 8*65 cm. From (5) the energy of an eloctron with r =» 8-65 in a transverse 
field of H = 0-05 gauss is 0-017. Thus some of the outer electrons whioh have smaller 
energies than 0-0l7eVand a smaller radius of curvature than 8-65 cm. miss the target. 
Under the experimental conditions described in this paper the proportion of primary 
electrons with energies lower than 0-017 eV is very small, so that their presence in 
the primary beam cannot appreciably vitiate the measurements. 


The target 

This has to meet a number of requirements. Perhaps the most exacting is the 
necessity for heating it in vacuo to a temperature high enough to get all the gas out 
of it Many additional difficulties and complications are met with unless this can 
be done in situ. 

After various trials the structure shown in figure 3 was designed, constructed and 
tried and found to be satisfactory. The target T is hollow in the form of a cylinder 
ending with a hemisphere. It is made of pure copper deposited olectrolytically on a 
lead core. The core is melted away later. The thickness of the target is about 0-2 mm. 
It is heated by the tungsten spiral placed inside it. The target slides on the quartz 
tube Q The other end of Q is connected to a pyrex tube P by a ground-glass joint. 
The pyrex tube P is sealed into the quartz container (figure 2) at the conical opening 
at the bottom of the figure, bo that the centre of the hemisphere coincides with the 
centre of the spherical collector. 

The thermocouple T.C. (figure 3) was spot welded to the target T. It consisted 
of a platinum wire and one of platinum +10% rhodium. Fine wires of 0-1 mm. 
diameter were used to prevent appreciable cooling at the place where the thermo¬ 
couple was fixed. 

The adoption of two concentric spherical surfaces for the target and collector 
offers many theoretical advantages. It is an arrangement which has often been used 
by one of us (0. W. R.) for similar purposes. It ensures that the electric field between 
the target and the collector shall be radial. This enables the energy of the scattered 
or reflected electrons to be determined directly and unambiguously. The advantages 
and limitations of this arrangement of the two electrodes have been disoussed in 
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detail by Lukirsky (1924). In particular, he haa shown that the resolving power, 
EjdE, of this system for two electron beams of energies E and E + dE, is of the order 
(Dj/DJ*, where D t is the diameter of the collector and D t that of the target. In our 
case D t =* 60mm and D x = 12mm., so that 
E/dE is about 25 and dE/E about 0 04 or say 
4 %. This resolving power could have been 
increased by expanding the collector or con¬ 
tracting the target or by both methods It 
is, however, believed to have been adequate 
for our purposes, and each of the changes 
would have increased the difficulty of at¬ 
taining some of the other conditions which 
had to be satisfied. 

The pumping system 

This was joined to the quartz container 
at the side tube g of figure 2. Starting from 
the other end it was made up of a Cenco- 
Hyvac pump acting as a fore-pump in series 
with a throe-stage mercury diffusion pump 
of Gaede design. 

The system connecting the diffusion pump 
with the quartz container comprises in series 
a liquid-air mercury trap immediately over 
the intake opening of the pump, a side tube 
leading to the MacLeod gauge, a tap with 
a passage of 1 in. internal diameter and two 
successive mercury traps. The connecting 
glass tubes in this high-vacuum part are all 
3 cm. in diameter. The speed of the diffusion pump without connexions is Iff 1 /seo. 
at 10 -8 mra. of mercury. The resulting speed calculated from the dimensions of the 
glass connexions is approximately 1 1 /sec. at 10' 3 mm. of mercury. 

The trap close to the orifice catches the main part of the mercury vapour coming 
from the diffusion pump. The other two traps prevent traces of mercury and grease 
vapours from entering the quartz envelope 

The MacLeod gauge, which was a sensitive one, was only used as an indicator. 
Readings were taken only when the pressure was so low that the mercury stuck to 
the top of the capillary of the gauge. 

The. collector 

The spherical quartz shell (6\, figure 1) was made conducting by evaporating a 
copper film on its inner side. The copper film was formed by the evaporation of a 
copper foil from a conical 15 amp. tungsten spiral. 
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Usually very thin films were evaporated (green in transmitted light), so that the 
target could be seen through them and could be placed in the centre with accuracy. 
A good test for the accuracy of alinemeut was the appearance of a very faint spot of 
light on the front of the copper target when the filament (F, figure 1) was lighted. 

The electrical connexions 

These are shown in figure 4 There is nothing very novel about the arrangements, 
but it is difficult to explain just what we did except with such a diagram. The ends 
of the filament F t are connected across a resistance of 3000 ohms. The centre of this 
resistance constitutes the zero point of the whole circuit. The current to the filament 
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F x is supplied by nine cells B connected in senes. The capacity of each cell is 120 
amp.-hr. Cells of such high capacity were used to ensure very steady currents 
through the cathode filament for long periods of time The cathode heating current 
is controlled by the regulating resistance R x and measured by the ammeter A t . 
The switch $ x allows the cells to bo disconnected from the cathode and connected 
to a charging circuit. The cells are carefully insulated. 

The diaphragms D v (D % , D a , D b ) and D t are connected to dry batteries V l% V t and 
V 4 respectively. The potentials of the diaphragms with respect to the cathode can 
be varied in 1-5 V steps. 
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The secondary emission coefficient is obtained from the readings of the galvano¬ 
meters (?! and O t which measure respectively the primary electron current i p (as 
the sum of the current t, to the target T and the ourrent i 0 to the collector C) and 
the secondary electron current » r . Our arrangement measured i e and i p directly and 
simultaneously. The secondary emission coefficient is then simply the ratio iji p . 

By measuring i t as well as i p and we could have got the same ratio as either 
(i p - i t )/i p or i e /(i e + i,). All three methods give the same result, but the computations 
take less time with the method adopted. This is an important consideration when 
thousands of readings have to be dealt with 

The currents i v and i e are measured simultaneously on one scale by the two 
galvanometers (7, and O t with sensitivities 5-4 x lO -10 and 3-3 x 10 -10 amp./mm. 
respectively. The distance of the scale from each galvanometer iB 1 m. Both are 
used with Ayrton Mather universal shunts. By moans of the switches »S 1 and 8 t , 
Q x and O t could be disconnected from the electron currents circuit and con¬ 
nected to a standardizing circuit which includes the galvanometer (7,. This 
enabled the sensitivities of both and 0, to he checked before and after every 
Bet of readings. 

The potential of the target with respect to the cathode is V, = (0+ V[) volts and 
that of the collector with respect to the target is V e = (c + V' t ) volts, where a and c 
are electromotive forces of dry batteries which can be changed in steps of 1-5 V. 
The voltages V[ and V' t are obtained from two potentiometers connected to the 
2 V cells b and d. The sign of V, and V e can be changed by interchanging the 
terminals of a and c resjiectively If, for instance, V, has to be equal to - 1V, a is 
put at 1-5 V with the positive end connected to the cathode, and the potentiometer 
regulated so that V{ = +0-5 V. 

The current to the heating circuit F t is supplied by the mams. When readings are 
taken the current in F % is switched off. The mains and the current controlling resist¬ 
ance can be disconnected from the target by means of the switch m. This switch is 
well insulated so that electrical leaks to earth m the circuits of the galvanometers 
C7j and O t are avoided. 

Good insulation is important generally. Wires are led separately and are passed 
through china insulators. The batteries V v V 2 , Vj and o, b, c, d are placed on a board 
covered with paraffin wax. That there are no leaks to earth in the whole circuit is 
tested by closing the circuits of the galvanometers (7, and O t with all batteries con¬ 
nected and with no current through the filament F v The thermocouple T.C. is 
connected directly to a millivoltmeter M.V 


Experimental procedure 

Usually before any readings were started the apparatus was thoroughly degassed 
by simultaneous heating and pumping. During this process liquid air was kept on 
all three traps. It was certain that no mercury penetrated into the quartz container 
as no sign of mercury could be deteoted in the trap nearest to it. 
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The quartz envelope and the apparatus inside it were heated by the 5 amp. 
tungsten ribbon F x and the 2 amp. spiral F t (figure 4). The copper target T (figures 
3 , 4) was degassed at temperatures above 900° C. The collector C got so hot by 
radiation from the target that it could not be touched by hand. In addition, the 
whole apparatus was heated from outside by a Bunsen burner. The first day after 
setting up the apparatus it was necessary to degas it for several hours before ‘ sticking 
pressure’ was obtained with the target at 750° C. During the night the 1 in bore 
tap was closed and liquid air was kept around the middle trap. The next day only 
about half an hour of degassing was necessary to get sticking pressure with the 
target at 750° C 

The routine of the measurements was as follows: The sensitivity of the galvano¬ 
meters 0 lt O t was measured, and it was checked that there were no leaks in the 
electrical circuit. The apparatus was then degassed for some time after sticking 
pressure had been reached with the target at 760° C. After this heat treatment the 
current in F t was turned off and readings were started. Readings were usually taken 
with the target at temperature® between 500 and 300° C. It was always found that 
in the range of temperature from 650 to 300° C the measured secondary emission 
coefficient was independent of the temperature. 

The apparent coefficient was sometimes found to rise with falling temperatures 
of the target below 300° C. This is thought to be due to the formation of adsorbed 
films on the surface of the cooling target. It is for those reasons that we have relied 
only on measurements made between 300 and 650° C. After the target had cooled 
to 300° C the readings were stopped and the target was heated again to about 
900° C for 10 min. After it had cooled to 650° C readings were started again. During 
each day the target would be heated for about 5 hr. in all. 


The theory of the experiment 
A. The primary current t p as a function of V c for and Vt + E^O 
The voltage i e /i p ourves which, after differentiation, give the energy distribution 
of the secondaries, are obtained in the following way. 

The energy eV p of the primary electrons impinging on the target is equal to 
e(V t +E /t + W T ), where V t is the potential applied to the target T externally, E fl is 
the contact potential difference between the cathode filament F and the target, and 
eW T is the initial energy of emission from the cathode F. For thermionic electrons 
tW T = 2 kT, where k is Boltzmann’s constant. The potential of the collector C and 
D t with respect to the cathode is V t +V c + E Ie (figure 5), where V„ is the externally 
apphed potential of the collector with respect to the target and E fc is the contact 
potential difference between the cathode filament and the collector. 

The true potential of the collector with respect to the target is 

K + Jf+^-W + ^r,) = V e +E fe -E„. 
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When V e +E fe —E fl » 0, all the secondary electrons emitted from the target have 
enough energy to reach the collector (provided the secondary emission is small 
enough, so that no space charge is formed round the target). When V c + E fo — E fl 
becomes negative, only those secondary electrons reach the target whose energies are 
greater than t\V e +E fc —E n \ - e{| V e \ 4- Ef,—E fe }, where e = -e is now positive 
and | V e | is the positive numerical value of the quantity V e . 

If we plot iji p as a function of V c with V t constant, we obtain curves which after 
differentiation give the energy distribution of the secondaries. 

But, as will be shown later, the ( iji p , V e ) curves do not correspond to a constant 
energy distribution of the primaries in spite of keeping V t constant. The following 
discussion will show how the measured magnitudes i e , i p and V c should be correlated 
in order to obtain curves corresponding to a constant energy distribution of the 
primaries. 

Consider first how the potential F 0 m the opening of the diaphragm D t (figure 5) 
is a function of the potentials of the collector and of the target. It is, approximately, 

V 9 -V t +V'+*»+W+Ejd, ( 7 ) 

where D is a positive constant depending on the geometry of the apparatus (Bark- 
hausen 1937). V 0 is the potential which controls the magnitude of the primary current 
reaching the target. When V t is kept constant, V 0 is a function of V e only. We have to 
consider two cases for namely, (1) V o ^0 and (2) ko<0. 

Case 1. The number of primary electrons arriving in front of D t is small, therefore 
i p reaches its saturation value for V 0 = 0. Increasing V 0 above zero does not cause 
any increase of i p . For all V 0 > 0 the current i p = i p (total), i p (total) is the saturation 
current, 

F 0 >0 when y-W+Ef' + DW+E,,)^, 
or when \V e \^Vt + E fe + D(V t +E /t ). (8) 

For a constant V, the energy distribution function of the primary electrons / (V p ) is 
independent of for all 

\V C \ *V t + E H + D(V t +E fl ), F c <0. 

A function having a general resemblance to / (^,) is shown as a plot against V p in 
figure 6. The saturation current is 

i p (total) - T f(V p )dV p , (9) 

J Vi+E/i 

and is represented by the area under the whole curve in figure 6. 

Case 2. V 0 < 0. 

F 0 <0 when V,-\V e \ + E /c +D(V, +E^) <0, 
or \V,\ >V t +E /c +D(V'+E fl ). (10) 

As V Q assumes negative values, all electrons whose initial energy of emission e W t is 
<e|P^| are stopped before the diaphragm D t and are unable to reach the target T 
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(figure 5). In this case the primary current is < i p (total). The energy distribution 
of the primaries is represented schematically on figure 6, where the shaded area 
represents the electrons which per unit time are stopped before Z) 6 and turned back 
towards the cathode. The unshaded area in figure 0 represents the current i p reaching 
the target. 





If for a given V t + E# constant and V 0 > 0 we plot i p as a function of V c , we get a curve 
like that in figure 7. The curve has a discontinuity at 
V e --[V l +E fc +D(V l +E„)l 

when the primary current begins to fall below the saturation value. Actually these 
discontinuities are not sharp. 
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When V t + Eft ■■ 0, the discontinuity ocours at 

( 11 ) 

Thus, if we know E„ t we can get E S r 

B. The energy distribution of the secondary electrons 
Let F(V P V a ) dV a represent the number of secondary electrons in the energy range 
eV t to c(V a +dV a ) emitted per second under the impact of unit primary current of 
electrons having energy eV p . 

The number of secondary electrons emitted in unit time with energies between 
eV t and e{V a + dV a ) under the impact of di p primary electrons with energies between 
eV p &nde(V p + dV p )w 

dN e = dN p F(V p V a )dV a = f(V p ) F(V p V a )dV,dV p . (12) 

F(V p V a ) = 0 for V a >V p , because there are no secondary electrons with energies greater 
than the primary energy. 



The number of secondaries having energies greater than (| V c | + E^— E fc )e and 
emitted under the impact of di p primary electrons with energies between eV p and 
e{V p + dV p ) is 

dN e - dN p f ' F(V p V a )dV n . (13) 

The function F(V p V m ) for a constant V p as a function of V, is something like the two 
curves in figure 8. The value of dNJdN p = dijdi p is the area under these curves 
between the upper limit V a =» V p and the appropriate lower limit V a = | V e \ + E ft —E fc . 
The number of secondaries having energies greater than e(V c + E ft — E fc ) emitted per 
second under the impact of all primary electrons hitting the target is 


r 


J V.-V, 

K-ir.i ^ 


F(V p V a )dV a . 


(14) 
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i e is measured by the galvanometer O t in figure 5. This equation can be written as 

r,+j£„ 

F(V p V,)dV.. 


i r\r.\+Efi-Ef, rr.-r, 

1 - 


F(V p V M )dV, 


f" f(V p )dv p p -1 ' 

J IHI+A> Ef. Jr.-iHI 


\V.\+Efl-E„ 


. rw+E/i-Kf. rv.-v. 

It can be shown that I = f{V p )dV F(V p V t )dV t is always zero. 

J Vi+Kji J |HI I Rfl+K,. 

When | V r | + E n —E fc is smaller than V t + E fl , the integral I is zero because there are 
no primary electrons with energies <V t + E f „ so that 

f(V p )dV p = 0 for V c +E /l -E /c ^V p ^V t + E /l 
When \V C \ + Efl—E fc is > V t +E n , the integral I is zero because the integral 


M-r V ' F(V v V t )dV. 

J I HI +Efi-hj. 

is zero for all V p smaller than | V e \ + Efl — E fc (see figure 8). Therefore 


= f(V p )dV p f* F(V v V„)dV t . 

J i hi J ir.i+Efi-Ef, 


(16 


It is seen from this equation that the current i c consists only of secondary electrons 
which have been emitted under the impact of primaries with energies 


>\V e \ + Efl-K /c . 

All secondary electrons which have been emitted under the impact of primaries 
with energies < | V e | 4- Efl — E /c are excluded from i c . Therefore as far as the measure¬ 
ment of i c is concerned it is of no significance whether there are in the primary beam 
electrons with energies smaller than | V e | + E n — E Jc or not ; i e will have the same value 
whether the primary electron beam includes all the electrons under the whole curve 
in the energy distribution curve of figure 0 or only those under the unshaded portion 
of it. 

The term D(V t + Efl) is small and may usually be omitted. The ratio 


-.v = f”° W)dV p \ V ’ F(V p V t )dV./r f(V p )dV p 

i p (total) IJr,+E A 

represents the main amount of secondary electrons with energies > | V e \ + E /I —E fe 
emitted in unit time under the impact of unit primary current with an energy 
distribution like that represented in figure 6. If we plot tji p (total) against \V r \, we 
obtain a curve which corresponds to a constant energy distribution of the primaries. 

If, however, we plot i c /i p against | V e \ , we obtain a curve which corresponds to a 
constant energy distribution of the primaries for 

0*Z\V c \**V'+E fc +D(V t +E fl ), 


VoL I«S. A. 
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because in this range of | V e | i p ** i p (total) (see figure 7). For 
\V e \>V l +E /e + D(V l + E /t ) 

every point on the curve corresponds to a different energy distribution of the 
primaries. 

The differentiation by | V c | of the curve got by plotting i e /i p (total) against | V c | 
leads to the main energy distribution function A(V,V t ) of the secondaries emitted 
under the impact of the primary current with the energy distribution as in figure 6, 
since, from equation (14), 


(total)) 

- d ur nv P )dv p f wi Fwjdvjr /(v p )dv\. 

d \ v A\Jr,±t£n p Jv.-m+Ff,-v„ p / 

= f mWpV.)dV p l P f(V p )dV p ,V, = \V c \+E fl -E /r . 

J Vi±E/t I J ft \ h/i * 


(16) 


C. The secondary emission coefficient for primary energies near zero 

If, as was the case in our experiments, E Jc is > E fl , then when V p = 0 the primary 
electrons travelling from the cathode tow ards the target have to jiass a retarding 
potential difference between the diaphragm I) s (figure 1) and the target equal to 
E fc — E /t . Let us consider two cases: (1) V,^ —E fl , (2) V t < — E /t . 

In the first caso the retarding potential difference, E Je — E n , between /> 8 and the 
target T, is smaller than V,+ E fc . Therefore all primary electrons arriving at D e can 
pass to the target. The current measured by the galvanometer (t x (figure 5) is then 
i p (total), the current measured by the galvanometer G t is 

i c “ e f * f(V p )dV p f' F(V p V,)dV' 

J r, i Kf, J r.»« 

The ratio i c ji p (total) represents the true secondary emission coefficient. 

In the second case the retarding potential difference, E Jr — E n , between D 9 and T 
is > Ef c . Therefore not all the primary electrons arriving at D t can pass to the 
target. 

All primary electrons which arrive at D t with energies from e(V t + E fr ) up to 
e(E fc — E ft ) have insufficient energy to get to the target. They pass through the 
opening in D t and then are turned back to D t without hitting the target. All these 
electrons vitiate the measurement of the primary current i p and the true secondary 
current i e . 

The measured secondary emission coefficient under these conditions is greater 
than the true one. 

We see that when V P » 0 and E fc is > E fi we measure the true secondary emission 
coefficient only for V t > — E n . 
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If we put V c = ~{E /e —E fl ), both the collector and the target are at the same 
potential Vf+Ey,. 

The energy distribution of the primary electrons for V t > -E fl is shown on the 
right in figure 9. The shape of the curve is not dependent on V t ; it only gets a shift 
along the V p axis if V, changes. 

For V t < — E fl the shape of the curve changes as shown on the left in figure K The 
electrons which correspond to the shaded area are turned back from D t towards the 
cathode. The primary current as V, decreases gets smaller but more uniform w ith 
respect to the electrons constituting it 



The measurement of E Jt and E Je ami of the secondary emission 
coefficient for primary energies near zero e-volts 

The contact potential difference between the target and the cathode has been 
measured as follows • 

The potential V, of the target with respect to the cathode has been varied in steps 
from about + 1-5 to — 1-5 V, and the corresponding currents i, have been measured. 
t f has been [dotted against V ( . - 

The curve a of figure 10 is a typical curve obtained in this way with the hollow 
copper target T (figure 3) We see that the current i, has a constant value for 
Vf'Si 0-3 V. For V t < 0-3 V the current decreases rapidly with decreasing V t . 

When i, becomes very small the electrons carrying the current are so far apart 
that the effect of their mutual repulsion on their motion becomes negligible: in other 
words, the space charge limitation of the currents disappears. In that case the rising 
part on the left-hand side of curves like figure 10 a, 6 which represents the effect of 
the initial emission velocities and other disorganizing activities, should meet the 
horizontal part on the right, which represents the saturation current, at a sharp 
angle. This ideal is possibly attained in figure 10a ,b within the experimental error, 
though in most of such curves a better fit with the [>oints could be got by a slight 
rounding of the intersection, as, in fact, the curves are drawn in figure 10a, 6. In 
any event, thiB effect, when it is as small as in these experiments, can be eliminated 
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by continuing the straight part of the rising curre in a straight line until it inter¬ 
sects the line representing the saturation current. This intersection takes place at 
the value of V, for which there is no potential difference between the target and the 
cathode. This occurs when y,+E n = 0. 

The current t t in curve a (figure 10) attains its saturation value for V, = +0-3 V. 
Therefore E ft — -0-3V. The target is negative with respect to the cathode, when 
there is no externally applied potential difference between them. 



The curve a (figure 10) has been obtained with V c kept at zero volte. A similar curve, 
6 (figure 10), has been obtained with V e = E Jt — E te . 

The contact potential difference E fe between the collector and the cathode has 
been measured as follows: A negative potential V t ** — 1‘54V was applied to the 
target, so that no electrons could reach it. The externally applied potential difference 
between the collector and the cathode V e + V t *= 1-54 was varied in steps by 
varying V e and the current i 0 to the collector then measured as a function of V e + V ( . 
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We see that the break in curve e (figure 10) occurs at V„+V, = -O-05Vorp$ » +0-89 V. 
At this V c + V t both the cathode and the collector are at the same potential, so that 
E /e = +0-65V. 

The contact potential difference between the target and the collector is 
K, c -E„=+ 0-66+ 0-3 = + 0-95V, 
the target being negative with respect to the collector. 

The secondary emission coefficient has been measured in the range of V t from 
about -1 to + 1*6 V. The results are shown in curves c and d of figure 10 The curve 
c has been obtained with V c kept at zero volts and curve d with 

V r = E„-E fe = — 0-95 V. 

It has been explained on p 34 that when V e = 0 the true secondary emission 
coefficient is measured only for V t > - E f , 

For V, < — the measured secondary emission coefficient is larger than the true 
one. We see from curve c (figure 10) that the measured secondary emission coefficient 
is fairly constant at about 0-2 from V, = + 1*6 to V, = + 0 ft V, where it begins to rise 
and at V t - — E f( = + 0-3 V it is rising rapidly as V t falls. 

Curve d (figure 10) represents the true secondary emission coefficient for V t from 
-0-5 to + 1*5 V because it has been obtained with V r = E# — E /n *= — (V95 V. 

The curve / (figure 10), taken on a different day from the curves a, b, c, d and e, 
represents the current » p as a function of (V c + V t ), the potential applied externally to 
the collector. The potential of the target with respect to the cathode, Vt+Ef,, was 
kept at zero It has boen shown (equation (ll)) that the curve i p plotted against 
p£+lJhasabreakatl£-t-JJ = — E fc . The break in the curve/occurs at V c + V, — — 0*7 V. 
Therefore E fr = +0-7V. 

The curves #> and / (figure 10) thus furnish values for E fc which are in good 
agreement 

The curves shown in figure 10 are only to bo regarded as samples of the observa¬ 
tions which we have made. The number was very large and all the rest were in sub¬ 
stantial agreement with those recorded in figure 10. 

The reproducibility of the results has Ixsen very good. For example, the measure¬ 
ment of Eji has been repeated twelve times on different days. The value E fl = — 0*3 V 
was observed on nine occasions, — 0-2 V twice and -0-4 V once 

Quite similar results to those just described were obtained in a set of experi¬ 
ments made with the same apparatus except that the hollow target of figure 3 was 
replaced by a solid sphere of very pure electrolytic copper ahd the method of heating 
it was somewhat different. It was difficult to get all the gas out of this apparatus, 
and the results were not so closely reproducible. For example, out of eighteen deter¬ 
minations of E fl made on separate days the value E ft = — 0-6 V was observed eleven 
times, — 0-5 and -0-4 V each twice, and E# = 0 three times. However, when the 
secondary electron coefficient i e ji P was determined with V c held at the value Ef,—Ef e , 
it was found to have a constant value of about 0-10 over the range of V t from 0 to 1 V. 
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The high value, about 1V, of the contact potential difference, E /C —E fl , between 
the collector and the target found with the hollow target was unexpected. The 
contact potential difference E# between the tungsten filament and the target is 
known to be about right if the target has a copper surface; so we are driven to con¬ 
clude that the original copper surface of the collector in the experiments with the 
hollow target must have got covered by something else, probably by a mixture of 
more volatile metals originally present in the copper of the hollow target and driven 
out by the heating. However, for the purpose of the experiments described here, 
the nature of the metal which forms the surface of the collector does not matter, so 
long as we are able to determine its contact potential difference with the cathode or 
the target. 



corrected primary energy e (K,— 0-3 + 0 63 V) 


Fiovre 11. 

As a matter of fact with a well-degassed copper target the secondary electron 
emission coefficient changes very little, not only over a range of energy of the primary 
electrons from 0 to 1 eV but also from 0 to at least 10 eV. Two sets of observations 
over this wider range taken at different dates and with different values of V e are shown 
in figure 11. The abscissae give the primary energy which in these curves has been 
evaluated as follows: 

It is clear from the curves a, b, e of figure 10 that the primary beam does not consist 
of electrons of uniform energy. There is a finite energy spread in the primary beam 
amounting to about l-5eV. 

The average amount of W d of this disorganized energy can be obtained graphically, 
for example, from curve a (figure 10) by dividing the voltage axis into 0-1V intervals 
and calculating the value of 

1 

where Ai t is the change in the current to the target in the 0-1V interval. The value 
of the energy in this case is found to be about 0-72eV. 

Therefore, if the potential applied externally to the target is V ( and V t is > - E fl , 
the average energy of the electrons impinging on the target is V t + E /t +W d eV. In 
the curves in figure 11 W d was 0 5eV and E n = -0-3eV. 
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It will be fieen that over the whole range of about 10 V covered by figure 11 the 
values of t Ji p for the upper curve only varies between the limits of 0*24 and 0-27 
and for the lower only between 0-20 and 0- 25. It is not certain that these fluctuations 
exceed the combined experimental uncertainties. 

Some of the values of W a , which varied from about 0-25 to 0-75 eV in different 
experiments, are higher than the mean thermal energy of the electrons emitted 
thermionically by the tungsten cathode which is about 0*35 eV. 2lcT is actually 
0*344 eV for a source at 2000° K. Evidently part of W d comes from something other 
than this thermal energy. It is probably mainly duo to the fact that, owing to the 
potential drop accompanying the heating current in the filament, our ideal of an 
equipotential electron source has only boon approximately realized. The part of 
W d not due to thermal energy varied, apparently irregularly, in different experi¬ 
ments from about +0*1 to about + 0-fleV, and, if this suggestion as to its origin is 
correct, these figures represent also the measure of the deviations of the source from 
equipotentiality. If this excess part of W d really originates in this way, it is capable 
of being eliminated by appropriate modifications of the method. 

Theoretically it is impossible to eliminate the energy spread of thermal origin. 
This remains equal to 2kT, whore k is Boltzmann’s constant and T is the absolute 
temperature of the source, however many retarding electric filters the electrons 
are made to pass through. This arises from the particular nature of the velocity 
distribution function which ensures that at each such passage such an excess 
proportion of the slower electrons are removed from the electron beam by the 
filter as will always leave the mean energy of those which emerge equal to 2 kT 
(O. W. Richardson 1909) It follows from this that in theory it is not possible to 
experiment with electrons from a thermionic source having less average energy than 
Ve =■» 2kT, which for our particular case means m practice about 0*35 eV with a 
tungsten cathode. With a dull emitter source this could probably be reduced to 
about 0*1 eV. 

Let us consider what is the lowest energy for which we really have measured the 
secondary emission coefficient The lowest energy for which the value of the secon¬ 
dary emission coefficient r is given as an experimental point in curve d (figure 10) is 
that which corresponds to V, = - 0 5 V The W d of this is the energy under the part 
of curve h (figure 10) to tho left of the ordinate at V ( - - 0*5. This has been evaluated 
by redrawing the corresponding part of curvo 6 (figure 10) on a larger scale and 
carrying out a graphical evaluation in the manner indicated on p. 38. We also have 
the experimental data required to determine both W d and r for two lower energies 
corresponding to V, = — 0*7 and V, = — 0*9 V. The values of r for these are not plotted 
in curve d (figure 10). 

The values of W d and r determined for these three lowest energies are: 
at V, - -0*5V, W a = 0*31 t eV, r = 0*25 g , at V, = -0*7 V, W d = 0*23eV, r * 0*3„, at 
V, » — 0-9V, W d = 0*14 7 eV, r = 0*2 g . Naturally at these small energies no great 
accuracy can be claimed for the measured values as the deflexions, particularly 
for i t , are very near the limit of what can be measured. But the results are very 
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interesting. They show that we have reached the limit of low energies whioh can 
be attained with a thermionic tungsten source. 

We have seen that in a stream of thermionically emitted electrons the average 
kinetic energy of the electrons is 2 kT, which in practice works out for a tungsten 
source at about 0-35eV. Actually at PJ=-0 9V we have found W d = 0-147eV 
which is equal to half of this within the experimental uncertainty. W d as we have 
evaluated it only includes half of the kinetio energy 2 kT, as it iB only concerned 
with the kinetio energy associated with the forward component of momentum. The 
rest of 2 kT comes from the two components which are associated with the two per¬ 
pendicular degrees of freedom and amounts to \lcT eaoh. These components are not 
used up in pushing the electrons against the retarding field. 

This result is more general but it will be sufficient here to verify it for the case of 
a stream of thermionic electrons, temperature T, travelling against a uniform re¬ 
tarding electric field. The current density * x past a point where the potential is \\ iB 
i x = i 0 exp (- 2M\e), (18) 

where i 0 is the value of », at V v =■ 0, h = (2kT)~ l , and e is the magnitude of the 
electronic charge (Richardson 1903). If » is the current at a retarding potential V 
numerically >T$, then 

i = i 1 exp(-2A[K-l^]e) = i 0 exp(- 2hVe), di = -2i 0 heex[>( — 2heV)dV. (19) 
The energy associated with the element of current di is 

e{V-VJdi = - 2% 0 he*[V-Vi) exp (-2hVe). 

The total of this for all the elements di which make up is 

jl V ~ K) di = J" “ 2 *o V - Vi) «*P (- 2hVe ) d V ( 2 °) 

This is the equivalent of the summation (17) Putting z — — 2heV, this becomes 

“v f -zexpzrfz — i'ocIJ f expzdz = ^exp( — 2heVJ (21) 

-2heV, J -2Aer, 

This divided by t x = (2 h)- 1 = kT as the value of W d . 

These experiments have furnished no evidence of any certain change in the value 
of the secondary electron emission coefficient r in the range from the lowest primary 
energy available with a tungsten source, namely, 2 W d — 2 kT = 0-35eV up to an 
energy of 1 eV or even a good deal higher. The mean of twenty-three determinations 
of r spread evenly over this range from about 0-3 to about 1 eV gave r = 0-24 ± 0-03. 
The individual measurements ranged between 0-162 and 0-306 but only two were 
below 0-206 and only three above 0-276. 

It is possible, of course, that there may be a discontinuous, or a very sharp, drop 
in r between about 0-3 eV and zero energy, but it is difficult to think of any physical 
reason for such an occurrence, particularly as 0-3 eV is small compared with the 
energy changes involved in the passage of an electron through a metallic surface. 
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An attempt to measure the secondary emission coefficient r at very low primary 
energies has been made by Farnsworth & Goerke (1930). They also used a copper 
target and they agreed with us in finding that after this had undergone a red-heat 
treatment and with no externally applied potential difference between the target 
and the collector, the target acquired a negative contact potential with respect to 
the collector. In the usual type of experiment for measuring r this leads to too high 
values with low energy electrons because the contact potential field deviates some 
of the primary electrons away from the target on to the colleotor, thus making the 
measured secondary ourrent too high. They endeavoured to eliminate this difficulty 
by a procedure which they describe, and as a result of further experiments they 
concluded that r tends to zero as the primary energy tends to zero which is quite 
different from the conclusion we have reached. It seems to us that they have still 
not succeeded in eliminating the troublesome effects of these contact fields satis¬ 
factorily. Their method (2) as applied to the case in which both target and Faraday 
cylinder have been subjected to red-heat treatment requires for its success that the 
primary current t p> to the Faraday cylinder as measured by method (2) should be 
equal to the sum of the current t, to the target as measured by method (1) and the 
current i r of true secondary electrons in method (1). That t Pt = i ti +i c is not at all 
self-evident and needs to be proved. No attempt is made to determine » c which 
would involve a knowledge of the number of primary electrons which go to the 
collector without being reflected from the target The geometry of the electrodes in 
methods (1) and (2) is different; so that the electric field is different in the two cases. 
The primary electrons must therefore be scattered by the retarding field between the 
collector and the target in method (l) m a way different from that in which they are 
scattered by the retarding field between the collector and the target and Faraday 
cylinder in method (2). 

These difficulties are only serious in the low-enorgy region. Curve 2 in figure 2 
of Farnsworth & Goerke’s paper, shows that at energies of 0-4 eV on their scale 
about half the electrons miss the target. 

We shall now show that the secondary electrons generated by these primary 
electrons of very low energies are all elastically reflected electrons. 


The energy distribution of the secondary electrons 

After the hollow copper target had been degassed at temperatures above 900 and 
close to 1000° C (it was not safe to go higher on account of the risk of melting), the 
ourrent i r to the collector and i p (total) were measured for various values of V c , the 
potential on the colleotor, at a number of fixed low values of V t , the potential on the 
target The ratios iji p (total) were then plotted against V e . Typical results at V t = 1-64, 
1*0, 0-7, 0-5 and 0-3 V are shown in figure 12 o, 6, c, d, and e. The energy distribution 
of the secondary electrons can be obtained from these curves by graphical differen¬ 
tiation. 
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At the time when the measurements represented in the curves of figure 12 were 
made, the value of E fe , the contact potential difference between the oathode filament 
and the collector, was determined by the method already described (p. 36), and 
found to be 0-4 V. There is no potential difference between the target and the 



collector when V t +V r +E ff = V f +E fl , where E ft is the contact |>otential difference 
between the cathode and the target, or when V r *= E fl - E fc (p. 29). Therefore the 
true zero when the curves of figure 12 were obtained is at 

V e = -0-3 —( + 0-4) = -0-7 V. 

It is seen from these curves that all the secondary electrons have the same distribution 
of energy as the primary electrons. The secondary beam thus consists entirely of 
elastically reflected electrons. 
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The fact that the reflected electrons have the same energy distribution as the 
primaries also confirms our conclusion that the coefficient of reflexion does not vary, 
or at any rate varies very little, with the energy of the primary electrons at these low 
energies. 

For V t — 0-3 V there is no potential difference between the target and the cathode, 
and the ratio iji p (total) decreases rapidly for V r <E fl — E fc . 

Similar results confirming these conclusions were obtained in another set of 
experiments during which E fl was also - 0-3 V, but E fc was + 0-7 V and the true zero 
was at V c — -0-3 —( + 0-7) — —1*0 V. 


The work function of thermally etched copper 

Knowing E#, the contact potential difference between the copper target and the 
tungsten cathode, we can obtain the work function <p Ca of copper from the equation 

tca-tw-Bfl, ( 22 ) 

where <f> w is the work function of tungsten. Our measurements of E fl have been 
made with the tungsten cathode at about 2000° C. 

The work function of tungsten increases slowly with rising temperatures. Ac¬ 
cording to Reimann (1934) it is = 4-68 V at 2000° C For the hollow copper target 
whioh had been heated to temperatures above 900° 0 we found E fi = - 0-3 V Thus 
0 Ol = 4-68-(-0-3) = 4-98 V 
for pure poly crystalline copper degassed at over 900° C. 

It is interesting to compare our value with those got by Underwood (1935) for the 
{111} and {100} faces of copper single crystals. For {111} 0,-„ he found 4-86V and 
for {100} 0<, u 5-61 V The work function, 4-98 V of our target, is only slightly higher 
than that of the {111} face of the single crystal. It seems very likely therefore that 
on a polycrystalline copper surface heated at temperatures a little below its melting- 
point the {HI} faces grow at the exjiense of the other ones. 

This conclusion is in agreement with observations made by Dobinski (1936) He 
found that on a copper surface formed by solidification in vacuo or on a surface 
heated for a long time at 960° C there grew crystals orientated with either {111} or 
{100} planes parallel with the surface, the {111} orientation being the most frequent. 

It is also in agreement with the theory of Kossel-Stranski (Kossel 1928; Anderson 
1941) on the thermal etching of metals. According to their theory the crystal facets 
developed by the thermal etching of any metal of the face-centred cubic class will 
consist predominantly of the crystal planes of densest packing. 


Comparison with theories 

Since we have shown that the slow secondary electrons we are dealing with are 
all reflected primary electrons, the secondary emission coefficient r is in this case 
the same thing as the reflexion coefficient R{ W) of the primary electrons. Nordheim 
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(19280,6) was the first to show how to calculate the reflexion coefficient of low- 
energy electrons at the surface of a metal on the principles of wave mechanics. 
The magnitude of ft (IP) is determined by the distribution of the potential energy 
U(x) of an electron as it passes through the metal surface, x being a 00-ordinate 
perpendicular to the surface. The general case when U{x) is any function of x is, 
naturally, very complicated, but it can be put in a form which shows that (1) i2( TP) =» 0 
when U(x) is oonstant, (2) R( W) is small when U(x) varies slowly with x and increases 
as U(x) varies more rapidly with x 

There are a few cases in which fairly simple solutions have been found. One is 
that in which U{x) ohanges discontinuously at the metal surface from the value 
zero inside the metal to a constant value G outside. C/e is called the inner potential 
of the metal. In this case it was shown by Nordheim (1928 a) that 

1 ' \TP» + (TP-<7)»/ ’ 

where W - E— (p£+rf)/2wi, 

E being the total energy of the electron and (pj+p|)/2m that part of the energy of 
the electron which comes from the components of the momentum perpendicular to 
the x axis, i.e. parallel to the surface. The symmetry of the equation for R( IP) 
shows that the reflexion coefficient for electrons impinging on the surface from the 
outside with energy (TP - C) is the same as that of those impinging on the surface 
from the inside with energy TP. This symmetry of the reflexion coefficient holds also 
when the change in U{x) is not discontinuous (Mushat & Hutchinson 1937). 

It also follows from this expression for R{ TP) that for electrons impinging from 
outside with zero energy (TP — C = 0) the reflexion coefficient is equal to 1. R( TP) 
decreases steadily from 1 to 0 as the primary energy TP — C of the impinging electrons 
increases to infinity. 

In the case we are considering the graph of the potential against x is like a per¬ 
pendicular cliff and is illustrated m the middle of figure 13. If we limit the discussion 
to examples where the top of the cliff is horizontal, the reflexion should lie the greatest 
possible in this case. The curve in figure 13 shows the reflexion coefficient calculated 
for this potential distribution using the constants appropriate to copper. The height 
of the cliff is equal to the inner potential C which has been obtained as follows: 

C = p + <j>, where p = — j , n being the number of free electrons per c.c. 

(assumed to lie 1 per atom for copper) and g ( — 2) the statistical weight of an 
electron. The value of p is 7-12 eV. Taking for the work function <f> the value we 
obtained (p. 43) for the hollow copper target, we get C = (7-12 + 4-98) = 12-1 eV. 
It is seen that R(W — C) falls away from the value 1 at TP - C =■ 0 very rapidly 
at first, and then more and more slowly but quite steadily towards the value 0 at 
TP - 0 = 00. 

This hardly corresponds with the experimental results except that it gives a 
reflexion coefficient of a similar order of magnitude. This is not surprising, as it is 


(23) 

(24) 
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known that the potential field at a metallic surface cannot be as simple as this model 
makes it. One part of this field comes from the attraction of the electrostatic image 
of the electron in the metal. This has the effect of rounding off the comers at the 
top and bottom of the perpendicular cliff. This problem has been attacked by 
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Nordheim (1928b) and by MacColl (1939), who gives numerical values. His results 
show that R(W -C) falls away from a maximum value at W - C = 0 , as W—C 
increases, in much the same way as for the perpendicular cliff. The chief difference 
is that the values of R(W - C) are all much smaller (about one-tenth as large as 
a rule). The value of R(W - C) increases with increase of the inner potential Cjt. 
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For copper ( C * 12-1 eV) R(W-C) is about 0-04 for W-C *» 0 and about 0-03 
for W — C = 1 eV. Our experiments have given a value of R( W - C) equal to 0-24 
over a range of W—C from 0-2 to 1-OeV, with no indication of a variation over 
this range, although a possible variation of up to 25 % or so may not be excluded 
with complete certainty. Furthermore, the experiments give no indication of 
tiie further diminution of R(W — C) with increasing values of W — C above leV 
which is demanded by the theories. On the contrary they indicate a small rise in 
R{W — C) in this region instead of the predicted fall. 

All the theories considered assume that the potential inside the metal is a constant 
This assumption cannot be a valid approximation for primary energies higher than 
a few volts, as the electron wave-lengths then beoome comparable with the inter¬ 
atomic distances. A complete theory covering this case would have to take into 
account the crystalline structure of the metal and the periodic electric fields associ¬ 
ated with it. So far as we are aware no such theory has been worked out, so we do 
not know what it demands of the behaviour of the reflexion coefficient. It is, how¬ 
ever, not unlikely that the effect of the periodic fields would be to increase the 
reflexion coefficient at shorter wave-lengths (higher energies), and this might be 
enough to cancel out and reverse the monotonically falling curves given by the 
constant internal potential theories, as we proceed to higher energies 

In describing the results we have always stated that, within the limits of experi¬ 
mental error, starting from W - C = 0-2 V, R( W - G) begins by being constant and 
then slowly increases as IK — C increases After reflecting further on the matter we 
should like to Btate that what we really mean by R( W - C) being constant is that it 
undergoes no considerable change, exceeding, let us say, about 25 % either w r ay, in 
the range from W — C — 02 up to about 1 eV. We are not prepared to deny that 
there may be a fall in R(W — C) of up to about 25 % from the value at IK - C = 0-2 
to that at IK — C *= about 07 V, followed by a rise as W — C increases further. If 
they are not regarded critically, the experiments support hucIi a view. On the average 
our determinations of R( (K — (■) do show such an initial fall followed by a rise; but, 
on account of the large possible experimental error, arising mainly from the very 
small deflexions at the lower values of IK - C, we cannot say that they establish 
such a conclusion with certainty. On the other hand, they are undoubtedly com¬ 
patible with it. More experiments are required to settle this issue completely. 

A knowledge of the coefficient of electron reflexion in the low-energy region dealt 
with in this paper is important in a number of other fields which we have only room 
to make a list of here They include the constants of thermionic emission and allied 
constants of metals, for example, the energies of electron diffraction beams, inner 
potentials and electron refractive indices. 

There are only three cases known to us where it is reasonably certain that 
reflexion coefficients R(t) of electrons with thermionic energies have been measured 
The first is that of Richardson (1908, 1909) for a brass plate, not degassed The 
value of i2(f) for this was estimated to be 0-3 ± 0-1. The next was one found in some 
work on nickel, not yet published, by Miss Ursula Andrewes and one of us (O. W. R.). 



47 


The secondary electron emission from metals 

This gave for R(t) for degassed nickel R(t) *= 0-45 ±0*1. These experiments whioh 
were made by a method different from those of either of the other two also agree 
with the present experiments in indicating a drop in S( W — C) of about 20 % in the 
first 0'6 V or so from the lowest value of W — C followed by a slow and steady rise 
up to W—C = about 20 V. The value found for degassed polycrystallino copper in 
the present work is R(t) = 0-24. 

The values for R(t) are not all for the same electron energy in the three cases as 
different thermionic sources were used. They are, however, all for values of W — C 
= or <0-4eV. The theories discussed above would tend to load us to expect that 
nickel would have the highest R(t) as its inner potential is higher than that of copper. 
These results, so far as they go, do not suggest any startlmg changes in the reflexion 
coefficient for different reflectors. They must, of course, all lio within the range from 
zero (complete absorption) to unity (total reflexion) 

We had intended by suitable modifications of the apparatus to extend the experi¬ 
ments to a wide range of metals, but reasons connected with the war have compelled 
us to abandon this part of the programme, at least for the present. 

In conclusion, we wish to thank Professor G. I. Finch, F.R.S., for his kindness 
in affording us facilities for continuing this work in his laboratory after the evacua¬ 
tion of King’s College. 
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On the equation of diffusion in a turbulent medium 

By W. G. L. Sutton 


(Communicated by D. Brunt, F.JR.S.—Received 7 November 1942) 


The two-dimenaional form of the equation of diffusion 


Jx 

Bx 


(* > 0), 


under rteody menu conditions in a fluid moving with mean velocity u is discussed m the eaae 
whore u and A, vary as t* and *'-» respectively (0 < m < 1). Integrals are constructed which 
satisfy boundary conditions of the types arising in physical problems, and the results are 
applied to the theory of evaporation into a turbulent atmosphere. 


1. The equation of diffusion 

The two-dimensional form of the equation of diffusion, under steady mean con¬ 
ditions, in a fluid moving with mean velocity u is 


0>; 0 f 

U ?x~bz\ 


•sf 


Here ^(z, x) is the value of the entity, such as vapour concentration or temperature, 
whose diffusion is considered, x is measured in the direction of mean flow and z in 
the perpendicular direction. A z is a generalized coefficient of diffusion such that the 
rate per unit length at which x is transferred across the line z = constant in the 
0V 

positive direction is — A, . In non-turbulent flow A x is the constant molecular 

diffusity or conductivity, and if, in addition, u is constant throughout the fluid the 
equation becomes that of the linear conduction of heat where x is the time co¬ 
ordinate. 

In turbulent motion molecular diffusion is unimportant in comparison with that 
due to eddies in which a mass of fluid, small in comparison with the total mass but 
of dimensions large compared with the moan free path of the molecules, acta as a 
transporting agent. Accordingly, new forms for A t must be sought. We consider 
here the form of (M) due to 0. G. Sutton ( 1934 ), who, by a generalization of 
G. I. Taylor’s theory of diffusion by continuous movements (Taylor 1922 ), obtained 
an expression for A z involving a certain number n, which was regarded as specifying 
the degree of turbulence of the fluid, and the z-derivatives of the mean fluid velocity u. 

The assumption that A s |” was constant throughout the portion of fluid considered 
was then shown to lead to a power law 


U = tt^z/Zj)” 1 
t 48 ] 


(1-2) 
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for the variation of u, where z is the distance from the (plane) boundary of the fluid 
and m =* »/(2 — n). From this an explicit form 

A, - (1-3) 


was obtained for A.. In these expressions u x is the value of u at some standard dis¬ 
tance aq and a is a certain constant involving n, z l and the physical constants of the 
fluid, but independent of u v It is important to observe that in the subsequent theory 
a, Uj and z 1 are assumed to be independent of x, so that u and A a are funotions of 
z alone. 

The number n is determined in any experiment from the value of m obtained by 
observations of the velocity profile. In the paper cited it is shown from physical 
considerations that 0 < n < 1. In most technical applications, including wind-tunnel 
experiments, the value n = | is appropriate, corresponding to the familiar velocity 
profile with m = but under certain meteorological conditions the valuo of » for 
the atmosphere may approach the upper bound 1 . 

The value of z x is more arbitrary. In large-scale observations, where the fluid is 
the atmosphere and the boundary is the earth’s surface, its value is conveniently 
taken as 2 m. There is hero no implication that z t represents the limit of applicability 
of the power law for u. But in wind-tunnel experiments this law is usually assumed 
to hold only within the so-called ‘turbulent boundary layer’ outside which the 
general mean velocity of the air stream is fully attained Hence if u x denotes this 
velocity z l must be interpreted as the breadth of the turbulent boundary layer. 
The condition that z x is independent of x implies therefore that the mathematical 
theory cannot strictly be applied to cases where the boundary layer is not fully 
developed over the whole range of values of x under consideration. This and associ¬ 
ated questions are discussed by F. Pasquill ( 1943 ) and will be returned to later in 
this paper (§ 9). 

If we substitute the values of u and A t given by (1-2) and (1-3) in the differential 
equation ( 1 * 1 ) we find 


“if-*- 

a cx 


8 l 2 l-m ? ^ 

czf ?zj’ 


where a' = az\ n . In the paper cited Sutton solves this equation under boundary 
conditions appropriate to the case of evaporation from a saturated plane strip 
defined by z = 0 , 0 < * < jr 0 It is shown by Pasquill ( 1943 ) that this solution is in 
good agreement with ex[>orinients on the evaporation of a wide range of liquids and 
also, when the physical interpretations of the symbols involved are suitably modified, 
with experiments on the loss of heat by forced convection from a plane surface. The 
equation, moreover, has proved to be a suitable basis for the discussion of evaporation 
problems under more general conditions than those provided by the saturated strip. 
It seems desirable, therefore, that a connected account of the equation should bo 
available in a form suitable for application to such problems, and it is the aim of 
this paper to provide one. 


VoL 18a. A. 
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For this purpose it is convenient to make a preliminary change of variables. Let 
x 0 be any convenient length such as that of the evaporating surface downwind. 
Then we write 




_2 _ 

2m +1 


/ u? 

(—L. I z"+i. 


(1-5) 


and obtain from (1-4) the equation* 


d*X, _1 d X _ 

dz' a ( 2 m + ljz' dz' dx’’ 


If we now write p «* »/( 2 +») « m/(2m + l), 

0*y | — 2fl Jy 0y 

the equation becomes - -, - ^ , ^, ( 1 * 6 ) 

oz * z cz cx 


which is the form in which it will be discussed. 

Since 0 < n < 1 we have 0 < p <$, and when n = \ the value of p is J. It will be 
seen, however, that from a mathematical point of view the appropriate range for 
p is 0<p< 1 , and this will be adopted henceforth. If p = £ then ( 1 * 6 ) becomes the 
familiar equation for the linear flow of heat, and it may therefore be regarded as a 
generalization of that equation. The following account is in fact based upon that of 
Goursat ( 1923 ) for the heat equation. 

We note also, for future reference, that the local rate of diffusion across z = con¬ 
stant is given by 

- A.~ = - ( 1 * 7 ) 

* dz dz 


where 


B = 


(2 — xfi * 


(1*8) 


2. Boundary conditions 

We begin by determining sets of boundary conditions which define a unique 
solution of the equation ( 1 * 6 ). Discarding the primes we write the equation as 

d*x 1-2 pdx^x 

dz * z dz dx’ 


where z , x are real dimensionless co-ordinates, z is positive and 0 <p<l. This may 
be written as L(x) — 0 , whore 


L(f/) S 


-z 1 tp 


dU 

dx’ 


* O. G. Sutton (1934). It is easily verified that if, as m the evaporation theory, a = Nv*z?~ n , 
where N is a pure number and v is the kinematic viscosity of the fluid, then x', s' are dimen¬ 
sionless variables. 
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The adjoint expression is 


dV 

0X ’ 


and we have, identically, 

VHU)-UM{V)-™ + ™, 

where H = z l ~*» K = - z 1 ^UV. 

Hence if C be the boundary of a region D with z > 0 throughout D+C, and if U, V 
are such that H, K and their derivatives are continuous in D + C, then we have 
Green’s formula 


jjjVL(U)-lJM(V))dzdx +J ^UVdz + {v™-U rfxj = 0, (2-2) 

where the integral along O is taken in the direction from positive x to positive z. 
If in this we write V = 1 and U = x*> where x is a solution of (2-1) regular* in D+C, 
we obtain 

2 ( gj) 2 dzdx + j^ (x*dz + 2y ^ dr) = 0. (2-3) 



Kkiurk 1 

In iigure 1, let AB, EF be two given characteristics x = constant and PQ any inter¬ 
mediate characteristic. Let APE, BQF be two curves, along which z>0, which 
meet any characteristic only once. Then we prove that there cannot be more than 
one solution of (2-1), regular inside and on the boundary of the region AB&E, which 
assumes! a given set of continuous values on AB, AE and BF. For, applying (2-3) 
to the region ABQP and the difference x of two such solutions we get 

2 ff z i-*p(y\'dzdx+ f z'-'ptfdz = 0, (2-4) 

JjABQP \OZJ J PQ 

* i.e. such that x and each term of L(x) are continuous. 

t Here and elsewhere, limiting values as the boundary is approached from within are to 
be understood. 
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since y = 0 along AB, AP and BQ. The elements of both integrals are essentially 
non-negative, hence y =* 0 at all points of PQ and is therefore identically zero 
throughout ABFE. 

In problems of evaporation or forced convection it is frequently possible to take 
A E as z =» 0 and BF as z = oo. The initial state of the fluid stream is assumed to be 
known, and the magnitude of the mean velocity is taken to be such that no appreci¬ 
able upwind diffusion occurs. The condition that y assumes a given set of values on 
AB, now a semi-infinite segment and normal to AE, is therefore appropriate to 
such problems. The boundary condition on A E requires more consideration. If 
AE forms part of a free liquid or saturated surface from which evaporation into an 
air stream is taking place, then a natural assumption and one whioh appears to 
yield very satisfactory results is that the vapour pressure of the evaporating liquid 
assumes its saturation value at the temperature of the surface as the surface is 
approached (Pasquill 1943). This implies that the vapour concentration x assumes 
a constant value y, all along A E. Again, if the boundary is a dry surface impermeable 
to vapour the boundary condition is, by ( 1 * 7 ), 


Lim 

«-►+(» 


K!) 


Thus for the case of initially dry air travelling over a saturated strip 0 < * < 1 followed 
by dry ground impermeable to vapour, appropriate boundary conditions, as far as 
the boundaries x = 0 and 2 = 0 are concerned, are 

Lam x ~ 0 (z > 0 ), 

JLhn X = X* 

Lim = 0 (*>1). 

It is perhaps worth noting that in these conditions the rate of evaporation is 
not prescribed (e.g. by an empirical law) at the evaporating surface but only over 
the ensuing impermeable dry ground whore its value is unequivocal.* Its value 
over the evaporating surface will, of course, be furnished by the solution of the 
problem. 

From the mathematical point of view these conditions may bo made more general. 
We shall consider three tyiies of problems relative to the region z > 0, x > x x (a suit¬ 
able fixed value of x), namely, those where on 2 = 0 either (1) the value of y is pre¬ 
scribed or (ii) the local rate of evaporation is prescribed or (iii) the local rate of 
evaporation is given as a linear function of y. As in ( 2 - 5 ) different conditions of these 
types may hold over different parts of the boundary, and in each case it is assumed 



* In this respect the treatment differs from that of Giblett <1921) who uses as the boundary 
condition an empirical law, due to- Bigelow, connecting the rate of evaporation with the 
vapour pressure and wind velocity. 
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in addition that the value of % on x «= aq (z > 0) is prescribed. The boundary con¬ 
ditions defining these problems are therefore of the forms 

(i) Lim x = 

*-*•0 

(ii) {~ zl ~ tp Kj = ^ x)t (*>*1) (-®) 

(iii) Lim {*»-*■ |f - h(x) *} - g(x), 

with in each case the ‘initial' condition 

Lim^=/(2) ( 2 > 0 ). ( 2 - 7 ) 

Here tjr, <f>, h, g and/ denote given functions. 

To obtain uniqueness theorems for these problems some restriction must be 
imposed on the behaviour of x as 2 ->oo, in place of the assumption that x is known 
along BF. Now from ( 2 - 3 ) it is seen that the contribution from BQ to the integral 
around APQBA will vanish in the limit when BF is at infinity provided that 

Lim |f | = 0. ( 2 - 8 ) 

A solution satisfying this condition may be called regular at z = 00. It is then easily 
verified that in cases (i) and (ii) there is at most one regular solution whose values 
/(s) along AB themselves satisfy ( 2 - 8 ). In case (iii) we note that the difference x of 
two such solutions is zero along A B and along AE satisfies the condition 

Lim |z 1 ~* p | = Lim{/$}. 

Hence, applying ( 2 - 3 ) to x we reproduce ( 2 - 4 ) with the addition of a term 2J h%*dx 
to the left-hand side. The solution is therefore unique provided that h(x ) > 0. 


3. Basic solutions 

As in the case of the heat equation ((loursat 1923) we proceed to obtain certain 
‘basic solutions’ of (2*1) from which integrals satisfying the boundary conditions 
of § 2 may be constructed. It is convenient, however, to obtain two such solutions 
in place of the single ono which is usually employed for the heat equation. 

The substitution x ** z p Q reduoes (2-1) to 


dz* + zdz z* U dx’ 


(31) 


e—a*-AJ ±r Hfn), 


which has solutions 
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where <r, p are arbitrary constants. Now with 0 <p < 1 and <>Owe have (Watson 
1922) 

Hence with A > 0, z > 0 and x>p we write x—fi for t and obtain the basic solutions 
of (2*1) as 

A,„) - 

= ( 2 a:- 2 fi)P~ l e~V* / ±j> ( w ), ( 3 - 2 ) 

where the suffix 1 corresponds to the positive sign with p and 


w - JAz/{»—/i). 

As functions of A, /t these solutions satisfy the equation adjoint to (2-1): 

<»•*>»;/«*>• 

They may be obtained rather more simply from the result that ( 3 - 1 ) is invariant 
under the transformation* 

z'= 2 , 

X X X 


For it follows that if Q(z, *) is a solution, bo is 

_L (-- (3-3) 

x-ji \ x-/i x-pf 

Applying this to the solutions Q = ei A * x 7 j p ( JAz) we obtain ( 3 - 2 ). 

It may be noted that, since 

-(»!)'‘ inh "' 

when p = i we have Xi + Xi = j n ~^ x —) ( x> ^ 

which is the basic solution for the heat equation. 

So far, Xi,» have been defined only for x > p. To complete their definitions for x ^ /t 
we show that X\,t and all their z- or ^-derivatives tend to zero as (z, x) approaches 
any point of x = p, z> 0 from the right, other than the point (A,//). For, using the 
formula 


s', x' are of oourse distinct from the variable* of } i. 
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we see that any derivative is the sum of terms of the form 

(x —jif e -K*+A«w*—,) i mhp ( W ), (3.4) 

where m, n are non-negative integers. Now as x + 0 with z, A > 0 we have w~> + oo. 

Hence, using the asymptotic expansion for 

*<">-;/(£»-) m 

we express Xu* an< ^ their derivates as the sum of terms like 
B(x — fi) x 

where B is bounded as x -►//. + 0. Hence with | z — A | > 0 the result follows. 

We therefore define Xi.t to be zero for * < ft, z > 0 As thus defined they are solutions 
of (2* 1), regular for all z, A > 0 and for all x, fi except at the point z = A, x =* fi whore 
they are undefined. 

We also require limiting forms of Xi,t as A-> + 0. Considering A~ S|, x, an d Xj &nd 
discarding a numerical factor we obtain the solutions, regular for z > 0 and all x, 

= 0 (*</*). I (36) 

=* 0 (xS/t). ) (37) 

These solutions may be obtained directly by applying (3 3 ) to the solutions D =* z ±v 
of ( 3 - 1 ). 

From the basic solutions we construct the integrals we require for the solution of 
boundary value problems by integrating along suitable paths in the half-plane 
A > 0. These will be of the general form 

X (z,x) = JV /Yl i-BxtHPdh+Qdri, ( 3 - 8 ) 

where * 4 , B, P, Q are functions of A, fi. If L is a part of A = 0 we shall of course 
replace Xi.i by their limiting forms ( 3 - 0 ), ( 3 - 7 ) From what has been proved about 
Xi, t it follows that in general tho integral defined by ( 3 - 8 ) is regular throughout any 
bounded closed region in z > 0 which docs not contain any part of L* Also since 
Xi,« are zero for ft > x we need integrate only along that part of L for which ft < x. 
Hence Y (z, x) defined by ( 3 - 8 ) is zero for all x less than the least value of /t on L and 
at all points not on L where x equals this least value. Applied to the physical pro¬ 
blem, this means that there is no diffusion upwmd, a result which it is reasonable to 
accept on physical grounds. 


The (z, x) and (A, ft) planes are imagined to be superimposed. 
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4 . Integrals satisfying initial conditions 

If in (3*8) we take L as the semi-infinite segment A > 0 of the characteristic p — h 
we obtain integrals which enable us to satisfy the initial boundary condition (2*7) 
on this characteristic without disturbing the boundary condition over z = 0 in 
cases (i) and (ii) of (2*6). 

We consider the expressions 


F x . t (z,x) - J>-**/(A)A, h)dX 

= J VAi-*>/(A) e-1 2 ^- K) , (4*1) 

(z>0,x>h, 0<p<l; m =* iAz/(z — A)) 

which are clearly formal solutions of (2*1). F lt (z,x) are zero for x<h, z>0. We 
assume that/(A) is continuous for A > 0, except possibly for a finite number of finite 
discontinuities, and that it is bounded as A-> + oo. It is readily seen that and 
the expressions obtained by formal differentiation under the integral sign any number 
of times with respect to z or x converge absolutely at any ] Joint z > 0, x>h, and, 
moreover, uniformly throughout any bounded closed region D + C contained in 
z>0, x>h. For, with 0<p< 1 and (3*4), convergence at A *= 0 is assured. Near 
A =» oo we use the asymptotic expansion (3*6) and, with /(A) bounded, obtain for 
the dominant terms in F or any derivative, expressions of the form 


A(z, x, p) A" fe-Ml*-*), 


where A is continuous in D + C. Hence the formal differentiations are valid and 
F lwt are integrals of (2*1), regular throughout D+C. 

The fundamental property of F which enables us to satisfy the boundary condition 
over x = h is 


Lim F(z,x) = j{/(r —0)+/(z + 0)} (z>0)l 

= /(*). ) 


(4*2) 


if/(z) is continuous at z. To prove this we write in (4*1) 


jr-jwr 

In the first integral on the right we use the inequality* 

0 < /„(«) < ($«)» e°/r(l +v) (w > 0, v > — J), 


(4*3) 


• An immediate consequence of the formula (Whittaker <fc Watson 1930) 

'• m =4^+V> «* - *>■ 
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for Ip and for 7_ p with p<£. For I_ p with £ < p < 1 we first use the recurrence formula 
I-JV) - /,.» + 2(l 

and apply the above inequality to each term on the right, getting 

0 < 7_ p (w) < ( \o>)-p e-/r( 1 -p) + ( fca)*-* e-/r(3 - p), (w > 0). 

We thus obtain in the case of F v 

z *P e -Hz-a)*Hr-h) fa 

< ^+*P e -»(s- 0 Wjr-A) i (4-4) 

where C is a positive constant and £ = kz/<J(x—h). In the case of F t the factor 
C^*+*e in (4-4) is replaced by 

+ (4-4)' 

where L\ may be taken as zero if 0 <p < J. 

In the remaining integral in (4*3) the argument w of the Bessel function tends to 
infinity through real positive values as x -> A + 0, z > 0 , hence we use (3-5) and obtain 
from the dominant term 


u: 


-iu A)»/(x-A) - 

2J(x-h) 


•rfcr- 

= J7w(j)' P H(z-X,x-h)dX, 
H(u, v) = U (v > 0). 


(4-5) 


where 

We now write a — z—e, where 0<fc<z. The limiting value of the expressions in 
(4*4), (4-4)' as x -*■ h + 0 is zero; that of / is obtained by a slight extension of a familiar 
argument. In fact we have from (4-5) 

1 1 ~/(z - °) J* H{z — X,x — h) d\-f(z + 0)j' + 'H(z — A, x - h) d\ | 

Hd\ + Vl j t+ ‘nd\+M' j* (A/z)*-»ffdA, 

where ij lt i\ % denote respectively the upper bounds of | /(A) (A/z)*“ p -/(z + 0) | for 
z-e<As$z or z<A<z + e, and M’ is that of |/(A)| for A3»z. If now we write 
A = z + 2tyl(x — h) and make x-»-A+0 we find that 


I I ~ i{/(* ~ °) +A Z + 0)} | < i(7i + i/s). 


(4-0) 


since, for example, 

Lim f* H(z-\,x-h)d\-- 

x-*h+0J*-t 


= Lim 4- f e-^dt = 

x-fk+o v w J -*/(» 
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and the integral which ia the ooeffioient of M' is convergent. But the left-hand side 
of (4-6) is independent of e and the right-hand side is arbitrarily small with e. Henoe 

Lim / - \{f(z — 0) +/(z + 0)}, 

*-*■*+0 

and (4*2) follows since the remainder of the asymptotic expansion (3*5) contributes 
nothing in the limit. 

As a particular case we take f(z) to be continuous for a finite positive range of 
values z x < z < z % and zero outside this range. Then we have 

Lim f A, h)dA 

r-fh+OjMt 

equal to f(z) if z is an interior point of the range (z v z a ), £/(z) if z = z x or z = z t and 
zero if z is outside the range. 


5 Behaviour of F as z-*oo 


In the preceding section it is assumed that z is neither zero nor infinite. The 
behaviour of the integrals (4*1) as z-»-oo is given by the results 


Lim F(z, x ) = Lim /(z), 

Lim {z 1 -*^! = Lim {z l -^’/'(z)}, 


( 5 - 1 ) 

(5-2) 


provided that the limits on the right exist and/'(z) is continuous for all sufficiently 
great values of z. Hence if /(z) satisfies the condition (2*8), F{z,x) will be regular 
at z =* oo in the sense of § 2. 

To prove these results we write a = (1 — a)z in (4-3), where 0 < a < 1, and obtain 
from (4-4), for example, 

I f “ I < C£*+*" r U***«*-A>, (5-3) 


which tends to zero as z->-oo, x> h In the remaining integral we use the asymptotic 
expansion (3-5) as before to get (4-5). Writing in this A = z + 2 tyj(x-h) = z(l + </£) 
we obtain 




1 





(5-4) 


In the first of these integrals we use the binomial expansion of (1 -M/S) 1-1 '; ,n the 
second the inequality* 

i < (i+ 1 /a*-* < i+a -p) «/s)(i+«/£)*-* m > o). 


* Cf. Whittaker & Watson (1920, 16 * 3 ). 
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if 0 < p < *, or I - (P - i) t/C< (1+ t/C )*~* < 1 

if i <P < l - It follows that for large positive £ 

I | 

where A is a positive constant. Since A > (1 - a) z throughout the range of integration 



and (5*1) follows. 

To prove (5-2) we have from (3*2) with ft = h 


= A*>zP(2x - 2h )~*e -*«*+**» *> {A/ p _ 1 (w) - z4(w)}, (5-5) 

^ = A p z p (2x - {A/,_ p («;) - «£.,(«)}• (5-6) 

Using these in z 1 '*" ~ we obtain results like (5-3), (5-4) and deduce that, for 
large positive z. 

Integrating by parts we find that the integrated part tends to zero exponentially 
as z~+ oo, * > h. The remaining integral yields 

2/ '/(A) + A*-*/'(A)}(1 + !/£)**-» e~*'dt. 

The work is now as before, with obvious changes in the use of the inequalities for 
(l + «/£) 1 ~ p , and with/(A) bounded we get 

Lim{* , -«*~} = Lim{(i-p)A-*»'/(A) + A 1 -*V'(A)} 

= Lim {A 1 "**'/'(A)}, 

which proves the result (5-2). 

6. Bkhaviour op F as z->0 or as X -+ O 0 

As z -► 0 or * -> oo the argument of the Bessel function in (4-1) tends to zero. These 
eases may therefore conveniently be discussed together. If we use the power series 

T . , - (Jw)" 4 *" 

/» «l # r(»+i)r(»+v+1)’ 
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and integrate term by term we obtain, formally, 

' <*» 

where £ «■ \zl^{x — h) as formerly and, with A* * 4 a(x-h), 

«.(*) - J7(2vw*-a)])c-*«"*. 

Hence | a n \ < Mr(n + 1), where M is the upper bound of | /(A) | for A > 0. It follows 
that (6* 1) is dominated by 


Jfe-t* £ P'^mn+p + l), 


( 0 - 2 ) 


and so converges absolutely for all £. Hence the term-by-term integration is valid,* 
and making £-*0 we find that F x (z, x) tends to zero like £* p as z-»-0 or as x-*oo. 
In fact 

Lim {£- ip F^z, x)} - a 0 (x)/r( 1 +p) {x> A), (0-3) 

* *0 

Lam {£-** F r (z, x)} = Lim (/(A)/r( 1 + p)} (z > 0), (0-4) 


provided that this last limit exists. For if Lim /(A) = /? then 

|o„(x)-/?r i (n+l)| <(M+\/}\) f ( * e~*« M ds + e f e~*a n d«, 

Jo J (*-«-* 

where e is the upper bound of |/(A) —/?| for A ^ 2(x — A) 1 . The right-hand side is 
arbitrarily small for all sufficiently large values of x, hence Lim« B (x) =*= /?jH(n + 1). 
Putting n = 0 we deduce (0 4). 

From (0-1) we have also 

Lta {*»-«•—' j = 2i-* p a 0 (x)(x-A)-*'/r(p) (x > A), (0-5) 

from which the local rate of absorption at the surface may be obtained. 

If/(z) is a constant M, F x (z, x) assumes a very simple form. For then F x {z,x) is 
given by the series (6-2) and we have 

J/e-C*£«p-*/r(p), 

whence, since F, = 0 for z = 0, we deduce 

(6 ' 6) 


Bromwich (1908, 5 178 ). 
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In the case of F t (z,») we obtain the series 

where b n (x) = J /(2 J[s(x— A)] e-*s n - p ds. 

If f(z) is a constant M, then b n (x) = Mr(n-p+ 1) and (6-7) gives 


In the general 

FAz,x) = M. 

case we have 



Lim F t (z, x) — b 0 (x) 

*—*0 

(j:> h), 


Lim F t (z, x) = Lim /(A) 

(z> 0 ), 

and 

shsl- 

( x>h) 


(6-7) 


( 0 - 8 ) 


( 6 * 0 ) 


The property that Lim/',(z,x) = 0 makes suitable for use in boundary value 

problems of the type (i), as with it the initial condition over x = h can be satisfied 
without disturbing the given boundary condition over z = 0 . Similarly, (0-9) shows 
that F t (z, x) is the appropriate integral to use in order to satisfy the lmtial condition 
in problems of type (ii), where the local rate of evaporation is prescribed over z = 0 . 
In the further discussion of these problems it may therefore be assumed that the 
initial condition to be satisfied is Lim y — Applied to the evaporation problem this 

means that the problem with air of a given ‘initial’ moisture content is reduced to 
one where the air stream is initially dry. 

The integrals F x and F^ may also be used in combination to satisfy both an initial 
condition and a boundary condition over z - 0 . This is in fact done by O. G. Sutton 
( 1934 ) who obtains for the vapour concentration above the evaporating strip an 
expression which is effectively y = F t —F v where tho integrals are formed with 
/(z) = Xs, a constant. By ( 0 - 8 ) and (6-0) this is* 

X{Z ’ X) = f?p)i~ e - ,tP ldL (6 ' 10) 

In the general case, however, it is more convenient to use F x and F t to satisfy the 
initial condition and to deal with the boundary condition over z = 0 by means of 
the integrals which will be obtained in the next section. 

No discussion has been given of the behaviour of F(z, x) as (z, x) approaches one 
of the angular points A , B, E, F of figure 1 where ABEF is the whole quadrant 
z > 0 , x > h. No difficulty arises at z = oo, x = h, since the results (4*2) and (5-1) are 
in accord. But at the other points the limiting value of one or both of F it F a will 


Cf. Pasqwll (1943, $ 7). 
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depend upon the path by which the point is approached. In particular, it is dear 
from (6-6) that when/(z) is a constant the limiting value of as z -*■ 0, x -*■ h depends 
upon that of «*/(*-A).* 


7. Integrals satisfying given boundary conditions on z = 0 

To deal with boundary conditions of the types Btated in § 2 we take the path L 
of (3-8) as a segment a</t<b of A = 0. From the general remark at the end of § 3 
it follows that if a < x < b we need integrate only from atoz. 

(i) To solve problem (i) of (2-fl) we consider 

Hence *P(z,x) = J fU 1 ) (*-/*)' l-, ‘ d/i (a<x$b) 

and ¥*( 2 , x) = ^ * £ ^(/t) e-«* (x-p)~ 1 ^ d/i (x > b), 

where, with a Blight change of notation, £ = \z/<J(x — /i). We assume that tjr(x) is 
continuous for a <*<6. It is clear that is a solution of (2-1), regular for x>a, 
2 > 0 and such that 

Lim 'V = 0 (z > 0). 

x-*u I 0 


The behaviour of T as z -*■ 0 when x > b offers no particular difficulty. In particular 
we have 

Lim ¥* = 0 ( x>b ). (7-1) 


Its behaviour as z -> 0, a < x < b is given by the following theorem: 
If ^r(fi) satisfies the Lipsch%tz condition 

I WaO ~ M I < H I I (« < fi, fi' « 6). 


Then for a<x£b 


a ^(z, x) = i/r(x), 


and LimU<*> +p f‘ 

*-m»1 &) /(p)l(a:-o) p (*- 

If \Jr'(p) exists and is continuous for a^x^b the latter result may be replaced by 


LimU— **\„*^*( m J 

T^o l n V )dx} a {x- 


7*) p 


dp. 


(7-2) 

(7-3) 


(7-4) 


* Cf. Goursat (1933, p. 321, Ex. 3). 
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To prove these results we write V - where, for a <x < 6, 

Vo(z,x) - 

ViM-rw J» 

In 1P 0 we make the substitution £ a = < and obtain 

V^x) = r e-U*-hll. 

I \P)J ls*/(x—a) 

It follows immediately that 

Lim Vq = j 

and 4 =. - *?*«.} < “ < * <6) 

.-►o l 3* J /(p)(ar-o)" J 

Again, using the Lipschitz condition we obtain 




Hence Lim = 0 and (7*2) follows. Mow 

3—+0 

,i 2 j, sv j- 2i t !‘p r ^ {x) c-c* d„, ~ z * r * (x) ~ e-c* 

z ?z “ /’(;>) J„ (x->)»+" d/l 2 »+»*>r(p)J a {x-n)*+» d/l - 

(7-7) 

The first integral is a continuous* function of (z, x) for z > 0, a < x ^ 6, hence its 
limiting value as z -*> 0 is obtained by putting £ = 0. Using the Lipscliitz condition 
and the substitution £ s = t we easily show that the second term on the right of 
(7*7) is numerically less than \Hz ztp e Mu*-**), and so, with p< 1, tends to zero 
with z. Hence 

f I W,) _ 2'-*»p [* Mx) - M , 


and from this with (7-0) we obtain (7-3). 

If ifr’(p) exists and is continuous in (a,b) then, integrating by parts, we have 


Hence (7*3) yields 


by a known result. This is (7-4). 


f* ft(x)-]/r(p) . pa)-px) {r' (fi)dfi 

P L (x-Ji) 1,p X (*"-«)* + J a (x-W 

Is 

I in, | _ Z 1 -*P^\ , J _£L®> _ , f * PWdfi\ 

2*~»» d r* p/i)d/i 
~ r(p)dx) a {x-p)* 


Goursat (1933, { 504 ). 
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These results may also be proved from the equation, obtained by writing £* «■ t, 

* ST—v 1* Mx-lz'iqe-Hv-'dt (a < x < 6). (7-8) 

1 (PlJitVU-a) 

From this it is clear also that 

Lim W =* 0 (a < x). 


Also from (7-5) and (7-7) we see that 


, 3^1 

dzj 


0 , 


in virtue of the exponential factor Hence V* is regular at z = oo, in the 

sense of § 2 . 

It will be observed from (7-5) and ( 6 ' 10 ) that if \jr(r) and f(z) are both equal to the 
Bame constant x» an d we write h — a, then F x (a < x 6 ). In fact these 

functions are each the solution of the same boundary value problem, both being 
zero on x = a, and equal to the same value on z = 0, a < x < 6 . 

The result (7-4) is particularly convenient for the calculation of the total rate 
evaporation E when the surface concentration of vapour over the Btrip a < x < 6 
#{x). For, by (1*7) and (1-5), 




Bx 0 2 l ~*" |* h t}/(/t) d/( 
J\p) Ja(b-T i)p 


by (7-4) If in this we write = x»> the (constant) saturation value of x at the 
temperature considered, we obtain the saturation value E t of E. Hence 


E l ~J 1 v [ h ^) d F 
E„ ( b-a(b 


(7-9) 


where, of course, the rates of eva(»oration are those per unit length cross wind. 

It is perhaps necessary to observe here that since (7-9) is obtained under the 
assumption that conditions are steady, the result is not applicable without further, 
investigation to the case where the non-uniform concentration i/r(x) arises from a 
drying surface. For the vapour concentration x will then involve the time and is in 
fact the solution of an equation obtained from ( 1 * 1 ) by the addition of a term dx/dt 
to the left-hand side. The solution of this non-steady equation, however, is so com¬ 
plicated that (7-9) has been used with some success to provide a first approximation 
for the instantaneous rate of evaporation when the drying is slow.* 


* K. L. Colder, W. G. L. Sutton (unpublished). \jr(x) must of course be replaced by its 
instantaneous value t). See also } 10 of this paper. 


S-S, 
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(ii) For problem (ii) where the rate of evaporation is prescribed over a segment of 
z =» 0 we consider the integral 

2*P-1 |*6 

4>{z,z) = H 

2 */' 1 C* 

Hence 0(z, x) = J 00®)“A) p_1 e ^d/i (a<x^b) 

2 *P-1 (*6 

and 0(2, x) = J ^ *J(//) (x-//)*' 1 <■-«* d/i (x > b). 

It is clear that Lim <f= 0 (z>0), Lam0 = 0 ( a<x ); 

x-+a+<i * i-oo 

fx 

and Lim0 = # -- 1 (x —d/f (a<x^b). (7-10) 

*-►0 ■* ( • ~V) J a 

To obtain the rate of evaporation we form 

- zX ~ t ^^r(i^)jy {fl){x - ft)P ~ t, '~ ctdl1 (“<*<*)> ( 7>n ) 

and a similar expression with the upper limit replaced by b when x>b Now if on 
the right of (7-11) we wnte 1 —p for p we obtam an expression of the form of 0(z, x).* 
Hence from (7 2) and (7*1) we deduce at once 


Lim j — z 1 *" r ^J 


0 <x) (a<x< 6 ),\ 
O ( r>b ) / 


(7-12) 


Also, from the behaviour of 5F at z = oo, we havo 


Lim |z l a "^| = 0 (o< r), 

so that 0 is regular at z = oo in the sense of § 2. Hence 0(z, x) is the solution of 
problem (u) with y “ 0 over x — a From (7 12) it is seen that 0(z, x) will also give 
the vapour concentration over the impcrmoable dry ground beyond an evaporating 
strip provided that <fi(x) is chosen so as to satisfy the condition Lim0 = ^r(x) over 
the strip a<x<b From (7-10) this condition is 

0C*) = j^YZ- p )j 0(/O(«-/O p-1 4“ («<*<*)• (7-13) 

Alternatively, from (7*4) and the uniqueness of solution of the second boundary 
value problem we obtain the condition as 

0 (*) = F(^ dlj„ v5f(A) (x _/t) " dfl ^ a<xsi b )• ( 7 ‘ 14 ) 

That these conditions are equivalent follows from the known solution of Abel’s 
integral equation. 


* The general theorem of which tins is a particular case is given in § 8. 


VoL 18a. A. 
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We may now complete the solution of the problem of the evaporation from an 
isolated saturated strip, defined by conditions (2-5), by determining the vapour 
concentration at any point downwind beyond the strip. For if \jf(x) = the 
constant saturation value of x, then by (7-14) we have 


fix) 


2 t- 2 j)^ 

(; v-ayl\p)' 


and the complete solution of problem (2-5) appears m the form 


xil ’ x) ~ r{,mr-r)Sy nx ~ l ‘ r '‘ {f><x< 1,1 


The first of these expressions is readily reduced to the form (6*10). These solutions 
have also been obtained by Calder, using the method of sources. 

(iii) The solution of problem (iii) of ( 2 - 6 ) where the boundary condition involves 

both x and z x ~ ip ^ is not so immediate as that of problems (i) and (ii). We suppose 

that the problem is first reduced to one with X = 0 on A B by means of F x or F 2 , and 
we assume without loss of generality that'A E isz = 0 , 0 <*<lon which the boun¬ 
dary condition is 

Lun [z 1 xj = ?(*), 


where h(x) > 0. If we seek to satisfy this condition by an integral of the type <P we 
obtain for <p(x) the Volterra integral equation 


2 *d-i fr 

^) + 'r(T-p) A ( a: )Jo 9j (/ < )(* -/, ) p ld F+9( x ) = 0 (<*<*< U. 

whose solution can be obtained (see, for example, Volterra & l’ 6 r£s 1936 ). 

Let us consider a case where h(r) and </(. r) are constants, namely, that whero the 
boundary condition is 

Limjz^'^ + Aix.-X)} = 0 (0< js< 1), (7-16) 


X, and A being positive constants. With a slight change of notation we write 


XM - . p) jy^( x ~F) p 

and obtain for <f>(x) the integral equation 


where 


p = v»-'\r{p)ir(i-p). 
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The solution is (Volterra & P 6 rds 1936 ) 

#*) = S(-/wWte>+i), (7-17) 

r-0 

a senes which converges absolutely for all values of x. 

If p = l/v, where v is a positive integer, we may obtain another expression for 
<f>(x) as follows. We write ffx =■ £ and rearrange (7-17) by grouping together the 
terms separated by intervals of v. Thus we got 

1 £*/» £«P+1 1 

where &{x) = (~ 1 )"( / ^ + i) ± /’(^/+ 2 ) + r(sp + 3 ) ± " )’ 

and the upper or lower signs are taken according as v is even or odd. Then, noting 
that <j> 0 (x) = e ± f, we get 

whence on integration with tho conditon $ = 1 for £ = 0 we obtain 

= j 

in particular, if p = & we have ft — A, £ = A 2 * and 

= ***' '-‘t *'*• 

y/’TjxU 

From this we may obtain the usual form of tho solution of a problem in heat con¬ 
duction (Riemann-Weber 1901 ) In the general case wo have 

Lim | - z l - 4< *^j = A^sK*). 

whence the total rate of evaporation E is given by 

-g = pr(2-p)^$(x)dx 

= pIX2-p)h-pYir{rp+2), (7-18) 

r-0 

where, as previously, E, denotes the total rate of evaporation from a saturated strip 
of the same length under the same external conditions of temperature, etc. 
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The boundary condition (7-16) is of interest in that it includes as limiting cases 
the condition x — X» assumed to hold over a saturated surface, and the condition 
of zero rate of evaporation appropriate to dry ground. These correspond to the cases 
A = oo and A = 0 respectively. It is therefore conceivable that a condition of this 
form, with A a suitably chosen function of the time, may hold in certain cases 
throughout the whole of the drying process. The solution just obtained may in that 
case yield an approximate result when the surface is nearly dry, i.e. when A is small. 


8. Integrals applicable to other regions 

In general, when the bounding curves A E, BF of figure 1 are not z = 0 and z = oo, 
more general integrals must be constructed by using the basic solutions (3-2) 
instead of their limiting forms We suppose, therefore, that the path of integration 
L of (3*8) is the segment of the curve A = 0(/i) between fi = a and ji — b. We assume 
that 0(fi) > o and that O'(fi) is continuous in (a, 6). Considering 

j a ?*(/<) Ah(z.*» 

we obtain the integral 

= \l W/‘) {*%)}"-» 4M] i*-w«*-* (8>1) 

for a<x^b, and a similar expression with the upper limit replaced by b for x>b. 
Here 

2ci = z0(,i)l(x-n), 

and $(ji) is assumed to satisfy Lipschitz’s condition in (a, b). Using the asymptotic 
expansion of I p {io) we boo that the expression in square brackets is bounded for 
(z,x) on L. It follows that is continuous in the neighbourhood of L so that, as 
(z, x) approaches a point ( Z , X ) of L, 

lam^z.a;) = 0 1 (Z, X). 

In particular, if L is the straight line z = Z we have 6(fi) = Z, and, for a<X<b, 

Lim®, - ^ (*•*> 

00 , 

To discuss z 1 ' 2 "-^ 1 aB ( Zf x) approaches a point of L we use (5-5) and obtain 

-= jj x. /*) (x-fi)-* dp, (8-3) 

/,(z, x, ft) = {zld(fi)}'~p (2w)* e-*‘{zl p (( 0 ) - 0(ji) I p _ t (u>)}. 


where 


(8-4) 
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Using the asymptotic expansion for the Bessel functions we write (8-3) as 


2 dz 4yjn 


where 1 is of the form 


J^tf(z,x;/t)(*-/')~‘<*/*> 


with H bounded for (z, x) on!,o</t< b. Hence I is continuous in the neighbourhood 
of L. The remaining integral is written as 

fjrt z ’ /*) - ?( z > *)} Z (p~jt )\ e ' 

where ij(z, /i) = ~^(/i) {#(/»)!''"• 

If $5(/<) satisfies Lijmchitz’s condition in (a, ft) the same is true of t/(z,fi) as a function 
of //, and the first term in the above expression is a continuous function of (s, x) in 
the neighbourhood of L. If the integral in tho second part be denoted by 0(z, x) then 
it is known (Goursat 1923 , § 544 (27)) that 

Lim 0(z,x) = 0{Z, X) ±2 yin, 

where the sign to be taken is that of z-Z. Sinco also the limiting value of i)(z, x) is 
we obtain finally 

Lim{-z»-^ 3 ^j = <**> 

Precisely similar results are true for the integral 0,(z, x) formed from the basic 
solution Xt «>» was formed from Xv The analogue of (8-45) is obtained by re¬ 
placing/! by / a where, from (5-6), 

/ a (z, x\/i) = { z/0(/i)} i ~ p ( 2 *>)‘ e~" {zl p (m) - d(fi) Ii_ p (w)}. ( 8 - 6 ) 

In the particular case whore L is the straight line z = Z we have 

fi(Z,x, fi) «= [«* - I z*i(X-fi)]] 

r% (8-7) 

UZ, X ; p) = Z '-<f>(n)(X-n)-te -{/_,(«') -A^K)}, j 


and the exponential factor in (8-5) and its analogue reduces to unity. In the special 
case p = J we see that 

f l (Z,X,p,)+UZ,X, / i)~0, 
so tliat here (Goursat 1923 ) 

Limg(0 1+ 0 t )J = ±,i(X). 

In general, however, the integral term in (8-5) will not vanish, so that this last result 
is special for the heat equation. 
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It will be observed that, contrary to what might have been expected from §7, 
both X\ and Xa generate integrals of the type <J>. To obtain integrals of the type Y we 
use the following theorem, which is easily verified: 

0V 

If X satisfies the equation (2-1) then x' = z 1-,p solution of the associated equation 


ay l-2pSx'_3x' 

02 * 2 02 Bx ’ 


( 8 - 8 ) 


obtained from ( 2 - 1 ) by writing 1 —p for p. 

With 0 <p < 1 the relation is evidently a reciprocal one so that we have also: 

If X’ satisfies ( 8 - 8 ) then 2 *" 1 is a solution of (2-1). 

For p =* i the theorems are trivial. 

The first theorem has already been applied in § 7 (ii), the second, applied to in¬ 
tegrals 0 ' of ( 8 * 8 ) corresponding to ( 8 * 1 ), will yield integrals of ( 2 - 1 ) of the type X V. 
Thus \£f[(z,x\ ft) denotes the expression formed from (8-4) by writing l—p for p 
and fr(p) for <f»(p) the integral required is 

V'j ( 2 , x) * J f[(z,x\ p) (x -//)“■ dp, (8-9) 

with the property that as ( 2 ,*) tends to a point (Z, X) of L, 

Lim V x (z,x) = «F,(Z, X) ± W(X). 
is obtained similarly from f' t (z, *; ft). 

If we apply the second theorem to the basic solution Xt( s > x ’ / l ) ( 8 ‘ 8 ) we obtain 

the solution Xi( z > x > / l ) °f (2*1). This mode of deriving Xi( z > x > f 1 ) 18 J ® 88 direct than the 
methods used in § 2 but shows why Xi generates an integral W of a different type 
from <P of §7. No such relation exists between Xi( z > x ‘> A/<) an d Xa( z > x > A,/<)■ 

The use of the integrals <P l t and in boundary value problems is sufficiently 
shown by that of their analogues for the heat equation (Goursat 1923 , §547). The 
initial condition will of course now be given over a finite range A B of figure 1 so 
that the integrals F(z, x) will be formed with a finite range for A. 


9. Application to experiment 

The results of the last section enable us to deal more fully with a point raised in § 1 . 
The solution given by ( 6 - 10 ) for the evaporation from a saturated strip assumes that 
the power law ( 1 - 2 ) for the fluid velocity holds for unrestricted values of 2 , whereas 
under actual conditions, more especially those holding for wind-tunnel experiments, 
the range of its validity is restricted (Pasquill 1943 , §§ 3, 5, 7, 13). It is of some im¬ 
portance, therefore, to obtain an idea of the order of magnitude of the correction to 
be made to the calculated rate of evaporation if the limited range of validity of the 
power law is taken into account. 

We return to the notation of § 1 , where 2 , x arc the actual space co-ordinates and 
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z\ x' are dimensionless variables given in terms of 2 , x by (1-5). In particular, we 
write x' = x/x 0 , where x 0 is the length of the evaporating Btrip. Let us consider the 
simplified case where the power law for u and the resulting expression (1-3) for the 
diffusion coefficient A x hold for 0 < z ^ c For z > c w6 shall assume that u and A t 
are constants, maintaining the values u e , A r they assume by continuity at z = c. 
/ 3v 

At 2 = c we assume also that x and the flux A t are continuous. Then if z' = c' 
when z = c, x must satisfy the conditions: 




~2pdx 
z’ dz‘ 


dx’ 


(0 <z'<c', 0<x'< 1), 


Lim^ = ^ (0<x'<l), 


(ii) 


? X = 

0X 02* 
Lim x = 0 


(-*■ 

(0<x<x o ), 


(iii) x * 8 continuous at 2 = c and 

where B is the constant of (1*8), 

(iv) Lim x — 0 (z > 0) 


Conditions (i) and (iv) are satisfied by 


X( 2 ',x') => x o ( 2 ',x')+ 0 i( 2 ' ; x'), 
where, by (6-10), x 0 W> •*') = j** p) J «■ ''^ -1 dt 

is the ‘ uncorrected ’ solution for the saturated strip and, from (8-1) with 9(p) = e', 
0 ' M "(«") 


Comlitions (ii) and (iv) are satisfied by 

X(z, X) = <P(z,x) = (x-M) *exp[- ] dn, (9-2) 

obtained from § 7 ( 11 ) by writing p = h and (z —e)/o- for z, or from the theory of the 
heat equation. It therefore remains to choose <f> x and 0 so as to satisfy the conditions 
of continuity at 2 = c. These are 


Mc^c) 


i_ rMdp = i_ r 
Jn]o(x-/i)* r(p)J t 

l- 

l\p)** 




dp' 


-p'V 


(9-3 


2 1 - *Pf-**w r* 1 


'{I, (&>') - -U («')} { ^~ t - (*'), 

(9-4) 
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where (o' — Jc' 2 /(a;'-/*'). The equation (0-4) is obtained from (7-12), (8-5) and (8-7). 
The exact solution of these equations is likely to prove difficult, if not intractable 
but it is possible to obtain fairly simply a result for the orders of magnitude of <f> x 
and <j> when e' is large and 0 < /> < i. For if we use the asymptotic expansion of the 
terms on the right of (9*3), (9-4) and retain only the leading terms, we find 



r>/4x'y- 

P e~W 


(9-5) 

Jo 

LnMc'V 



2i-ip e -ic t lx' 

r(p)x'p + 

P-lPi 

L»J 


(9-0) 


the omitted terms being in each case of the order c' 2 compared with those retained. 
Now from (1-2) and (1-3) it is seen that A e u r = a'u\~ n c, proportional to c; also, 
from (1*5), 

c' = 2(l-2p)(^h.y c (*-4 J< )-. (9 . 7 ) 


Hence, using (1-8), we find J{A r u c ) = BJ(x 0 )c' 1 ,v . 

It appears, therefore, that the terms enclosod in square brackets in (9*5), (9-8) can 
bo neglected in comparison with the others when c' is large. The resulting equation 
(9-5) is then satisfied if 

2 s/x 0 <t>(x) = c' ,l> - 1 $ l (x') (x = x 0 x'). 

Substituting this value for <f>(x) in (9-0) wo obtain for the first approximation 


Now 


Lim (— z v ~* p 


r mo 

fe'j 2 *»rCp)]o (x'-fi')'+» 


g-l 


(9-8) 

(9-9) 


The correction to be applied to tho rate of evaporation is therefore negative To 
obtain an estimate of its value we note that the expression obtained for $ x {x') 
increases as x' increases from 0 to 1, c' being sufficiently large. The right-hand side 
of (9-9) is therefore numerically less than 


v»r{ P ) Jo ^ 


<t>i(x')x* 

~r( P ) 


r® 2 3_t "v 

J ic-'ii? (Hp )} 1 


S/g'l—*Pg— 


by (9-8) and the asymptotic expression for the integral. The resulting correction to 
the total rate of evaporation from the strip is therefore 


- ~^^c ' 2 »- 2 f l x >i-* Pe -M d x' 
{*(p)r Jo 
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The ratio of this to the total rate of evaporation calculated from y 0 alone is 

-p)/r(p)}e'*P-*e-^. (9-10) 

In the case of the wind-tunnel experiments on evaporation discussed by Pasquill 
( 1943 ) we take c = z 1( the height of the fully developed turbulent boundary layer, 
and p = $ corresponding to n = The value of the constant N occurring in the 
expression for a (§ 1) is 0-138 and wo find from (9-7) with c = z v and cm.sec units, 

c'* - 28 32«i2irjr 1 . (9-11) 

Hence with u = 500cm./soc , z = l- 2 cm.,x 0 = 20 cm. we have c'* = 8-4 Substituting 
this value in (9-10) wo get for the correction the value 0-0017 This, of course, is 
the value of only the loading term in the correction, but it would seem unlikely that 
the full correction would amount to more than 1 or 2 % of the value obtained from 
Xo a lo ne 

In atmospheric experiments if an estimate can be obtained for the height z t up 
to which the power law (1-2) holds, then (9-11) may provide an estimate for the length 
x 0 downwind over which the effects of the correction may be disregarded. 


10. Tins nov-homogkneous equation 

Expressions for an integral y of (2-1) in terms of its boundary values and those of 
z l ~* p ~ may also be derived from Green’s formula ( 1 - 2 ), exactly as for the heat equa¬ 
tion (Goursat 1923 , §545) As the non-homogeneous equation 

Mx) = -A*,*) (10-1) 

enters into some applications we shall obtain the results for it. 

In figure 1 we replace the co-ordinates z, x by A, p and take AB, PQ as the cha¬ 
racteristics (i = h, p = x respectively. Let R be an interior point (z, x) of PQ and R' 
a neighbouring point (z.x+x*), where x, > 0 . In Green’s formula, with A ,/i written 
for z,x, we take D as the region A BPQA, U(X,p) an integral of the equation (10-1) 
in A,/* which is regular in D and V as Xi( z > x + x i> A,/t). Hence M(V) = 0 , since Xi 
considered as a function of A,/f satisfies the adjoint equation. Then with C the 
contour APQBA we find 

U(A,x)Xi (z,x + Xj ; A,x)dA = jj J{X,/i)xi(z,x + x u X,/i)d\d/i 
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Now let x t -> + 0. Then by §4 the limit of the left-hand side is U(z,x). The limits of 
the other terms follow by continuity and we obtain the fundamental formula: 


U(z,x) = A,/i)dAd/i +j^V-«>U{\,h)Xr{z,z; A,h)dA 

"°- 2 » 

A similar formula, with Xi replaced by , is obtained from the second basic solution. 

In the particular case where AE, BF are respectively 2 = 0 and z = oo the results 
simplify and yield direct solutions of the boundary value problems (i) and (ii) for 
the non-homogeneous equation (10-1). For Lim^i = 0 and on evaluating 9x,/0A 

A—M) 

from (5-5) by interchanging A and z we find* 


Lim 

A—►O 




r(p){x-h) 1 +» 


{2~*P/r(p)}Xi(z,x-,/i). 


Hence, in the notation of §§ 4, 7 we get from (10-2) 


U(z,x) = J*J" ( "/(A, P) Xi (*»*» K/i)dAd,i+F l {z,x) + 'F(z,x), (10-3) 

where F t is formed with/(A) = U(A,h) and W with = [7(0,/i), the values of U 
on the boundaries x = h and z = 0 respectively. Similarly we derive the solution of 
the second boundary value problem as 


U(z,z) = J j* f(A,/i)Xi(z,x; A,p)dAd/i + F a (z,x)+<P(z,x). (10-4) 


The formula (10-3) has been used to obtain an estimate of the error involved in 
neglecting the term d X fit in the non-steady equation 


l( A S X\_ U <>X_?X 
0z\ *0z{ 3x~ 3t’ 


(10-5) 


whore z, x are now actual space co-ordinates and t is the time. For if we regard 
(10*5) as a non-homogeneous equation it may be reduced to the form (10*1) where 
/involves dxJdt. The formula (10*3) then yields an integral equation for X from which 
the order of magnitude of the error in the calculated drying time of a surface, 
made by putting/ = 0, may be estimated. It is assumed, however, that a suitable 
expression for the slowly varying vapour concentration at the drying surface is 
known, and the formulation of such an expression is the chief difficulty met with 
in Buch applications of the theory. 


Xi(z,xi A.(*) = X i(A,*J /*)■ 
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Evaporation from a plane, free-liquid surface 
into a turbulent air stream 
By F. Pasquill, B.Sc 

(<Communicated by D. Burnt, F.R S.—Received 7 November 1042) 

In tlu> past the experimental study of evaporation, and tlio interpretation of the results 
obtained, havo shown in gonnral only meagre reference U> the aerodynamics of the problem. 
The present treatment, which is concerned with the evaporation from plane, free-liquid sur¬ 
faces of relatively small dimensions into a tangential air stream, demonstrates the importance 
of the type of boundary layer flow The rates of e\ aporation under the influence of a turbulent 
boundary layer are then tested against a hydrodynamioal theory dtio to O. O. Sutton. 

Sutton’s theory assumes that the turbulent transfer of any entity is determined by the 
momentum interchange coefficient, which in shown to invol\ e the kuiematic viscosity of tho 
diffusing medium, and which loads to a functional form for evaporation which lias been shown 
previously to be in good agreement with experimental data Developed into a computable 
form, and tested against tho present experiments on the evaporation of bromobenzane and 
against experiments by Elias on the analogous problem of convective heat transfer, the theory 
IS now shown to predict the absolute rate of turbulent transfer 111 a satisfactory manner. 

An extension of the analysis to the relative rates of e\ aporation of various liquids, as deter¬ 
mined in the present experiments and in recent experiments by Wado, shows that tho theory 
specifies inadequately the variation of rate of evaporation with type of liquid. In the absence 
of a precise theoretical argument, an empirical generalization of Sutton's theory is set forth, 
in whioh the turbulent interchange coefficient is modified by the molecular diffusion coefficient 
appropriate to the entity undergoing transfer The range of physical characteristics covered in 
the present evaporation experiments, and in those performed by Wade, is sufficient to demon¬ 
strate the cloaor agreement provided by tho generalized form of the theory. A more general 
test, against previous investigations for which the aerodynamic conditions can be estimated 
with reasonable confidence, shows that the absolute rate of evaporation may be predicted 
correctly in order of magnitude. In all cases considered tho observed rates are in excess of the 
theoretical values, but it is significant that the discrepancy doorcases as the experimental, 
conditions conform more olosely to the ideal conditions assumed m the theoretical treatment. 
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Introduction 

1. In the numerous experimental researches on the evaporation from a plane, 
liquid surface, and in various attempts to collate the results of different workers, 
there occurs only meagre reference to the basic aerodynamics of the problem. By 
employing non-dimensional parameters, Powell ( 1942 ) has shown the results of 
many workers to be in encouraging agreement, but the only known example of 
interpretation on the basis of mathematical theory is due to Millar ( 1937 ), who 
employed the treatment of eddy transfer developed by Sverdrup ( 1936 ), and in 
order to obtain good agreement between theory and experiment Millar found it 
necessary to adjust the value of a constant in von K&rm&n’s ( 1934 ) expression for 
skin friction 

The present analysis of the problem includes considerable reference to the con¬ 
ditions of airflow over the evaporating surface, and the results are examined in the 
light of a theory of turbulent transfer due to O (« Sutton ( 1934 ) The experimental 
work described is incomplete in that it is restricted to liquid surfaces of a few hundred 
square centimetres 111 extent, and to airflow which is typical of turbulent flow over 
smooth surfaces in wind tunnels and ducts, and the proposed generalization of 
Sutton’s theory is largely dependent on general physical arguments. It is suggested, 
however, that the treatment constitutes an approach towards a comprehensive 
reduction of the problem, and also provides a means of calculating absolute magni¬ 
tudes in evaporation under certain prescribed circumstances. Finally, in con¬ 
sideration of the broader implications of the theoretical treatment, opportunity is 
taken of analysing certain relevant data 011 heat transfer due to Elias ( 1929 , 1930 ). 


Experimental 

2 . In the experimental treatment of the problem the evaporating area takes the 
form of either a true free-liquid surface, in which case the liquid is contained in a 
pan, or of a thin sheet of absorbent material impregnated with the liquid. The pan 
technique suffers from the disadvantage of possible spillage in manipulation, except 
at the expense of incurring ‘ridge’ effects when the liquid is maintained at a safe 
level below the rim of the pan, although this difficulty may be overcome by the 
method adopted by Hine ( 1924 ), in which the evaporating pan is fed continuously 
with liquid, and arranged to overflow into a larger pan underneath. The impregnated 
absorbent surface cannot be regarded without restriction as representative of a 
free-liquid surface, but there appears to be no difficulty in providing an adequate 
practical approximation, and the risks of spillage and ridge effects are thereby 
largely obviated. From observations of the wet-bulb temperatures of thermometers 
covered with a free-water surface, and witk hnen, filter paper and gelatine im¬ 
pregnated with water, Powell ( 1942 ) has shown that the vapour pressure at the 
surface of moistened filter paper and similar materials does not differ appreciably 
from that at the surface of free water. In the present investigation with various 
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liquids, it was found that a Whatman no. 1 filter paper initially flooded with liquid 
gave rise to a sensibly oonstant rate of evaporation for a considerable portion of the 
drying period. This constant rate of evaporation is most naturally identified with 
the free-liquid rate of evaporation. 

The method of estimation most frequently adopted involves a straightforward 
gravimetric or volumetric measurement of the loss due to evaporation. In Powell & 
Griffiths’s experiments ( 1935 ), however, water was fed at a known rate to a linen 
surface and the excess water draining off was collected and measured, while in an 
alternative method employed by the same workers the rate of evaporation was 
derived from the difference between the electrical energy required to maintain the 
wet surface at a specified temperature, and that required when no evaporation was 
taking place. Wade ( 1942 ), in a more recent investigation with various organic 
liquids, adjusted a continuous feed of liquid so as to maintain the level of liquid 
flush with the rim of the container. 



The aim in the present investigation was to employ the simplest apparatus and 
technique available, and (he direct gravimetric method was applied to the case 
of a wet filter paper stretched on a glass plate Whatmun no. 1 filter papers were 
employed, and these were maintained sufficiently moist to ensure that the rate of 
evajwration was appropriate to that from a free-liquid surface The periods of 
evaporation were adjusted to give a loss of between 2 and 3 g of liquid, and the loss 
was measured by an indicating balance which direct test had shown to be reliable 
to 0*03 g. In order to minimize the delays between weighing and exposure, the 
indicating balance was set up as closely as possible to the wind tunnel, and control 
measurements verified that the errors so introduced were within tho limits of the 
experimental error in weighing. 

The wind tunnel, in its original form, is shown diagraminatically in figure 1 , and 
the various types of evaporation plates m figure 2 . The section containing the wooden 
honeycomb And gauze was dispensed with after certam preliminary experiments, 
for reasons which are discussed later, and a new faired entrance was built on in the 
position indicated by the broken lines in figure 1 . 
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3. While the preliminary experiments are not the main concern of the present 
analysis, it is proposed to give a brief discussion of the results obtained in view of 
the appearance of certain effects which have not been noted in the majority of 
previous investigations. These experiments employed the evaporation plate shown 
in figure 2 A, and were concerned with the rate of evaporation of bromobenzene 
from an area 20 cm. across wind by 10 cm. downwind, as a function of wind speed 
and position on the evaporating plate. Relative rates of evaporation, corrected for 
temperature variations according to the principles discussed later, are shown in 
figure 3. The notable feature is that whereas the results of previous workers relate 



Fiuube 2. Evaporation plates 


rate of evaporation and wind speed by a simple power law, the present results show 
a marked rise in rate of evaporation at a wind speed which appears to depend on the 
position of the evaporating strip on the glass plate. It was most natural to identify 
this effect with the transition from laminar to turbulent flow, and the existence of 
critical conditions of flow was indeed demonstrated by photographic observation of 
smoke flowing over the evaporating plate. Further verification may be sought in the 
investigation due to Dryden ( 1936 a) on the transition from laminar to turbulent 
flow on an aerodynamically smooth flat plate exposed tangentially to air streams of 
different degrees of turbulence. For u'ju equal to 0-006, where u is the free-stream 
velocity and u' denotes the root mean square of the turbulent velocity component 
in the direction of the main stream, Dryden found that transition began at a distance 
x from the leading edge of the plate when the Reynolds number ux/y was equal to 
10 *. In the present investigation the value of u'ju was 0-0049, according to 
measurements made by Mr L. F. G. Simmons of the National Physical Laboratory, 
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but the relatively rough leading edge and filter-paper surfaoe are conducive to a more 
rapid onset of transition, and on this basis the Reynolds number of 10 * deduced from 
the results of figure 3 is in reasonable accord with the value given by Dryden. 



wmiispood in tho free stream of the tunnel (m./soc.) 


Fioums 3 Relative rates of evaporation from a strip 20 cm. crosswind by 10 cm down¬ 
wind oil a free stream plate (see figure 2 a) Distunce of downwind edge of strip from 
leading edgo of evaporation plate—18 cm. (i-.) and 47 oiu ( x ). 

The above results demonstrate the necessity of directing attention to the aero¬ 
dynamics of the experiment, and it is indeed surprising that in general similar effects 
have not been described hitherto. So far as can be ascertained tho only previous 
reference is that due to Skljaronko & Baranajew ( 1936 ), who measured the rates of 
evaporation of several liquids from a surface of area 4 sq cm., and found that the 
relative rates of evaporation exhibited a sudden change with the transition from 
laminar to turbulont flow m the air stream Tt is, howevor, conceivable that most 
previous investigators have employed a boundary layer either laminar or turbulent, 
but never transitional 

4. Since the main interest of the present investigation lay in the turbulent flow 
which occurs naturally in pipes and over plane surfaces, an attempt was made to 
impose this type of flow over the evaporating surfaoe. Various methods were avail¬ 
able, such as: 

(i) the use of a longer evaporation plate, 

(ii) the hastening of transition by the insertion of a bluff obstacle (e.g. a wire) 
in the laminar boundary layer, 

(iii) the increase of the turbulence in the air stream, 

(iv) the use of the boundary layer developed at the wall of the wind tunnel. 
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Method (i) was impracticable, and (ii) gave difficulties owing to the vigorous tur¬ 
bulence in the wake of the wire. The most satisfactory result followed from a com¬ 
bination of (iii) and (iv). A higher degree of turbulence was introduced in the free 
stream by merely removing the whole section containing the gauze and honeycomb, 
and the evaporating surface was made effectively part of the wind-tunnel wall by 
nsing either of the arrangements shown in figure 2 B and C. As there was no significant 
difference in tho results obtained with these two typos of evaporation plate, no 
further distinction will be made, and both types may be designated by the term 
‘wall plate’, in contrast to the ‘free-stream plate’ shown in figure 2 A. 

Tho complete investigation included the determination of the rate of evaporation 
of bromobenzene as a function of wind speed for three surfaces, namely, 
circular, 12 cm. radius, 
square, 19 by 19 cm., 

rectangular, 20 cm. across wind by 10 cm downwind, 
followed by the determination of the rates of evaporation of bromobenzene, aniline, 
methyl salicylate and water from the circular area at a constant wind speed. With 
the exception of water, which was distilled in the laboratory as required, B D.H. 
reagents were employed in all cases. A summary of the vapour pressures adopted in 
the analysis of the results is given in table 1 

Table 1. Vapour-pressure data 

saturation vapour pressure in mm. of 
mercury at liquid terrywatures in °F 

liquid 30 40 50 BO 70 80 source of information 

bromoben7.ono 0-73 1-10 1-62 2 32 3 31 4-65 extrapolation from Intern. 

critical tables (values for 30- 
60° C), and Organic advents 
(O.U P. 1935) (value for 20° C) 

aniline 0-071 0-115 0-180 0 284 0-434 0-603 extrapolation from values given 

by von Rochenberg for the 
range 20-50° C (Etnfache and 
fractwmerte Destination tn 
Theone uud Praxis, 1923) 

methyl 0-014 0-023 0-037 0-001 0 095 0 147 Not published 

salicylate 

water 4-18 0-29 9-22 13-3 18-8 20-3 Smithsonian Physical Tables 

During evaporation experiments the room containing the wmd tunnel was ven¬ 
tilated so as to avoid the building up of vapour concentrations of a magnitude 
sufficient to influence the rate of evaporation. Control observations of wind speed 
at the downstream end of the working section, and of am temperature in the working 
section, were carried out during each exposure of the evaporating surface, the former 
observation employing a sensitive cup anemometer of the type described by Shep¬ 
pard ( 1940 ). In conjunction with experiments with water, wet- and dry-bulb 
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temperatures were also observed by means of an Assmann psychrometer mounted 
upstream of the evaporation plate. Subsequently the above control observations 
were related to the more appropriate factors of liquid-surface temperature and 
wind-velocity profile over the evaporation plate. An approach to the true surface 
temperature of the evaporating surface was obtained by using a ‘ surface thermo¬ 
meter ’ of the Negretti and Zambra type, which is essentially an ordinary mercury- 
in-glass thermometer with a thin fiat metal disk attached to the thermometer bulb. 
The wind-velocity profile in the first few centimetres above the centre of the evapor¬ 
ating surface was measured by a small pitot-static tube of outside diameter 0-3 cm., 
used in conjunction with a Chattock-Fry gauge. 

5. In view of the general lack of attention paid by previous workers to tho 
question of velocity profile over the evaporating surface, it is desirable to discuss 
this point briefly with reference to the results of tho present investigation 

Employing the experimental resistance law for turbulent flow through tubes and 
assuming for the velocity profile the convenient form 

« = w m «x(.V/>)". 

where r is the radius of the tube and y represents tho distance from tho wall, von 
KlrmAn ( 1921 ) and Prandtl ( 1925 ) deduced the value of \ for q This relation has 
been substantially verified by experiment, although it is now known that the index 
q decreases with Reynolds numbers above about 50,000. By analogy with flow 
through tidies, von K&rni&n ( 1921 ) and Prandtl ( 1927 ) assume the one-seventh’ 
power law to apply to turbulent flow over a smooth flat plate, and although this 
relation has since heen superseded by a more rigorous formula having theoretical 
basis (von KArman 1934 ), the approximation is still regarded as adequate in many 
problems 

The present observations of tho velocity prolilo demonstrate a law of the' type 
discussed above for the height range 0-4—1*2 cm. above the evaporating surface. No 
observations were made below 0-4 cm. owing to the possibility of serious inter¬ 
ference between the pitot-static tube and the surface, while above 1*2 cm. there was 
evidently a transition region between the boundary layer profile and the constant 
free-stream velocity. Two distinct series of observations were carried out, separated 
by a period of more than a year, the appropriate values of q being 0*135 and 0*123, 
in reasonable agreement with the customary value of \. 

Sittton’s theory of evaporation in a turbulent atmosphere 

6 . Sutton’s analysis of the problem of turbulent diffusion is based upon the 
adoption of an empirical expression for the correlation coefficient R ( (z) between the 
vertical component of eddy velocity associated with a moving mass of fluid at time t, 
and the vertical component at time t + g, viz. 
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where W 1 is the mean square eddying velocity in the vertical direction, A is a para¬ 
meter of dimensions cm . 1 sec.- 1 , and n is an indicator of the degree of turbulence 
present in the medium. 

Making use of G. I. Taylor’s work on ‘ Diffusion by continuous movements ’ ( 192 a), 
Sutton then proceeded to obtain an explicit expression for the momentum inter¬ 
change coefficient, and deduced the law of variation of wind with height 

nr - "’ 


where u and are the mean wind velocities at heights z and z x respectively. 
Employing equation ( 2 ), the momentum interchange coefficient may be written 


A(z) 


(1 —») ( 2 n — 2 ) 1- *’* 




(3) 


where p is the air density and k is the so-called von K&rm&n’s constant whose value 
according to Nikuradse ( 1932 ) is approximately 0*4. 

Substituting (3) in the equation determining the shearing stress r in the air in a 
smooth pipe, it was then shown that 


0 020 ... 


as compared with the empirical expression 
0-023 


pv^u J, 


a result which enabled Sutton to identify the parameter A as the kinematic visoosity 
of the air. 

Having established that the general development of the theory was in reasonable 
accord with fact, O. G. Sutton then turned to the two-dimensional problem of 
evaporation, generalizing the earlier work of Jeffreys ( 1918 ), who employed a 
oonstant interchange coefficient and a wind independent of height, by assuming 
that the transfer of mass in a turbulent atmosphere obeys the same laws, and is 
governed by the same interchange coefficient as the transfer of momentum. 

7. In the steady case, the two-dimensional equation for diffusion of vapour from 
an evaporating surface level with the surface of the earth is 


_dV ldl AI JV\ 

•s“*sv 4w si¬ 


te 


where x is measured downwind from the windward edge of the evaporating strip, 
t is measured vertically upwards, and V is the mass of vapour per unit mass of air 
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which is due to evaporation from the strip. Assuming the air density to be indepen¬ 
dent of height, equation (4) may be written 


(5) 


where x is the mass of vapour per unit volume of air. 

Subject to a boundary condition of constant vapour density at the evaporating 
surface, Sutton ( 1934 , pp. 715-717) obtained the solution for equation (5) which, 
while not in a form suitable for computation, enabled the deduction of a functional 
form for the rate of evaporation E(u,x 0 ) from unit width of an infinite strip of 
length x 0 downwind, as follows 


E(u,x 0 ) - dz - ( 6 ) 

Neglecting lateral diffusion we have for a rectangular area of length x 0 downwind 
and width y 0 across wind 

E(x 0 , y 0 ) = Kul'-*™ *>*r+«>y 0 . (7) 

and for a circular area of radius r 

E(r) = A'm j , -'* w,+n) r< 4 +*>/«+»>, (8) 

the quantities K and K' being independent of «„ x 0 and r. 

It has been shown* that the original solution may be expressed in the form 


where 


X 




| (In-fc*) 1 -" (3 — n) 1 -” n l ~ H i 

“I (i-n)(2»-2)*-*» I 

X 0 = limx(a:,z) ( 0 <x<x 0 ), 




(0) 

( 10 ) 


f(p) = j x v ~ l e~ x dx and E(d, p) = J z p l e~ x dx, 

* O. Q. Sutton Sc. K. L. Calder (unpublished). The derivation depends upon the following 
identity in Bessel functions, communicated privately by Dr F. J. W. Whipple. The identity, 
deduced from Weber’s exponential integral and its generalizations (Watson, 1922, p. 394, 
eqs. (3) and (4)), is 

f"x K (fl)exp(-r*^)(?‘-»<W = OLl!? (2r*)'-iexp/-M f°° e -»d»-i dd, 

Jo 2 \*r/J i/(ir*) 

where K v (0) is the modified Bessel function of the seoond kind with purely imaginary argu¬ 
ment (Watson 1922, p. 78). 


6-i 
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and in the expressions (6), (7) and (8) for E, 


'2 + » y *-« )( *+" ) /2 + n' 




(~^r) 8 * n ^n) aWS+ " > *r" ,M-i,,, > 

(J« ± 3» j * 

\m + n)i 


( 11 ) 

( 12 ) 


The rate of evaporation may now be calculated from equations (7), (8), (10), (11) 
and (12), providing we have numerical values for n, li v z v which follow from a 
knowledge of the wind-velocity profile, and for y 0 and A It is reasonable to identify 
with the saturation vapour density at the temperature of the liquid surface, and 
if as a working approximation the perfect gas law be assumed to hold, then with 
p, as the saturation vapour pressure, M the molecular weight of the liquid, R the 
universal gas constant and T the absolute temperature, we may evaluate Xo from 
the expression 

Xo = p , M / RT . (13) 


According to Sutton the parameter A is the kinematic viscosity of the air, so that 
numerical evaluation of the rate of evaporation is now possible. From equations 
( 10 ), ( 11 ) and ( 12 ), 


K (or A") x,y 0 A»" *■»>, 

and table 2 gives values of K and K' computed for ^' 0 = 1 g /c c., A = v = 0-147 
cm.* sec. -1 , k = 0-4, = 1 cm. and n ranging from 0-2 to 0-3. 


Table 2. Values of K 
A = v - 0-147 CM.* SEC. 


» K K' 

0-20 0-0094 0-0283 

0-21 0 0108 0 0325 

0-22 0-0124 0-0371 

0-23 0-0141 0-0423 

0 24 0 0160 0-0477 

0 25 0-0180 0 0537 


ND K' FOB Xo = 1 «•/<’ 
-1 , k = 0-4, Zj = 1 cm. 


n K K' 

0-26 0-0202 0-0601 

0-27 0 0226 0 0674 

0 28 0 0253 0-0751 

0 29 0-0282 0 0835 

0-30 0-0313 0-0926 


Before proceeding, let us consider the principal difficulties arising in a comparison 
of the present hydrodynamical theory with experiment. The theory assumes a wind 
speed constant in the horizontal direction, and a power-law variation in the vertical. 
In many practical cases of airflow over a plane surface the momentum boundary 
layer is in an early stage of development. Accordingly, the thickness of the boundary 
layer, which may be of the order of only a few centimetres, and the wind velocity 
at a given distance from the surface, vary with horizontal position. Moreover, the 
characteristic turbulent velocity profile is limited to the region between the thin 
laminar sublayer at the boundary, and the region of transition from the true 
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boundary layer to the more or less oonstant free-stream velocity. Again, the applica¬ 
tion of the theory to evaporating strips of finite width presupposes the absence of 
lateral diffusion, but this is probably the least important of the discrepancies, since 
tests carried out during the present investigation indicate that for the areas employed 
the effects introduced by lateral diffusion amount to 3 or 4 % of the total rate of 
evaporation. On the above terms the theoretical treatment is clearly a considerable 
idealization of the general practical case, and the closeness of the approximation 
provided can only be assessed by the actual comparison with experiment. 


Comparison of experiment with theory 

8. The results of the main series of experiments with bromobenzene have been 
related to p„ the saturation vapour pressure at the temperature of the liquid surface, 
and u lcm , the wind velocity at a height of 1 cm. above the centre of the evaporating 
strip. Comparison of theory and experiment is facilitated by reducing all results 
to a common unit, namely, the value calculated from the theory for tt 1 cm equal to 
5 m./sec The appropriate values of n arc obtained by equating the exponent in 
equation (2) to the observed value of the index in the power-law distribution of 
velocity with height. Then from equations (7), (8), (10), (11), (12) and (13), for 
T = 200° A, M = 157, R = 83-15 x 1<> 8 , k = 0-4, A = v = 0-147, z x = 1 cm., u x = 500 
em./sec , we have 

(а) circular area 12 cm. radius, n = 0-238, 

E/p $ = 0-357 g./min /mm. of mercury; 

(б) square 10 x 19 cm., » = 0-238, 

Ejp, = 0-286 g./min /mm. of mercury, 

(c) rectangle 20 cm. across wind, by 10 cm., w = 0-219, 

Ejp, = 0-149 g./min./mm. of mercury. 

Smoothed experimental results, reduced on the above basis, are reproduced in 
table 3, and the individual observations are shown graphically in figure 4, from which 
it is seen that there is excellent agreement between theory and experiment. 

Table 3. Comparison op present observations with theory 
u icm in in./sec. ..123456789 

rate of evaporation on 0-28 0-48 0 67 0-84 1-00 1-16 1-31 1-45 1-69 

Sutton’s theory 

rate of evaporation observed 0-25 0-43 0-00 0-76 0 92 1 00 1-20 1-34 1-48 

The comparison of experiment with theory may now be completed by considering 
merely the relative rates of evaporation of the various liquids, since from equations 
(6), (10), (11) and (13) the rate of evaporation E of a liquid should be proportional 
to MpJT, other factors remaining constant. In the general case p, should be replaced 
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by (p„ —p a ), where p a is the partial pressure of vapour in the air upwind of the 
evaporating surfaoe. At this stage the results obtained in the present investigation 
may be supplemented by those obtained recently by Wade ( 1942 ), who employed 
a wind channel with a working section 12 cm. wide and 6 cm. high, and an evapor¬ 
ating pan arranged so that the liquid surface was flush with the floor of the working 
section. Taking Schiller’s ( 1923 ) value of approximately 2000 for the Reynolds 
number appropriate to the transition to turbulent flow in a smooth rectangular 
pipe, it would appear reasonable to assume turbulent flow in Wade’s exjieriments 
over the working range of wind speeds 1-4 m./seo. 



Figubk 4. Experimental Mid theoretical values for the rate of evaporation of bromo- 
bonzeno into a turbulent air stream © = observed values for surface 24 om diameter; 
A = observed values for surface 19 cm. square; x = observed values for surface 20 cm. cross- 
wind by 10 cm. downwind. 


The complete analysis, in which the two sets of results are reduced to a common 
basis by taking the case of water as standard, is shown in table 4. The normal varia¬ 
tions of working temperature are not significant in the present case, and average 
values appropriate to the present investigation (290° A) and to Wade’s experiments 
(310°A) are adopted. 

The variations exhibited by the parameter ET/[M(p l —p a )] denote a serious 
discrepancy in the implications of the theoretical treatment when applied to liquids 
with a wide range of physical characteristics. It iB to be noted that if water be 
omitted from the above considerations the range of variation of the parameter is 
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considerably reduced, and it may be for this reason that previous workers, notably 
Hofmann ( 1932 ) and Hine ( 1924 ), conclude that rate of evaporation is proportional 
to the product M(p,—p a ). Wade summarizes his results conveniently by introducing 
the molecular weight term raised to a power of magnitude 0-71, a form of expression 
which oannot be regarded as possessing physical significance, and in an attempt to 
interpret the experimental facts in a more rigorous manner a generalization of 
Sutton’s treatment is now set forth. 


Table 4. Rates of evaporation of various liquids relative to water 


liquid 

ET/Up.-p.) ] 

M 

ET/[M(p,-p a )] 

water (A and W) 

1-00 

18 

1-00 

acetone (W) 

2-152 

58 

0-78 

benzene (W) 

3-54 

78 

0-82 

ethyl acetate (W) 

3-10 

88 

0-63 

toluene (W) 

3-44 

02 

0-67 

aniline (A) 

3-82 

03 

0-74 

triclilorethyleno (W) 

4-18 

131 

0-57 

methyl salicylate (A) 

5-00 

152 

0-60 

carbon tetrachloride (W) 

5-00 

154 

0-58 

bromobenzene (A) 

fi-72 

157 

0-77 


W, Wade’s experiments, A, present experiments. 


A GENERALIZATION OF SiITTON’8 THEORY 

9. The basic physical principle of O G. Sutton’s treatment is that in a turbulent 
medium, an eddy, which is considered as a mass of fluid, leaves its surroundings 
under the action of some external disturbing force, and, moving as a discrete body, 
blends continuously with the surrounding medium. Consider now an atmosphere 
possessing some transferable conservative property such as vapour, heat content or 
momentum. As the surroundings of the eddy change there will be a continuous, 
sharing of the transferable property, and a tendency to reduce the excess or defect 
possessed by the eddy, until the eddy becomes indistinguishable from its sur¬ 
roundings. At this stage ‘mixing’ is said to be complete. 

Diffusion of heat, matter and momentum is therefore regarded as controlled 
primarily by the movement of eddies or mewses of fluid, but since the sharing of 
these entities between an eddy and its surroundings must depend ultimately on 
molecular action, then it is inconceivable that the constants of molecular diffusion 
should not enter the general expressions for turbulent transfer. This principle is 
immediately verified by O. G. Sutton’s analysis of shearing stress in a smooth pipe, 
on which basis the parameter A appearing in equation (1) is identified with the 
kinematic viscosity of the air, but so far it has proved impossible to arrive at a 
precise theoretical definition of the form in which the molecular constants appear 
in the equations of turbulent transfer in general. We resort therefore to an empirical 
argument as follows. 
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10 . On the basis of Sutton’s analysis of the shearing stress in the air in a smooth 
pipe, the expression for the momentum interchange coefficient (equation (3)) may 
be re-written as 


A(z) 


momentum 


Ufrfe*) 1 -" (2- »)*-" n*-" 

I (1—»)(2n — 


\pu l ~ n z x ~ n v n 




( 11 ) 


where the quantity vzjv is the Reynolds number, which occurs naturally in all 
problems bf turbulent motion. It may be noted at this stage that the above func¬ 
tional form of A(z) is deducible from dimensional considerations, so that the main 
interest lies in the explicit function/(»). 

In the problem of convective heat transfer (Dryden 19366 ) dimensional con¬ 
siderations suggest a large number of dimensionless combinations of the funda¬ 
mental variables. For forced convection only, and assuming the effect of viscosity 
to be negligible, Dryden shows that the controlling factor is the P 6 clet number, 
which, in the notation appropriate to the Reynolds number above, may be written 
uz/k, K being the thermal diffusivity. By analogy, for the case of vapour transfer, 
we may define the controlling factor as uz/D, which may be termed the diffusion 
number, where D is the vapour diffusivity. 

The above considerations suggest that the interchange coefficient for heat 
should be 

A(z) he n=f(n)fmz\~-J , (16) 

and for vapour we should expect 

-^OOv.poar =“/(”) ^ 2 (J) • (10) 

In the foregoing expressions for the interchange coefficient viscosity effects are 
implicitly involved in the sense that the quantity n is determined by the wind- 
velocity profile, but it may be argued that the kinematic viscosity should appear in 
more direct association with the thermal and vapour diffusivities, on the grounds 
that viscosity must influence the eddy transfer of any entity. However, in the 
absence of a developing boundary layer and of pronounced natural convection, 
conditions which are assumed in the theoretical problem and approximated to in 
the practical cases considered, it is considered unlikely that viscosity will be of 
more than secondary importance. From this standpoint equations (15) and ( 10 ) 
may be regarded as close approximations to more general expressions in which k 
and D are dominant terms. In any case, the ultimate justification for the generaliza¬ 
tion muBt depend on the agreement between theory and experiment. 


Further analysis of the experimental data 
11 . The only modification imposed on O. G. Sutton’s solution for the evaporation 
case is the replacement of v by D, and from equations (0), (10) and (11) it is seen that 
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the absolute rate of evaporation is modified in the ratio (Djv) tnKiVn) . Under the 
conditions of the main series of experiments with bromobenzene, T = 290° A, 
v = 0147 cm.* sec. -1 , D (vapour to air) = 0-008 cm.* sec. -1 , and n (average) = 0-23. 
Values appropriate to the generalized theory may be obtained from the values on 
the original theory by multiplying the latter by (D/v) tnKa+n \ which in the present 
case is equal to 0-80. An inspection of table 2 shows that no significant change in the 
agreement with observed values would follow from an application of this factor, 
and as a demonstration of this point the curve appropriate to the generalized theory 
is included m figure 4. 

From equations ( 0 ), ( 10 ), ( 11 ) and (13) we now see that the rate of evaporation of a 
liquid should be proportional to [M(p„ —p a ) /)*'■/<*+»>]/7\ In reducing Wade’s results 
on this basis » is assumed to have the nominal value of 0-25, which is appropriate 
to the customary ‘one-seventh ’ power-law velocity profile, and since the variations 
ftom this nominal value observed in the present investigation are not of great 
significance in the term 2 n/( 2 +»), the value of 0-25 is adopted throughout the 
following analysis. In table 5 are given the previous values of ET/[M(p,—p a )], 
with values of D appropriate to the average temj>eraturo of 310° A in Wade’B 
experiments, and 290° A in the present investigation, and of the new parameter 
ETI[M(p s -p a )D*” Kt+H) ]. The results eovor a range of 18-157 in molecular weight, 
0-05-028 cm * sec . -1 in vapour diffusion coefficient, and 0 04—400 mm. of mercury 
in vapour pressure. It is seen that a much greater degree of constancy is exhibited 
by the new parameter than by the parameter derived from Sutton’s original solution, 
demonstrating clearly the superiority of the generalized form of the theory. 

Table 5. Rates of evaporation of various liquids relative to water 

ET/[M(p,-p.) 

liquid ET/[M(p t -p a )] D (» = 0-25) 

water (A and W) 1-00 0-275 (W) 1-00 

0 244 (A) 

acteone (W) 0-78 0 094* 0 99 

benzene (W) 0-82 0-099 102 

ethyl acetate (W) 0-03 0 093 0-80 

toluene (W) 0-07 0-092 0-80 

aniline (A) 0-74 0 009 0-98 

tnchlorethylene (W) 0-57 0-079* 0 75 

methyl salicylate (A) 0-00 0-054* 0-84 

carbon tetrachloride (W) 0 58 0-071* 0-79 

bromobenzene (A) 0-77 0-008* 1-02 

furfural (A)f _ 0-77 0 070 1-00 

W, Wade’s experiments; A, present experiments, 
t Results obtained sinco submitting MS 

The values of D were obtained from International Critical Tables or calculated 
(*) from the empirical formula due to Gilliland ( 1934 ), except in the oase of 
furfural for which the value of D was measured recently (unpublished), and 
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correspond in all cases to a total pressure of 1 atmosphere. In neglecting the partial 
pressure of vapour the maximum error involved in the term D* ***+'*> is 5 %, 
which, in view of the otherwise approximate nature of the calculated values of D, 
is considered unimportant in the present analysis. 

12. On the basis of the above analysis one may expect to predict with an error 
of less than 20 % the evaporation of liquids of accurately known characteristics, in 
the case of small plane surfaces exposed to a tangential air stream typioal of turbulent 
flow in wind tunnels and ducts. Assuming the ‘one-seventh’ power law of velocity 
distribution in the vertical, knowledge is then required of the wind Bpeed at a 
height z x consistent with the latter profile. In many cases difficulty may be anti¬ 
cipated in defining u x and Zj accurately, but it is unlikely that the errors involved 
will preclude an estimate of order of magnitude, which alone may be of considerable 
value in many practical problems. With this end in view an examination has been 
made of numerous experimental researches, and four cases have been found in 
which it seems reasonable to assume turbulent flow, and in which a fair estimate may 
be made of the quantities u, and z v The cases in point are those of Hine ( 1924 ), 
Hinchley k Himus ( 1924 ), Millar ( 1937 ) and Wade ( 1942 ), who employed without 
exception evaporation pans of the ‘wall’ type Details which are relevant to a 
comparison of observed and theoretical values are given in table 6 . 

Except in the case of Hine’s investigation it is necessary to estimate the appro¬ 
priate values of z 1 from the meagre data available. However, since z x appears in the 
form z 1 -"rt*+">, with » equal to 0-26, a 500 % error in z x will introduce an error of only 
20 % in the rate of evaporation, and such a magnitude of error in the estimation of 
z x is most unlikely in the cases under consideration. Hine and Wade both employed 
a selection of liquids, but the present comparison is restricted to those liquids for 
which the accuracy and number of observations was greatest, and for which accurate 
values of the vapour-diffusion coefficients are available Adopting the value of 0-25 
for n, consistent with the one-seventh power law of velocity distribution, absolute 
rates of evaporation have been calculated as previously, taking A equal to the vapour- 
diffusion coefficient D, and a comparison between observed and computed values is 
shown in table 7 and figure 6 . The results appropriate to the investigation of Hinchley 
k Himus were actually extracted from a reanalysis of the data carried out by Himus 
( 1929 ). In all oases smoothed results are employed, and to complete the comparison 
the present series of observations with bromobenzene (figure 4) is included. 

The most striking feature of the comparison shown in table 7 and figure 5 is that 
all observed values considered are in excess of the theoretical value, and this is 
consistent with the reasonable supposition that in the case of evaporating pans the 
main sources of error will be the existence of ridges at the edges of the evaporating 
surface, and of ripples on the surface of the liquid. In general, both effects may be 
expected to result in an increased rate of evaporation, the influence of ridges being 
demonstrated clearly in Powell k Griffiths’s investigation ( 1935 ), and it is to be 
anticipated that observed rates of evaporation will be in excess of the predicted 
values to a degree dependent on the departure from the ideal conditions of flow 



Evaporation from plane, free-liquid surface into turbulent air stream 91 


Table 6. Details of the experimental investigations to 

BE COMPARED WITH THEORY 


investigators 


details 

Hine 

Hinchley & Himus 

Millar 

Wade 

size of evaporating 
surfaces 

59 cm. diarn. 

3 by 12 in. 

8 by 12 in. 

12 by 12 in. 

6 by 18 m. 

50-8 cm. down¬ 
wind by 25-4 
cm. across wind 

8 9 cm. Bq. 

dimensions of 

working section 
of wind tunnel or 
duct 

0 ft. sq. 

1 ft. 8 in. wide 
by 9 in. high 

38 cm. wide by 

13 cm. high 

12 cm. wide by 
6 cm. high 

length of wind 
tunnel or duct 
upwind of evapor¬ 
ating surface 

280 ft. 

5 ft. 

not given 

approximately 

100 cm. 

site of measure¬ 

immediately 

at centre of duct 

air meter 10 cm. 

orifice meter at 

ment of wind 

downwind of 

exit—size of 

in diameter 

exit; results ex¬ 

speed (adopted 

evaporating 

anemometer 

standing on 

pressed in twins 

n»M,) 

surface; axis 
of vane anemo¬ 
meter at height 
of 2 in. 

not specified 

floor of tunnel 

of maximum 

velocity in tun¬ 
nel from hot¬ 
wire anemo¬ 

meter explora¬ 
tion 

range of wind 
speeds 

0-5-3 in./soc. 

1-6 m./scc. 

1-5-4-5 m./sec. 

1-4 m./sec. 

value of z, adopted 

5 cm. 

4 cm. 

1 cm. 

1 cm. 

liquids considered 
in present com- 
pari son 

toluene 

water 

water 

(a) ethyl acetate, 

(b) toluene 

average tempera¬ 
ture of liquid sur¬ 
face 

287° A 

313° A 

not given, as¬ 
sumed 288° A 

310° A 

vapour diffusion 
coefficient [D), 
cm.* sec. -1 , from 
Inlematumal 
critical tables 

0-078 

0-28 

0-24 

(o) 0 093, 

(6) 0-092 

presupposed in 

the theoretical 

treatment. It is accordingly of considerable signi- 


ficance that the agreement with the theoretical result is much better in the cases 
where there appears to be little chance of such spurious influences, that is, in the 
experiments performed by Wade and the present writer Hinchley k Himus refer 
to the existence of a ridge at the edge of the pan, and to the occurrence of ripplee; 
Hine states that ripples occurred over the whole working range of wind speed, and 
in addition the liquid surface was actually flush with the surface of a steel plate of 
thiokneBB Jin. mounted on the floor of the duct and extending only some 10 cm. 



92 


F. Pasquill 

upstream of the evaporating surface. Furthermore, in Hine’s investigation the 
evaporating pan became warped, and a steel plate was plaoed on the edge of the pan 
to keep it level. It would appear, therefore, that the present theory gives a very 
satisfactory measure of agreement in the absence of incalculable effects such as 
those discussed, and that even when such effects are present, as they undoubtedly 
will be in many practical cases, the predicted rates of evaporation, although under¬ 
estimates, are of the correct order of magnitude. 

Table 7. Comparison of various observations with generalized theory— 
THE THEORETICAL RATE OF EVAPORATION FOR A WIND VELOCITY OF 3 M./SEC. 
BEING TAKEN A8 UNITY 
v wind speed 

\in tn./sec. 0-6 10 1-fi 2 0 2-5 3 0 3 5 4 0 4-5 5 0 5-6 6-0 

source\ 

Hine 0-52 0-87 1-20 1-51 1*80 207 — — — — — 

Hmchley & Himiw — 1-25 1-50 1-71 1 93 2 13 2-32 2-51 2-70 2-89 308 3-27 

Millar — — 0-81 1 02 1-22 1-40 1-58 1-75 1-92 — — — 

Wade — 0-50 0 71 0 90 1 09 1-27 1-45 1 01 1-79 — — — 

present — 0-43 0-59 0 75 0-90 1-04 M8 1-32 1-40 1-00 1-72 1-84 

experiments 

theory 0 25 0-42 0-58 0-73 0-87 10 1 13 1-25 1-37 1-49 1-00 1-72 

(generalized) 



O 1 3 3 4 5 0 


wind speed, u (m./sec.) 

Figure 5. Rate of evaporation into a turbulent air stream; comparison of 
experimental and theoretical values. 




Evaporation from, plane, free-liquid surface into turbulent air stream 93 


Heat transfer from a flat plate by forced convection 

13. The foregoing theoretical analysis may be applied to the turbulent diffusion 
of heat in the boundary layer over a smooth surface, in which ease the concentration 
X occurring in the evaporation problem is replaced by the appropriate function of 
temperature in the air stream. Equations ( 0 )—( 12 ) then prescribe the transfer of 
heat by forced convection when Xo is replaced by pC p t, where C p is the specific heat 
of air at constant pressure, and t is the difference in temperature between the plate 
surface and the free air. 

On the original theory the parameter A is replaced by the kinematic viscosity v, 
while on the generalized version we write for A the thermal diffusivity k of the air. 
Owing to the closeness of the numerical values of v and k, it is clear that experimental 
results are unlikely to be of sufficient accuracy to differentiate between the tw o forms, 
and at the most we may only anticipate a test of the theory in general. 

The rate of transfer of heat from a heated plate by forced convection has been 
studied experimentally by various workers, and the investigation most appropriate 
to the present analysis is that due to Elias ( 1929 , 1930 ). Elias exposed a smooth 
copper plate, electrically heated and maintained at a constant temperature, to a 
tangential air stream in a wind tunnel, and made a detailed exploration of the tem¬ 
perature and wind velocity profiles over the plate. The temperature and wind velocity 
measurements were made with thermocouples and a fine glass pitot tube, the plate 
being mounted in a vertical plane, presumably in order to avoid the occurrence of 
natural convection in combination with the forced convection. It is noteworthy 
that in order to approximate closely to the two-dimensional case, the observations 
were made on the axis of the plate which was 25 cm. wide, and, moreover, it was 
observed that the velocity profile was not influenced significantly by the heating 
of the plate. 

Elias found that the velocity and temperature profiles in turbulent flow were 
practically identical, and by computing the heat transfer, Q, from the observed 
distributions of temperature and velocity, showed that 




a result which is in excellent agreement with equation ( 6 ) when n = 0-25, and which 
has been quoted previously (Brunt 1939 ; Lettau 1939 ). It is noteworthy that in an 
analysis of the experimental results of various workers, Fishenden & Saunders 
( 1932 ) conclude that the heat loss is proportional to a power of u not far from 0 - 8 . 

From an examination of the experimental wind velocity profile obtained by Elias 
for a free-stream velocity of 35 m./sec., it is evident that the ‘ one-seventh ’ power law 
is satisfied up to a distance of at least 2 mm. from the plate over the whole length of 
the heated portion. The 2 mm. value corresponds to the upwind edge of the heated 
zone, and proceeding downwind the profile is extended to greater distances from 
the plate. Thus in applying equations (0), (10) and (11) we take n = 0-25 and 
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z x « 0-2 cm. Furthermore, the observations show that u x decreases from 34 m./aec. 
at the upwind edge to 20*5 m./sec. at the downwind edge, with an average value of 
20*5 m./sec. over the whole heated zone. 

Taking p = 1130 x 10" 8 g./c.c., C p = 0-237, v = 0-17 cm.* sec. -1 , k = 0*24 cm.* 
boo.' 1 , for a temperature of 40° C, which approximates closely to the temperature of 
the plate, the theoretical values of Q, the heat loss from unit width of an area 40 cm. 
downwind for t = 1° C and = 29-5 m. sec., are 

8-0 x 10 _ * cal./sec.—on the original theory 
and 8-0 x 10-* cal./sec.—on the generalized theory 

as compared with the observed value of 

11*7 x 10~* cal./sec., 

an agreement which provides a substantial verification of the general theoretical 
approach. 

In the above calculation a more rigorous procedure would employ a weighted 
mean wind velocity, and would result in a higher theoretical value of Q However, 
owing to the closeness to unity of the exponent in the power-law relationship 
between Q and a; 0 , the difference between the weighted and arithmetic means is 
insufficient to modify the agreement in a significant sense. 

The writer is indebted to Professor D. Brunt, F.R.S., Professor S. Sugden, F.R.S., 
Mr O. G. Sutton, B.Sc., and Mr H. Garnett, M.So., for valuable encouragement and 
criticism during the preparation of this paper. Thanks are also due to Mr S. G. Craw¬ 
ford, B.Sc., and Mr S. C. Mason, of the Meteorological Office, for assistance in the 
experimental work, to Mr J. H. Simpson, M.Sc., of the Meteorological Office, for 
checking the analysis and computations, and to Dr S. H Wade for permission to 
employ experimental results which have not yet been published in full Finally, 
acknowledgement is made to the Controller-General of Research and Development, 
Ministry of Supply, for permission to submit this paper for publication. 
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The ultra-violet spectra and electron configuration of 
HgF and related halide molecules 
By H. G. Howell, University College, Southampton 
(Communicated by W. E. Curtis, F.R.S.—Received 11 January 1943) 

[Plate 1] 

The high-frequency ultra-violet emission spectrum of HgF has boon photographed and 
analysed into two systems which are shown to be due to a t fI r - t Z transition between Hg atom- 
like levels. 

The constants are as follows: 

v, u>, x,u, 

•//, 42990 0 469-4 10-05 

«/7, 39000 506 — 

•Z 0 490-8 4 05 

The doublet separation is related to the 'P width of the Hg atom, and the same separation is 
found in the spectra of the other Hg halides It is shown that corresponding systems of the 
Zn and Cd halides should exist with doublet separations similarly related to the atomic *P 
level. Most of these have been identified amongst existing data, and as a result analyses of the 
bands of CdF, CdCl and ZnBr have been given although there is some evidenoe that the data 
attributed to ZnBr really belong to Znl. In addition a system of Cdl different in type from 
those above is analysed. A probable system overlapping the mam •/T-'.T system is found 

for most of the molecules All these systems together with those arising from the resonance 
line l P-*8 of the atom are discussed in terms pf electron configurations of the states involved 
and an energy level diagram is presented. 

Introduction 

The original aim of this work waa to analyse the spectrum of HgF in order to 
oompare its vibrational constants with those of the members of such a series of 
heavy fluoride molecules as HgF, T1F, PbF and BiF, in which each one has one 
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more electron than the preoeding. By following the changes in these constants 
from molecule to molecule it was hoped to gain information of their electron con¬ 
figurations. Data on the last three members of this series have already been pub¬ 
lished (Howell 1936; Rochester 1936), but nothing is known about the molecule 
HgF although papers have appeared on the other halides of mercury and also on 
the halides of zinc and cadmium, all of which should exhibit similarity of electronic 
constitution and spectra. All show extensive visible and ultra-violet band systems, 
the latter being rather difficult to analyse. This first led Wieland (1929) to believe 
that certain of the ultra-violet systems were duo to a triatomic molecule. However, 
Cornell (1938) in his work on the ultra-violet spectra of the chlorides of Hg, Zn 
and Cd ascribes all these spectra to the diatomic molecule, and in his later work on 
HgCl Wieland (1941) accepts this correction. Cornell made the important observa¬ 
tion that all the ultra-violet spectra studied by him occur near resonanoe lines of 
the metal atom Thus HgCl has two systems 2400-2860 and 2700-2900 with the 
0,0 band of the former at 2516 (resonance line Hg2537), a CdCl system occurs at 
2186-2240 (resonance line Cd2288) whilst ZnCl has two systems at 2070 and 2905- 
2980 (resonance lines Zn 2139 and 3070) This fact enabled him to correlate the 
various molecular states with probable products of dissociation. 

The first half of this paper deals with the analysis of the HgF Bpectrum This has 
so many interesting features which yield information about the nature of the mole¬ 
cular states involved that it has been found possible to extend the scope of the 
investigation so as to include a critical review of all the halides of this group The 
later part of the paper deals with this attempt to systematise these spectra. As a 
result it is possible to check and correct, if necessary, previous work on these mole¬ 
cules and in some cases an interpretation of certain band systems, hitherto un¬ 
analysed, is put forward with some confidence. 


Experimental 

The emission sjiectrum of HgF has been developed in a high-frequency discharge 
using the apparatus and method described fully in former papers (Howell 1936). 
Details of sjiectrographs and plates used are as follows. 

exposure 

spectrograph dispersion plates time 

E1 2-5-2'8 A/mm. Ilford Monarch and Double Xpress 30 min. 

intermediate E 2 lOA/min. do. 2-5 min. 

Fe arc lines were used as wave-length standards as well as the many Hg and Si 
lines found in the discharge, the weaker Hg lines in particular serving as excellent 
internal standards. The wave-length values used are those given in the M.I.T. 
Tables (1939). The accuracy of the wave-length measurements varies somewhat 
across the spectrum because of the nature of the bands to be described and also 
because of the difference in dispersion between the two spectrographs used. For the 
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sharp heads measured on the E1 the wave-lengths are considered accurate to 0-05 A 
or better. Because of the unfavourable wave-length—wave-number ratio in the 
region studied (2300-2600)—this amounts to 1 cm -I . It is difficult to assess the 
maximum error of the diffuse or headless bands. 

Description 

A reproduction of the spectrum is givon on plate 1. There is an apparent group of 
lines from 2300 to 2390 which on closer inspection turn out to be bands, mostly violet- 
degraded, with very short branches. Some are double-headed, some are hke very 
sharp lines, whilst others are like diffuse doublets. The bands fall into sequences 
which degrade to the red, an unexpected direction for violet-degraded bands. 
Another interesting feature is that the sequence differences in a given sequence 
increase to a maximum and then decrease so that in one case a head is nearly formed. 
There is no trace of rotational structure in any of the bands 

Around the resonance line 2537 there aro apparently five strong violet-degraded 
bands with resolved structure which for such a heavy molecule as HgF cannot be 
rotational in nature. It is considered therefore to bo sequence structure of bands 
with very short branches About eight bands can be detected in the stronger 
sequences. These aro not sharp but appear as rather diffuse linos. In addition to 
these HgF systems there are Hg* bands present, in particular, the strong one at 
2482 which has a similar close-sequence structure 


VIBRATION AT, ANALYSIS 

(a) 2330 M/stem 

The stlongest bands in this system are around 2330, and these aro taken to be Q 
heads of the Av = 0 sequence with the fainter satellite heads on the long-wave side 
the corresponding P heads With this as basis the quantum scheme shown in tablo 1 
has been drawn up The wave numbers of the bands of the Av = 0 and — 1 sequences 
aro certainly the most accurate, whilst those belonging to Av = 1 aro the least 
reliable because of the diffuse and headless nature of the bands, with the exception 
of the first member which has probably a P and two Q heads which are degraded in 
opposite directions The P head is actually covered by the Hg line 2302, but inspec¬ 
tion of the other members of this sequence makes it almost certain that it is present 
and comparatively sharp The weakest sequence Av = 2 was studied with the 
Hilger E2 spectrograph, and the few heads given here are due to red-degraded Q 
branches. 

Inspection of the AO' values indicates a sudden reduction in x'm' at about v' = 4 
or 5. The apparent negative value of x'<o’ after this is not considered real, as the 
small number of bands concerned does not afford opportunities for checking, and 
the measurements upon which the later AO' values are based are among the least 
accurate. It is probable that x'm' becomes a steady constant value much smaller 
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than for the first vibrational levels. This discontinuity suggests the presence of a 
perturbing state and also rules out the possibility of representing all the bands in 
one quantum equation even with the addition of a cubic term. The following formula 
has been derived for the main unperturbed bands: 

v (w hoadH) = 42999-6 + 469-4u' - 1005 m'* - 490-8u' + 405 m'*, 
whore u *= v + ^. 

The fit of the observed values to this formula can be examined in table 9. The 
nearness of the to values accounts for the close sequence structure of the system and 
also for the headless nature of some of the bands A graphical analysis shows that 
the remaining bands of higher v' levels have an apparent to\ value of 410 cm -1 , 
and ana^o)' value of 1*5 cm. -1 . This discontinuity in the x'to' is responsible for the 
uneven nature of the sequence difference. Thus a band in the di> = 0 sequence is 
given by 

“ V (W “ (*»'-«') v" - (mV -m'x') t-'*. 

Here, at first, to'x' > to’x ' and, as to’> to', the senes in v" is divergent and the bands 
in the sequence get farther apart. After v' = 6, however, to'x' <to"x" and the series 
converges as do the band heads of the later members. Ah to" > to' the sequences 
degrade to the red, but as has already been pointed out the individual bands are 
not shadod in this direction. To account for this the full expression for the Q branch 
lines must be considered 

v « Vt+(B'- B’).J.(J + \)-(D' (/+!)•. 

Normally the D values are unimportant in determining the direction of shading 
of the branch as they are so much smaller than the B values However, m cases 
where B' = B" the heads are formed at high J values, and the contribution from the 
D terms may be considerable, even being so great as to reverse the sign of the 
expression as in the present case and so reverse the direction of degradation 

(6) The 2560 system 

The apparently violet-degraded bands in this system are interpreted as sequences 
which can be resolved into individual bands (apart from one sequence) which apjiear 
as coarse lines. The spacing of these bands is irregular at the head of each sequence, 
but after four or five they become more regularly spaced, closing up until they merge 
into each other. Because of this initial confusion of crowded bands at the head of 
each sequence it was at first thought that all that could be done with this system was 
to estimate the io t values from measurements on these heads. This showed that w' was 
of the same order as that of the previous system. Assuming the similarity to extend 
to the type of electron transition, the initial confusion of bands can be explained by 
the presence of weak P branches which rapidly decrease in intensity down the 
sequence leaving only the Q branches as happens m the 2330 Bystem. This is sup¬ 
ported by the fact that the first member of each of the stronger sequences is weak. 
Thus measurement of the regular differences enabled an estimate of the sequence 
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difference to be made, this being of the same order as the difference in w e values Now 
the congestion of the bands in each sequence indicates that the <o r values are very 
close together whilst the direction of sequence degradation shows that w' is slightly 
greater than w'. The average sequence difference is about 15 cm ~ l , and combining 
this with the assumed value of 491 for w* a value of 506 is obtained for oj'. The 
resulting quantum scheme for this system is given in table 2. All that can be inferred 
about x' e io' t is that it is obviously small Using these to e values, an estimated value of 
39060 c-m.- 1 is found for v e 


* Electron transition 

The similarity in vibrational constants of the two systems suggests that each is 
a eomj>oiient of a doublet system. The P and Q branches indicate that a *// state is 
involved, and the other state will be shown later to be the % E ground state. This 
gives 3940 cm . -1 as the doublet separation of the upjier *11 state A comparison of 
this separation with the overall width of the 3 P state of the Hg atom brings out an 
important relation between them In Hg 6 .« 6 p, 8 P the coupling oonstant a for the 
6 p electron is § x 6398 = 4265 cm - 1 The corresponding molecular constant A for 
a it electron giving rise to a *11 state is given by A = Jv = 3940 cm . -1 for HgF, 
l e it is of the same order as for the 6 p electron. This throw s some light oil the electron 
configuration of the excited state and also shows that the excited electron is an 
almost unchanged Hg electron. Furthermore, the association of the system with the 
Hg resonance line 2537 shows that tho transition is similar to 6 s 6 p, 3 P- 0 « 2 , * 8 , 
i.e. it is atomic in nature. This view is further supported by the absence of change 
in the vibrational constants during the transition winch is, therefore, essentially 
between non-bonding or atomic orbitals It follows then that little or no change in 
tho doublet splitting should occur if a chlorine or other halogen atom replaces the 
fluorine atom in HgF The sjiectrum would be exjiected to lie merely shifted to the 
red and to be characterized by lower vibrational coefficients Hence it is probable 
that unex plained features of other Hg halide spectra may be cleared up by examining 
them for tw o systems with a doublet separation of about 3900 cm l . 

(«) HgCl 

Both ultra-violet systems of this molecule have P and Q heads and therefore 
may form the % TI- X E transition. Of the two systems that lietween 2400 and 2650 
is the simpler, and the analysts given by Cornell is undoubtedly correct. He also 
gave an analysis of the 2700-2900 system in which lie stated that because of slight 
differences in the values of the vibrational constants the lower state was not common 
to both systems Wieland has since expressed doubt as to the correctness of this 
latter analysis and claims that the 0,0 hand must bo at 2790 or 2812 instead of at 
2741. Ho bases this on a study of the spectrum of HgCl 37 but gives no details. Cornell 
observed that his bands were accompanied by weaker ones displaced by amounts 
compatible with them being ascnlied to the isotopic molecule HgCl^. Such an ex- 
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planation, however, demands the location of the system origin to be at the red end 
which certainly is unusual, and so he discarded this view in favour of that which 
ascribes the weaker bands to P branches. This is consistent with the system being 
a *I7-*E. Now the origin of the shorter wave-length system is at 39704 cm ~ l , and 
assuming the same doublet separation as for HgF the origin of the other component 
should be at 35760 cm. -1 , corresponding to a wave-length of 2796 A which is so close 
to the two chosen by Wieland that it is tempting to consider the question settled. 
If Cornell’s origin is correct the doublet separation would be 3200 cm ~ l , a value 
which, if small, is nevertheless of the expected order. Examination of his reproduc¬ 
tion of the spectrum reveals the following facts: 

( 1 ) The bands analysed by Cornell are arranged in very close sequences of 
headless bands almost identical in appearance with the longer wave system of HgF 

(2) There are other bands present, the strongest one being about 2790 and others 
at 2749 and 2811. The first is actually the strongest band in the whole photograph. 

These bands are mentioned by Cornell, but ho omitted to point out an important 
difference between these and those analysed by him, viz that they are without 
sequence structure, the individual bands being quite unresolved. This suggests that 
there are two systems present, the unresolved bands belonging to one in which the 
branches are longer than in the other. Intensity considerations indicate the un¬ 
resolved sequence at 2790 to be the Av = 0, whilst the spacing of the other sequences 
show that the vibrational constants are almost identical with those of the Cornell 
system Wieland has not yet published details of his work on HgCl 37 , but if his view 
that the double heads of this system are isotope heads is correct, then there is no 
need to assume that a *77 state is involved. An examination of the relative intensities 
of the so-called P and Q heads would settle this, for with HgF the P heads in a given 
sequence rapidly decrease in intensity relative to the Q heads. These details cannot 
unfortunately lie seen in his plate. At present it will therefore lie assumed that the 
band at 2790 is the 0,0 band of the 8 77 *21 system, this giving about 3900 cm . -1 as 
the doublet separation. 

(b) HgBr 

This molecule has an oxtensive ultra-violet spectrum, part of which has been 
analysed by Wieland who identified a system origin at 38574 cm. -1 . The long-wave 
end of the spectrum was first considered by him to bo due to a jiolyatomic molecule 
because of its complexity, but it is now realized that this is unlikely. The strongest 
groups of heads listed are those at 34580 and 34668 cm. -1 , and it is reasonable to 
assume that one of these is the first of the Av = 0 sequence of the other *I7-*E com¬ 
ponent. This gives a *17 separation of either 3996 or 3906 cm. 1 , both being in remark¬ 
able agreement with the values for HgF and HgCl It may well be that there are 
two systems here as seems to be the case with HgCl. 

(c) Hgl 

There are many bands of this molecule in the expected region of the i 7J-*E tran¬ 
sition, and according to Wieland ( 1932 ) they can be analysed into two systems 
having a common lower state with to' = 125 cm. -1 . The v ( values are 32729 and about 
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36100 cm . -1 which gives a difference of 3400 era. -1 , a reasonable indication that these 
bands do belong to thv» transition, but the *77 separation does not compare quite 
so favourably with those of the other halides so that it may be that one of the origins 
is out by as much as 500 cm. -1 . 

Other systems have been reported by Prilheshejewa ( 1932 ) from 2000 to 2300 and 
Sastry ( 1941 ) around 2600. The latter presents an analysis of some of these bands 
into a *n-*Z system with a lower state at' = 55-5 cm -1 and a doublet separation of 
766 cm . -1 Another t IT- t Z system is considered to occur around 2540 with a lower 
state oi" of 92-7 cm .' 1 and a doublet separation of 128 cm -1 . Although few details 
are given by this writer it must be pointed out that none of the vibrational frequencies 
of his systems refer to the ground state nor to the upper state of Wieland’s bands. 
Furthermore, it may be significant that the 126 cm / 1 separation is so close to the 
ground state (o . 

Application to the halides ok Zinc and Cadmium 

The proximity of the chloride spectra of Zn and Cd to the metal resonance lines 
noticed by Cornell suggests a probable similarity in electron transition to that of 
the Hg halides. Thus the spectrum of the Zn halides resulting from the excitation of 
a Zn 4s electron should be due to a *77-*£ transition in which the *77 separation is 
|( a P, Zn) = 386 cm. -1 . The corresponding characteristic doublet separation of the 
Cd halide spectra will be f ( 3 P, Cd) = 1140 cm.' 1 . If, then, a doublet system is found 
with this separation for one of the halides, the same doubling will almost certainly 
occur for all the others. With this in mind, together with the fact that corresponding 
systems for fluoride, chloride, etc. occur progressively towards longer wave-lengths, 
the way to interpret existing data seems clear. 

(a) Zinc 

Rochester ( 1939 ) has found that the 2070-2700 system of ZnF is a doublet with 
a separation of 370 cm . -1 in excellent agreement with the predicted value. Better 
still is the 383-5 cm . -1 separation found by Cornell as the doublet splitting of the 
2905-2980 system of ZnCl. There is thus no doubt that these systems are the counter¬ 
parts of those of Hg, and furthermore they can be confidently looked for in the 
spectra of ZnBr and Znl. 

With ZnBr, Walter & Barratt ( 1929 ) have reported bands in absorption from 
3027 to 3113. Their strongest bands are at 3071 and 3110, and assuming these to be 
the 0,0 bands of the X ll- 2 Z system a splitting of 408 cm . -1 results. With this as 
starting-point, it has been found possible to fit all the bands listed by these workers 
into the quantum scheme shown in table 3. Although they give no information about 
the nature of the bands, it is probable that they are of the short-branched and often 
headless type, similar to the HgF bands of the 2560 system. In any case the wave¬ 
lengths are only given to the nearest Angstrom, and so the irregular AO values, also 
found with HgF, should not be considered as throwing doubt on the correctness 
of this analysis. Strong support is found in the intensity distribution which is 
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34930(5) 552 34378(2) 33757(5) 

533 34425 (li?) 489 

0 35463(3) 0,1 33268(5) 
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characterized by strong Av = 0 sequences flanked by much weaker sequences. Thus, 
although system II is represented by only the one sequence it is considered certain 
that longer exposures would bring up the others. Approximate values of the vibra¬ 
tion frequencies are w’ = 280 and to" =* 220 cm -1 . An unexpected complication arises 
when the next molecule in the series is examined. Znl has only one definitely 
established system, and Wieland’s analysis gives 3318 as the 0,0 band with vibra¬ 
tional frequencies almost identical with those derived above for ZnBr. The order of 
magnitude of these values is that to be expected for Znl, and so it may be suspected 
that the bands attributed by Walter & Barratt to ZnBr may really be due to the 
iodide The bands are certainly in the position expected for the bromide, but the 
only way to resolve the difficulty is to assume that the stronger sequence in table 3 
is not At i==0 but A v = — I Whilst this will give w values of the right order, such an 
intensity displacement would be difficult to understand There is obvious need here 
of a new investigation, but in the meantime the bands will temporarily be allocated 
to the bromide In his study of Znl Wieland also mentioned the occurrence of a 
weak group of heads at 3236. It is unlikely that this group forms the nucleus of a 
*n-*Z system, as this gives a doublet splitting of 760 cm. -1 . Assuming a normal 
value of 400 cm .- 1 for this, a predicted system origin should be about 3276, if it is 
accepted that 3318 is the origin of the longer wave-length component. 

( 6 ) Cadmium 

Bands m the visible, reported by Asundi, Samuel & Zaki-uddin ( 1935 ) to be due 
to CdF, havo been identified by Pearse & Gaydon with CaF. The latter workers give 
in their Identification of molecular spectra ( 1941 ) the wave-lengths of six bands 
obtained in an arc between Cd olectrodes fed with cadmium fluoride, but point out 
that their assignment to CdF is uncertain It is now possible to show that they are 
oertainly due to this molecule. Examination of the value for the shorter-wave system 
of the a II- i Z transition shows that for ZnF and HgF they occur 4840 and 3690 cm . -1 
respectively, deeper than the a P-M3 resonance line. Since Cd occurs between Zn 
and Cd in the atomic scheme, a mean value of 4200 cm 1 can be assumed for the 
corresponding CdF quantity. Thus, adding this to 30660 cm _1 the wave number of 
the Cd 3 P- 1 S hne gives 34860 cm . -1 or 2868 A as the location of a system origin. 
With a doublet separation of 1140 cm . -1 the second system should occur at 2966 A. 
Now two of the three strongest bands listed by Pearse & Gaydon are 2961-5 and 
2862 A, and the nearness of these to the predicted values cannot be accidental but 
must surely mean that they are indeed the 0,0 bands of the doublet system. This 
leads to an actual doublet separation of 1179 cm. -1 . It is now possible to arrange all 
the bands in a quantum scheme which is shown in table 4. From this it appears that 
a probable value of«' is about 660 cm. -1 , a value of the expected order, as it should 
be intermediate between 620 cm .- 1 for ZnF and 476 cm ~ l for HgF. The scheme 
is further supported by the intensity distribution 

No CdCl system in the anticipated region was observed by Cornell, but an analysis 
of a brief system between 2185 and 2240 yielded an 0 ) value of 330-5 cm.- 1 , and this 
is probably the ground-state frequency. Walter & Barratt found absorption bands 
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between 3181 and 3018. and their strongest two listed are at 3181 and 3072 Assuming 
as usual that these head separate Av = 0 sequences a doublet separation of 1115 cm. ~ l 
results, a value which compares so favourably with the two previous ones that some 
confidence must be placed in the following quantum analysis (table 5). Approximate 
to values are to’ = 330 cm. -1 , to' = 400 cm. -1 , the former being in excellent agreement 
with that obtained by Cornell for the other system. As with other cases one system is 
very poorly represented, but the intensity distribution affords further support for 
the analysis suggested. All the bands have been classified assuming that some hoads 
can be interpreted as R heads, these being expected in a i IT~ i E transition. 

Wieland has analysed one system of CdBr with the 0,0 band at 3177 and lists 
three bands which belong to another systom. The strongest of these lies at 3095, 
i.e. 840 cm. -1 away. This is too small to be the doublet separation, and besides, 
comparison with CdCl suggests that the missing system should he on the long-wave 
side of that at 3177, i e. it can be expected to occur about 3296 

With Cdl the same worker has reported a system at 3384 (0,0 band) and three 
unidentified bands at 3586, 3563 and 3541, the last being the strongest. If it is a 0,0 
band the doublet spacing is 1300 cm. -1 , which is of the right order. Furthermore, 
the intervals between these bands are those of the ground state (178-6 cm. -1 ). 
However, the interval of 1300 cm. -1 is not considered sufficiently close to the 
anticipated value of 1140 cm. -1 hi justify the definite allocation of those bands to 
the *77-*2T system. 

To summarize these results, the actual or probable 0,0 bands of all the *FT- % E 
transitions are collected m table 6 

OtHEH lTL.TRA-VIOr.KT SYSTEMS 

In the cases of CdCl and ZnC'l brief systems were found by Cornell to occur on the 
short-wave side of the metal resonance line 4* -bS, to which they are obviously related 
as the i TI- i E systems are to the •IMS lines These are considered by him to be *E-*E 
systems No such system was found in the case of HgCl in the neighbourhood of 
Hg 1850, but it is probable that this lies too far in the ultra-violet for normal detec¬ 
tion These *E *E systems should also bo present for the other halides under discus¬ 
sion, the bromides and iodides being displaced more and more to the red. This 
means that these latter molecules will have their resonance system in a more acces¬ 
sible region of the spectrum. In particular, Cdl should have its system well placed 
for photographing. Wieland lists a number of bands from 2360 to 2560 for Cdl in 
his table 15, and, assuming that sonic of these heads are double, they can all be 
arranged in the quantum scheme given in table 7. The doubling is tentatively 
attributed to the presence of Q and R branches, the relative intensities being in 
keeping with such an interpretation. The analysis is supported by the intensity 
distribution, this being an open parabola characteristic of all iodides and also by 
the magnitude of the to values, viz to' = 106 cm. -1 , to" =-180 cm. -1 , the former being 
in agreement with that found by Wieland for the *77 -*E system. 

It is probable that an analogous system will be found for Hgl among the bands 
already reported by Sastry and by Prilheshejewa 
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I + 3384-35205 276fr-3065|| 

* This doublet may refer to Znl. t Data discussed in text are not given here 
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Table 7. Vibrational analysis ok Cdl bands 


X 

0 

0 


1 


2 


3 

42288-0(0) 

176-0 

1 





42000-5(1) 

175-0 

102-5 

42112-0(1) 

2 



41732-0(1) 

171-5 

102-5 

41834-5(3) 

157-0 

102-5 

41037 0(2) 
173 5 

3 



41560-5(2) 

175-5 

100 5 

41661-0(3) 

173-5 

102-5 

41763-5(2) 

4 

41281-5(1) 
160 0 

103-5 

41385-0(3) 
174 0 

103-0 

41488-0(2) 

173-0 



5 

41112-5(1) 

173-0 

98-5 

41211-0(3) 

41217-0(3/?) 

165-0 

104 0 

413150(1) 



0 

40930 5(3) 
40943-5(1/?) 
171-5 

105-5 

41046 0(2) 

170 5 





7 

40768-0(2) 
40775 5(1/?) 
168 0 

107 5 

40875 5(1) 





8 

40600-0(2) 




40812-5(0) 




40607-5 (1R) 

Intensities according to Wieland 
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Besides this further ultra-violet system there is evidence of a system probably 
*27-*2 occurring near to the *77-*2’ system. As already mentioned there seems to be 
one mixed up with the 2700-2900 system of HgCl, and the perturbations discussed 
for HgF may well be due to the presence of a *27 state. Also Rochester definitely 
found such a system in the case of ZnF, there being evidence of interaction between 
the *27 and *77 upper states. Other bands not fitting into the main */7-*27 system of 
Znl, CdBr and CdT also possibly belong to such a *2?-*27 system. In any case there 
is definite evidence of the existence of a *27 state of about the same energy as the *77. 
All the states, known and predicted for all these halides, are collected in figure I, 
with the exception of the *27 state which is the upper level of the visible bands. This 
is well known for HgCl but has not yet been studied for any other molecule. The 
corresponding atomic levels are shown to demonstrate how closely the molecular 
levels follow them. 

The position of the *27 in HgF is estimated from the fact that perturbation of the 
*77 level sets in at about v' — 5 


Electron configuration 

The next task is to attempt to interpret the spectra in terms of electron con¬ 
figurations of the states concerned Information about the configuration of HgF can 
be obtained from earlier members of the same group, such as BeF, and also from 
other Hg molecules It is now accepted that the BeF ground-state configuration 
can be written KK<r*(r*7T*rr, *2’ and some idea of the nature of the closed shells in this 
structure can perhaps bo best understood by referring to the molecule with one less 
electron BeO whose x 27 ground state has the same configuration minus the last <r 
electron. The addition of this electron to BeO to form BoF results in a reduction in 
e>, from 1487 to 1266 cm.-*, indicating that the added electron has a definite anti¬ 
bonding tendency' The BeO state cr*7TV, 1 77 shows a bigger reduction to 1128 cm. 1 , 
which can be explained by assuming that the <r electron is occupying the anti¬ 
bonding orbital found in BeF and that the tt* group is very strongly bonding. Indeed, 
it is probable that most of the moleoular binding is due to this group. Thus the state 
(rn*(r, *27 gives a slight reduction in w t to 1371 cm. -1 , showing that the inner tr* shell 
has little bonding power. The state cm 3 #*, '77, which results from the removal of a 
strongly bonding n from crn*rr, *27 to the slightly anti-bonding <r orbital should result 
in a big reduction in (» e . Actually the reduction is from 1371 to 1006 cm -1 , i.e is 
the same numerically (360 cm. -1 ) as that in the transition o , br*-<r > ir 3 <r, which is 
not surprising as it represents essentially the same transition. Applying these ideas 
to BeF, probable facts about the first lowlying states can be inferred. These are: 

ground state o-*7r 4 cr, *2’ 

(1) (T*7T S (T*, *77, 

(2) cnr*<T*, *27 
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( 1 ), which represents a transition from a strongly bonding to an anti-bonding 
orbital, should have a much lower w than the ground state, whereas that of ( 2 ) 
should be only slightly less. An excited *77 state is known, but its naturo is rather 
uncertain, and although o' is less than o' the difference is nothing like that to be 
expected. In his rotational analysis of the 2 77-*r system Jenkins ( 1930 ) showed that 
the coupling constant A in the *77 state is either =* 22 (normal) or 16-46 cm . -1 
(inverted). Because of insufficient resolution of lines having low J values it was not 
possible to decide between these two alternatives on the basis of the missing lines, 
but from /1-type doubling measurements he tentatively concluded the *77 state to 
be normal, in which case the 2 77 must derive from such a configuration as n*n. 
A more detailed consideration of Jenkins’s data, however, led Mulliken ( 1931 ) to 
the opposite view, although he admitted that the situation is not satisfactory. For 
example, when compared with the isoolectronic molecules BO, CO and CN the 
smallness of the constant ( — 16 6 ) is puzzling when compared with the expected 
valuo of 271, although it is much larger than the A derived from the *P state of Be, 
viz. + 2 - 0 . As a possible way out of the difficulty he considered that the actual state 
may be a hybrid of 2 /7 r and i fT i which would show both tendencies, and this could 
be brought about by the two states 7i 3 <t 2 , 2 // < and 2 /7 r being so close in energy 
that by quantum interaction one or more 2 /7 states intermediate in properties might 
result. Before inquiring how the structure of HgF compares with that of BeF or 
whether our knowledge of the spectrum of HgF can throw any light on to thiB 
problem, it is instructive to examine the hydrides of Hg, HgH+ and HgH. Thus the 
transition 6a<r0per, , 2’-6s«r 2 ,111 HgH* is essentially a 0s6p-Ga 2 Hg transition, as 
the electronic energy is roughly the same, viz. 44000 cm . -1 Further, Mulliken ( 1932 ) 
has shown that the doublet spacing of 3700 cm . -1 for the upper 2 77 state of HgH is 
due to a Gjm electron as with HgF, and so the system is duo to a Gao -2 6 pn, 2 77-6a(r 2 Gper, 
transition. HgF resembles both these molecules, for not only does the observed 
doublet separation accord with that expected for a (ipn electron, but the electronic 
energy shows that the transition is practically a 6p-6s Hg as with HgH f Thus it is 
evident that with HgF the transition is between a Gsrr and a Gpzr electron and that 
therefore the actual configurations are ahr*jm, i n r -fT i n*ncr, i.e. a regular 2 77 
upper state is to be expected. Comparing the ground state cr 2 7i*«<r, a 2’ arising from 
1 K (Hg) and 2 P (F) with that of BeF, it is probable that the rr* group again con¬ 
tributes most of the binding whilst the outer <r which in BeF is slightly anti-bonding 
is now non-bonding or atomic The first excited states derived from this ground state 
will be (rbflsar *, a II i and <nr*8cr % , The first which represents a transition from a 
molecular bonding orbital to an atomic or non-bonding orbital should give a system 
in which w' < w", but the known *77, state is not of this type. As a molecule gets heavier 
the outer shells differ less and loss in energy so that the *77system can be expected 
to occur in the infra-red. Returning to the problem of the BeF *77- , 27 system, it is 
now possible to suggest an explanation. It is definite that it*n, a IJ r applies to HgF 
and that the evidence for BeF is unable to decide between the same configuration 
and 7 r®< 7 2 , *77 < . It iB tempting to consider that when better data are available for 
BeF the *77 will be found to be regular. However, in spite of the fact that Be and Hg 
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have the same electron configuration there is an important difference between them. 
The sjiectra under discussion, of the type HgF, have been shown to bear a strong 
resemblance to the atomic *P- 1 S transition. Now such an intercombination line is 
not found for Be, and in the other cases its intensity increases down the Periodic 
Column towards Hg. The transition probability for the atom will be retained to 
some extent in the molecule, especially if atomic orbitals are involved. Thus the 
HgF system should be the strongest whereas that of BoF should tend towards zero 
intensity in the absence of any disturbing factors. Such a factor is the presence of 
a perturbing state with which it can mix in the way suggested by Mulliken, so that 
a transition with the ground state may now be possible. Thus the uncertainty in the 
nature of the BeF state is probably fundamental. 

The state <n 1 * 8 ( 7 ', *£ may he the upper state of the visible bands. These have been 
studied by Wieland in the case of HgCl who finds «' < w* as is to be expected Other 
excited states may be expected as follows: tt^/ht^P), *£ and n*pn( l P), */7 r , these 
arising from *P (Hg), and so this symbol is included in the configuration to dis¬ 
tinguish them from those which derive from 3 P (Hg). If Cornell’s assumption that 
the further ultra-violet systems of ZnCl and CdCl are due to '£--*£ transitions is 
correct, then they are represented by *£- 7 t*h(t, *T. The location of the 

accompanying levels n*pn( l P), 'll and ii*p<r('P), '£ will then depend upon the 
pn-per separation, the pa being normally lower. In HgH this separation is 26800 
cm. -1 , but there is no justification for assuming a similar value here. It is curious 
that although the *77 -*£ system occurs near to the *P- 1 S resonance line, it is the 
'£-*£ system which is apparently near to the ‘P-’S line. It is, however, not certain 
that the designation as is correct, dependent as it is upon the appearance of 

only a few bands Indeed, if the Cdl bands analysed in this paper belong to the 
corresponding system, then the presence of the Q and R heads indicates that it is 
really a */7-*2’ transition. The similarity of the fragmentary system to the 

main */7-*2T system, particularly with regard to the vibrational frequencies, may 
mean that the upjier '£ state can lie identified as n*pcr(*P), '£. In this case the 
piT-jxr separation is very small and may even be negative. 

Comparison of vibration frequencies 

The a) values of all the fluoride molecules discussed at the beginning of this paper 
are shown in table 8. 

Table 8 Ground state vibration frequencies 
molecule HgF T1F PbF BiF 

They are all of the same order, and a similar study of the u> values of the other 
halides shows that for the heavier diatomic molecules w is largely determined by the 
molecular mass and is relatively insensitive to changes in electron configuration. 
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Classification of HgF Bands 

All of the HgF bands measured are shown in the usual way in table 0. No in¬ 
tensity value is given for the bands of the 2560 system, as their headless nature 
renders such a task difficult and meaningless unless the integrated intensity of the 
whole band is measured. 




Table 0. Classification of HgF bands 






2330 system. Q heads 




AA 

I 

v cm. -1 

0-0 


AA 1 

v cm. -1 

0-0 

v ', v' 

2286-4 

0 

43723 


4, 2 

2351-91 8 

42505 6 

09 

0. 1 

2290-1 

0 

43653 


5, 3 

2353 26 5 

42481-2 

1 8 

1. 2 

2299-7 

4 

43471 


1. 0Q, 

2353-86 1 

42470-4 


1, 2 P 

2301-49 

4 

43436-7 

00 

1, 0 

2355 51 5 

42440-6 

-1-4 

2, 3 

2304-36 

4 

43382 6 

-0 6 

2, 1 

2356 42 1 

42424 2 


2. 3 P 

2307-74 

3 

43319-1 

1-4 

3.2 

2358-27 4 

42391-0 

-1-6 

3. 4 

2311 n 

2 

43248 


4. 3 

2359 42 1 

42370-3 


3. 4 P 

2314 9 

1 

43185 


5, 4 

2361 27 3 

42337-2 


4, 5 

2318 1 

1 

43125 


6, 5 

2362 63 0 

42312 8 


4. 5P 

2325 56 

10 

42987 1 

-0 3 

0, 0 

2363 9 2 

42290 


5, 6 

2326-25 

H 

42974-5 


o, or 

2366-4 1 

42245 


6, 7 

2327-27 

8 

42055 5 

1-6 

1.1 

2308 3 0 

42211 


7. 8 

2327 94 

6 

429415 


i. ir 

2370 0 0 

42181 


8. 9 

2329 72 

8 

42910 4 

1 8 

2, 2 

2379-5 3 

42013 

0 

1, 3 

2330-8 

5 

42891 


2. 2 r 

2381-3 2 

41981 

-2 

2, 4 

2332 98 

7 

42850 4 

-07 

3. 3 

2381 7 0 

41974 


2, 4 P 

2336 32 

6 

42789 2 


4, 4 

2383-4 2 

41944 

2 

3, 5 

2339 46 

5 

42731-8 


5. 5 

2384 1 0 

41932 


3, 5 P 

2342-2 

4 

42681 


6, 6 

2386-0 1 

41808 


4, 6 

2344 5 

3 

42640 


7. 7 

| 2380 0 0 

41887 


4. 0P 

2346 2 

2 

42609 


8. 8 

| 2388-3 0 

41858 


5, 7 

2348-1 

0 

42574 


9, 9 

1 







2560 system. Q branch settings c 

inly 



AA 


x ern.-i 


v ’, v " 

AA 

v cm.- 1 


v " 

2495 8 


40055 


3, 1 

2584-3 

38684 


8 , 9 

2522-8 


39627 


8.7 

2584-8 

38676 


7, 8 

2523 3 


39619 


7. 6 

2585 8 

38661 


6, 7 

2324 2 


30604 


6, 5 

2580-7 

38648 


5, 6 

2524 6 


39598 


6. 4 

2587-4 

38638 


4, 5 

2525-3 


39587 


4, 3 

2588-5 

38621 


3, 4 

2626-2 


39573 


3, 2 

2589 8 

38602 


2, 3 

2527-0 


39561 


2, 1 

2690-9 

38585 


1, 2 

2551-0 


39175 


9, 9 

2591 6 

38574 


0 . 1 

2552-8 


39161 


8, 8 

2617-2 

38197 


7. 9 

2654-0 


39143 


7, 7 

2618 1 

38184 


6. 8 

2554-6 


39133 


0, 0 

2619-2 

38168 


5, 7 

2655-8 


39116 


5, 5 

2620-1 

38155 


4, 0 

2556-3 


39107 


4, 4 

2621-0 

38142 


3, 5 

2657-3 


39093 


3, 3 

2622-2 

38125 


2, 4 

2558-2 


39078 


2, 2 

2623-2 

38110 


1, 3 

2559-1 


39064 


1, 1 

2624-2 

38095 


0, 2 

2559-8 


39053 


0, 0 
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I am grateful to Professor W. E. Curtis, F.R.S., for the experimental facilities 
placed at my disposal at King’s College, Newcastle. 


Note on CdF, added in proof. 

My attention has been drawn to a reoent publication by Fowler (Phys. Rev. 62, 
141 , 1942 ) which was not available when the present paper was prepared. By heating 
CdF, from 1350 to 1600° C he obtained absorption bands, attributed to CdF of 
which six form a progression and three belong to an isolated sequence. Each of the 
six bands is apparently really a sequence of heads, unresolved because of the near 
equality of the o» values which are somewhat larger than 535 cm. -1 . These bands all 
occur in the same wave-length region as those of Pearso and Gaydon (P & G) but 
none coincide. Fowler states that the A 0 values found by him do not occur in the 
bands of P & G, but it is shown in the present paper that the data of P & G provide 
a probable value of 660 era . -1 for o'. The similarity of the AG values makes it pro¬ 
bable that both absorption and emission bands are m fact due to CdF. The main 
bands obtained by Fowler are probably due to the a 2- a 2’ transition found in so 
many of the analogous molecules to be situated in exactly the same region as the 
That three of the six bands have satellite heads is no objection, as the corres¬ 
ponding a 2’- a 2’ system in CaF and SrF, interpreted by Harvey (Proc. Roy. Soc. A, 
133, 336, 1931 ), have similar satellite heads and a comparison of spectrograms 
shows that the relative intensity of main to satellite heads is about the same as with 
Fowler’s bands. It would appear then that the a 2- a 2 transition has a greater 
probability in absorption than a 77- a 2’, but the use of higher temperatures should 
bring up the bands of P & G. A more complete Btudy of the emission spectrum is 
obviously desirable. 
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The three infinite harmonic series and their sums 
(with topical reference to the Newton and 
Leibniz series for ir) 


By P. Soddy, F.R.S. 

{Read 17 December 1943— Received 20 August 1942 —Revised 22 March 1943) 


The infinite harmonic aerie* as hitherto understood, whether with alternating or con¬ 
tinuous signs, is not the complete sen™. It may be extended m both directions to infinity, 
and then it exists in two forms, either with alternating or with continuous signs, both of whioh 
have finite 8 inns. 

These are termed A S D and °S D m contradistinction to the singly infinite harmonic series 
A S, —or, since the form with alternating signs alone is convergent, S M . Examples of both the 
former and their sums are given m the Kpmlola poMenor of Newton to Oldenberg (24 October 
1670)i 


is), 


Af-T-a, iM + \ = 




“ 2 ^' 


8So 


, * 1 - f + b— A + i’t —1 , <»+ 


n[di + \) 


The lanbmz inverse tangent Hones ( 1673 ), which is the special cast) of Gregory’s general 
form ( 1671 ), for the magnitude of the angle, tt/ 4, the taugent of which is unity, uniquely may 
bo written not only as * 6 '^, which for this case is Mjtfij, but also as the complete infinite 
harmonic senes of continuous sign with a/d = J, 


-11-7 -3 


+ ,+ i + 5 + i5 + 


The general solution for the sums, in both cases baaed on a well-known eighteenih-oentury 
theorem of Euler, was virtually given by Olaiaher ( 1873 ) and they may be wntten 


4 Si 


a + Md d 


°*Xi 


an 
d ' 


The above forms multiplied by a (or what comes to the samo thing setting a as unity and 
using the ratio dja for the ‘common difference') boar the geometrical interpretation that the 
sum, for the alternating sign series, is the ratio of tho length of the are to that of the chord in a 
circular sector or segment of included angle (2 n<t)jd, and, for the continuous sign senes, the 
same ratio multiplied by cos (ait)jd, Ttie two senes are thus completely self-ooutainod periodic 
oiroular functions without any restriction whatever on tho magnitude of the angles they 
numerate. 

Glalabor's well-known senes for highor powers of n ( 1873 ) are all doubly infinite series, as 

[!°°"“ vi” (otW : (^w« : 


the first showing m this form that for tho alternating sign senes the sum of the squares of the 
individual terms is equal to the square of their sum. 

From this viewpoint tho ordinary singly infinite harmonic series S s consists of the positive 
terms ofaootangent series and tho negative terms of the corresponding tangent series. Never¬ 
theless, its sum can be found by modem methods using complex numbers when a and d are 
integers and a/d is not greater than unity. 


VoL 18a. A. I16 December 1943) 
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A table of same for all oaeee up to d «■ 16 i« included. The gum) are of the form of the lum 
or difference of HtSp ] and a oompomte logarithmic quantity termed *i*. 


2 * 

CO “P log, see™ 

(1) 

2 »~d/4 

*!«.= - E om 
“ »=1 

“7 log.cot™ 

(2) 


(1) applies when d is odd, (2) when it is even, m being 2n — 1. If d/2 is even, the upper limit 
of summation m (2) is (d—2)/4, not d/4 

In (1) log sec (im/d) is 2 noth -1 cot* (jm/2d). In (2) log oot (tmt/Sd) is tanli-* oos (ttm/d). 


TlIK T1IRKE INFINITE HARMONIC SERIES 

It has hitherto been somewhat absolutely laid down in all the algebras that the 
harmonic progression scries cannot be summed. Thus to quote Chrystal ( 1886 ): 
‘Notwithstanding the comparative simplicity of the law of its formation, the 
harmonic series does not belong to the category of senes that can be summed.’ True, 
the context—which ‘ leaves it as a good exercise m algebraic logio to the student to 
prove that tho sum of a harmonic series to » terms cannot be represented by any 
rational algebraic function of n ’ —suggests that no more may have been meant 
than that it differed from the geometric and arithmetic progression series in that 
there could be no general solution for the sum of any finite number of terms. But in 
this, surely, it is the arithmetic and geometric progressions that are somewhat 
exceptional, since few of the infinite series that can be summed can be summed for 
any finite number of terms Intuitively it would, perhaps, appear tliat this must 
be true of any such senes that sums, as the complete harmonic series are shown m 
this communication to sum, to a transcendental number. Nevertheless, as also is 
shown here, one of the complete infinite liarmonic series is divisible into two parts 
which can be separately summed. 

Again, it may be held that the algebras for some reason confine the term, harmonio 
series, to tho one form with continuous sign, for which what has hitherto been 
regarded as the infinite series is of necessity divergent and has no limiting sum. But 
as the term, geometric progression scries, is equally applied in all the algebras to 
series with alternating and with continuous signs, there seems to be no logioal 
reason for this limitation. Even so, as regards the complete infinite series of con¬ 
tinuous sign, the statement is not true. For, in the harmonic series, the paradox 
seems before to have esoaped notioe that though, as previously understood, the 
series is divergent, that series is not the complete series, but only one-half of it. 
When extended to infinity in both directions, whether the signs are continuous or 
alternating, the series are, like the singly-infinite harmonio series of alternating sign, 
of necessity convergent. There are thus three different infinite harmonic series with 
finite sums, all of which can be summed. 
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In this communication, general expressions are given for the sums of all three— 
the two doubly-infinite series being symbolized as A 8 D and °S D for the series of 
alternating and of continuous sign, respeotivoly, and the singly-infinite series of 
alternating sign as A 8 g , or, since this alone has a finite sum, simply S g . These symbols 
are used both to identify the series as well as to denote their sums, as the context may 
require The harmonic series is taken in this paper to be defined as a series of any 
number of terms which are the reciprocals of numbers in arithmetic progression, 
whether continuous or alternating in sign. In this symbolism, the ‘first term’ a and 
the ‘common difference’ d of the cognate arithmetical progression are denoted, 
respectively, by a post-superscript and pre-subscript, thus— ^8%, and d 8%. 

The name, harmonio, derives from acoustics, the successive terms both of the Leibniz 
series for 7r/4, and that of Newton for nj(2 J2) to be cited — 1 , J, |, £, fa, etc.—being 

numerically in the ratio of the wave-lengths of the fundamental tone and the suc¬ 
cessive harmonics of the closod or ‘stopped’ organ pipe Originally, Professor 
Turnbull recalls, they were also known as ‘musical series’. In the case of the geo¬ 
metric progression series, whether the signs are continuous or alternating depends 
on the sign of the common ratio, wheroas for a 8 1> the sign of the term depends on 
which sido of the zero it is But for A 8 lt the alternation of sign is inherent in the 
nature of the series. As regards 8 g , it may be regarded either as the positive half 
only of A 8 U , or as a composite of the positive half of one with the negative half of 
another, and very closely related, V S D , and the possibility of its general summation 
is, therefore, as has been indicated, a little surprising 

Thk series of Newton and Lkibniz 

Professor Plummer, who had made translations of some of Newton’s earlier 
mathematical writings, in readiness for the tercentenary of Newton’s birth on 
25 December 1942, has most generously made his unpublished MBS. available to me 
in preparing this paper. A cordial measure of general appreciation is due to him for 
having made possible an interesting historical discovery just in time for this ter¬ 
centenary. Newton’s best-known series for the evaluation of n —very much the 
best till then discovered, and given in all the text-books usually under the term, the 
sine series—occurs in the Ep is tola prior, to Henry Oldonberg, Secretary of the 
Royal Society, 13 June 1676, for communication to G. W. Leibniz. But in the 
Epistola posterior, dated 24 October 1076, thero is another series, also fairly well 
known as Newton’s, though not always correctly reproduced, very intriguing in the 
present connexion as it appears to have been the first unequivocal example of a 
doubly-infinite harmonic series of alternating sign. But, in looking up this, another 
was found in the same letter, not before specially associated with the name of 
Newton, which turns out to be the first unequivocal example of the doubly-infinite 
series of continuous sign also. The first, as Newton wrote it, and as it has been written 
(when correctly written) for over 265 years, is 

*!+J—J-l+fc+A- A ~A. etc * 

8-3 
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for the length of the quadrantal arc of which the chord is unity ’—that is, for nj (2 *J2). 
When written as (since in general is the same as A d Sji a ), it iB either 


i$b or 




or 


111.11 7T 

—_ll + --7--- 3 +1 -5 + 0- + -- OO = 2^2’ 


“JiSJ, or 




111111 n 

~5~~i + i~i + n~ + _QO = ijr 


The second series, the prototype of d S%, which Professor Plummer pointed out 
is obtained from the first by addition to the Leibniz series for tt/4 and dividing 
by 2, occurs as a device for shortening the computation of n by either of these series: 

‘ For if one wished by the simple calculation of the series 1 + J — fc—-f+£i etc., to 
find the length of the quadrant to twenty decimal places, it would need about 
5 000 000 000 terms of the senes for the calculation of which a thousand years would 
be required. Through the tangent of 45° the result would be obtained even later. 
But by using the sine of 45°, fifty-five or sixty places of this senes 

>/i * 0 +A+Ttu+ *8*>®fc c> ) 

would suffice; the computation of which in my opinion could be finished in three days 
or four.... 

‘ By the series of Leibniz (i.e. Gregory), if half the term in the last place be added 
and some other like devices be employed, the computation can be carried to many 
decimals. As by assuming the sum of the terms 


1-f+i—A+ iv-s’s+ts-tt+sV et c . 


is to the whole aeries 

as 1+^2 to 2.’ 

This second scries is 


1 — i + i ~ -f +1 — +, etc , 


%Sb or 2 


8M+1 
oo ..+ 


i * I •_ 1 

23' -15 + "-7 +1 + 9 + T7 + 25 + 


7T (y fc+l) 


The Leibniz series (1673) which is usually described, quite inadequately, as ‘merely’ 
a special case of Gregory’s inverse tangent series (1671) 

tan^M = u — Jm 8 —J« 7 +|u*- + —...00, 

for the magnitude of the angle, w/4 or 4C°, for which the tangent, «,Us unity, is quite 
unique. For not only is it the exact half of ^Sb, 


A * s 'b = Q0...+ - -| 0 + 


1 1,1111 

+ _3-^i +l -3 + 5~7 + 9 _ 


2 ’ 



117 


The three infinite harmonic series and their sums 
but also it is the complete continuous-sign series, with o, 1 and d, 4 


m or 2 : 


The double paradox is that -^8% appears when written in numerical sequence as the 
sum of two different, but related, singly-infinite harmonic series— ^8% = i8£ + d 8^~ a 
—whereas the continuous sign series, d So, appears to have regularly alternating signs, 
but, except for the Leibniz series, not to be numerically harmonic. It has to be 
represented, for example, as tho difference of two related singly-infinite series of 
continuous sign— n d 8% = r d 8%— d S , h ~ a —and is an instance of how a convergent 
series may result from tho difference of two related divergent series. Thus Newton 
was the first to give unoquivoeal examples of both of the douhly-infinite harmonic 
series, the Gregory series, which preceded these by three years, being the special 
case where all three types of infinite harmonic series with finite Hums are the same 
or similar. 

The case where a and d are both unity= log* 2—in doubly-infimte form, 
IS?, and S.80, is also unique in that tho sum in oach case is infinite by virtue of the 
single central term, 1/0, the rest of the terms cancelling one another in two different 
ways, 

1-85, = - log* 2+* + log. 2, W + h + f {S l x, 

those 011 either side being numerically identical but of opposite sign. But these 
senes are not in any proper sense of tho word divergent. On the contrary, the sum 
iB exactly the same, however many terms bo taken, so long as they are symmetrical 
with reference to tho M = 0, or zero, term. 


The sums op the two doubey-ikpinitio habmonio skbiks 
Tho general solutions for tho sums of both typos of doubly-intinite harmonic series 
are given by the eighteenth-century theorem of Euler, known sometimes as the 
expansion of the cotangent in partial fractions, though hitherto, naturally, this 
can liardly be expected to have been recognized, since the series themselves seem 
to have escaped recognition. But they were virtually given by Glaisher (1873), as 
series without number by which n can be evaluated, in tho forms 

• *r, 1111 *1 

n = nsm- 1 + — 0 —+ „-; +-+ + ..00 , (1) 

n|_ n — 1 n + 1 2n — 1 2n + 1 J 

1 t =» »tan-| 1-- + - 1 —— — -l- 1 -... ool, (2) 

»[_ n— 1 n +1 2n — 1 2n + I J ' ' 

the second being the Euler cotangent theorem, and the first being simply derivable 
from it by tho relation 00sec 6 = cot Of 2 — cot <9, whioh, incidentally, is that con¬ 
necting the two prototypes due to Newton. It suffices merely to replaoe n in 
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these expressions by d/a to obtain the general solutions for the sums of both 


types. 


r(-i£ 


an 

T' 


(3) 



an 

~d 


(4) 


Dividing these by a gives the solutions for the sum of the infinite harmonic series, 
as here defined: 


18% 


h,a + Md 


n 

d 


(5) 




+ 00 

_s 


+ 1 

a + Md 


(6) 


These expressions show that these series (multiplied by « if a is not unity) are simple 
completely self-contained periodic circular functions, without any restriction what¬ 
ever on the magnitude of the angles which they numerate, though, as for the other 
trigonometrical ratios, in their geometrical interpretation appropriate sign con¬ 
ventions must bo adopted for ‘angles’ greater than n for the first and n/2 for the 
seoohd. The first, a x *8% is in fact, the trigonometrical ratio earliest to be used, 
by the Greeks. It is the ratio of the length of the are to that of the chord in a oiroular 
sector or segment of included angle (2 an/d). The terms in which Newton stated the 
sum of his series for which a/d is 1/4, ‘ the length of the quadrantal arc for which the 
ohord is unity’ were, prophetically, quite general, if ‘quadrantal arc’ is generalized 
to the (a/d)th part of the circle That for Gregory’s senes, for example, for which ajd 
is 1/2, doubled by extension to infinity backwards, sums to n/2, the arc/chord ratio 
of the Bomicircular arc. The second, a x is the same arc/chord ratio, multi¬ 
plied by that of the apothem to the radius, as the Greeks would have said, 
or coa(an/d). Thus for the Gregory series summing to tt/ 4, it is n 1(2^2) x 1/^/2, ajd 
being 1/4. 

The corresponding forms for the secant and tangent, using a' to denote d/2 ± a, are 


iS£ or 


' " (— 1)"__ n an 

*i,Md+dl2±a~ d mC d'’ 


(7) 




( 8 ) 


Thus, subtracting from Newton’s series for n/(2*j2) that of Leibniz for 7 t/4 , and 
dividing by 2, instead of adding the series, gives ^$5?, instead of which sums to 


n{&-l) 
8 ’ 
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in oonformity with cot(ir/2— 6) = tan 6 and with cosea Q —cot d = tan d/2. The re¬ 
lation, derived from this last by combining with it the corresponding addition relation, 
coseo 0 + cot 6 — cot d/2, 

coseo 6 = |(cot d/2+tan d/2) = ${cot d/2 + oot (tt/2 - d)} 

= i{oot d/2 - oot (n/2 + d)}, 


represents the splitting of ^ 3 % into by taking alternate terms 

l . 1 .1 I 1 .1 1 




_ 1 1 

a —id a—d 


: td^O 

-aU-ahi- — -Mr- 


The terms to the right of the dividing line constitute d S%, which is thus simply shown 
to consist of the positive terms of a cotangent series and the negative terms of 
the corresponding tangent scries, both with d doubled. 

Extending the series in both directions to infinity, by bringing in every positive 
and negative value of every natural number once, makes the sign of M and that of 
d[a on the left in expressions ( 3 ) and ( 4 ) immaterial On the loft the sories is un¬ 
changed and on the right the sign of d/a is changed twice if at all, and, since 

cosec( —d) = —coseod and cot(— d) = — cotd, 


the product is unchanged. It is only the range of d/a from unity to zero that enters 
into the composition of the series. Integral changes of d/a change (d/a) M to, say, 
(d/a + n) M = d/a M + nM, that is, they are the Baine as integral changes of M, which, 
since all valuos of M are represented in the series once and once only, do not affect 
the numerical values of the terms at all, or their sign in ( 4 ). In ( 3 ) if a is odd there is 
a change of sign by virtue of the (- l) w numerator. In this way the series oonform 
to coseo 0 = coseo {wr + ( — l) n d} for ( 3 ) and to cotd = cot (rm + 0 ), where n is any 
integer. When ajd is integral, the term for which — M has this value becomes 1/0, 
the sum becomes infinito by virtue of this single term, the rest of the terms oaneelling 
as already stated, conforming to the infinite value both of cosecant and cotangent 
for angles whioh are integral multiples of n. When ajd is 1 /2, the terms for the positive 
and negative halves of tho series are numerically identical, of the same sign for ( 3 ) 
so that the series sums to n/2, in conformity with cosoc tt/2 being unity, and of 
opposite sign for ( 4 ) conforming to cot tt/2 being zero. But the feature that justifies 
the harmonic series being considered, not ‘merely’ a special case of the power 
series, as those for the sine and tangent, for whioh the powers involved are those of 
unity, but as a class to themselves, is that, in sharp contrast to suoh series, their 
oonvergenoe remains quite unaffected by the magnitude, however great, of the 
angles they numerate. 
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Qlaishek’s series fob the powers of It 
Glaisher (1873), by two successive differentiations of his expression (2) with regard 
to njn, obtained the following now well-known series for the square and the cube of it: 

” "’ “°‘ (») [' + (n -Tj* + (» +lj* + (2n - Tp + (2nTT)’ + + " ' ’ <*> 

^ + - •■«]• <“> 
These also can be expressed more concisely and informatively in doubly-infinite 
form as 


fit an~] 2 riT ^njr~\ «•? 1 

\_d 00860 d J [d 001 dj (a+ Afdf • 


The first shows that the harmonic series which numerates the are/chord ratio of the 
circle has the remarkable property that the sum of the squares of the separate 
terms is equal to the square of their sura This is reminiscent of the relationships 
governing the curvatures of four mutually kissing circles and of five mutually kissing 
spheres (1936). The second shows that if ^S a D is multiplied by the squared -\Si, the 
separate terms of the former series are cubed. Some similar results are given—(13) 
is from (10), (14) from (8), (15) from (7) and (16) from (1), all by simple differentiation: 



(13) 


Yrr an |* ^ 1 

|_d 860 d J X(Md+d/'2+a)*’ 

(14) 

C 

rr\ 2 an an ( —1) M 

i) d d (Md — d/2+a) v 

(15) 

(»r\* 

id) 00860 

an an '*(" 1 1 "1 

d d h L(2ifd+«)* (2 Md +d + o)*J ' 

(16) 


(16) oould be now more simply derived from 4 cosec 0 . cot 0 = cosec*(0/2) — seo*(0/2) 
(15) and (16) show that alternating sign series can be obtained for an even power of 
it, the alternation resulting inherently for (15) and as the difference between two 
continuous sign series for (16) For a/d = J, when the two are identities, there 
results the curious Beries 


It is, to say the least, surprising that these doubly-infinite forms, which in the 
calculus of infinitesimals are as common as the singly infinite, should apparently 
not have been made use of previously in the calculus of finite differences, though no 
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special examination of this point has yet been made. There is, however, at least 
one very interesting example (Hobson 19280) where relation ( 11 ) is given as an 

exercise—‘Prove that y -—= cosec* 6 ’—and which renders it the more 
n —«(nn + (/)* 

curious that the applicability of the form to the doubly-infinite harmonio series of 
Newton should, apparently, have escaped notice. 


The sum of the singly-infinite harmonio series 
The problem—to find a general solution for the sum of the Bingly-infinite harmonio 
series, S 8 —can now bo somewhat narrowed. Since *S a L) — d S% + ,iS%~ a — ^coseo^, 
S 8 is known if can be found. Calling th is 2 J a , and JP the difference term, 

d 8% = ^cosec ^+JP and = ^cosco-J-^. 


Many ineffectual attempts wore made by simple methods to find S 8 or JP, but two 
results were obtained from this enquiry which may first be mentioned as throwing 
some light on the problem 

Tho first was that tho pair 3 .S'^ and can be summed by inspection on comparing 
it with 


Wh 

3 flj 


i-l+l-iV+A- i 1 « + iV“i?x+*V-^+3 l r“^r+ “• > 

l + i + J+iV+i l j b] 1 4 -i- 1 J ff+ fc+fa+g'g+ii 

.r^r 

+ + i l * “iV+j/b --&+3V" 4V+ ~ 


Comparing first 3 »S^ and S% and removing like terms, all the remaining terms of 
3 8g can be removed by a pair in one in the upper and one in the lower line, as 
— J with (i — i), — ^0 w >th (^o — J) and so on, leaving of 38^, when an indefinitely 
large number, N, of terms of 3 Sh are operatod upon, 


•V-V l ( Af~.IV 1 1 ( _ l)M 

1 3 j^i M 


-Jlog t 2. 


Similarly for 3 S% the remaining terms of sum to + J log, 2. Hence 


3 ^ = 3^ 3 + i lo g t 2 and 3 S% = ^-| log, 2 . 

When the sums are known the result is ‘obvious’ from the general relation, when 

d is odd, 

a^h~d^s+d^%~ —•••+€i^s - * - 


which, for d = 3 , gives 3 #J{ — 3 #|, = flog, 2. But for d = 5 , of the four series to be 
summed, although every other combination by pairs can be obtained by similar 
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simple devices, the ones wanted, J, a , could not, as there always seems to be one 
more unknown than equations to solve them. For d = 3 , the solution is possible, 
because ooeeo7r/3 =* 2 ootw/ 3 . 

The seoond attempt is more involved and has led as yet to no useful result, but 
may be worth noting. If, for example, the two senes composing J, a have denominators 
differing by 2, as is the cose for o = 1, then replacing them by others in which for 
each separate term, l/(p+1) and l/(p— 1) respectively, the corresponding infinite 
geometrical progression series, l-p+p*-... and 1 +p+p*+ the arc/chord 
ratio and J, a assume similar forms 


^ = ^ + 1-Sr i = |oosec| 


i+2 m £f 


Jti (Aid )*" 1 






(_n« 

U2 V v • _ 


In this example, the former has the even and the latter the odd powers of m in the 
terms, but this may or may not be significant as in other oases, for example, in 
operating similarly on the W <S’£ _1 ± M S % +1 pair, the converse is the case. This seems 
to establish that J, a is a quantity similar in nature to the arc/chord ratio but its 
geometrical interpretation has not yet been achieved. 

The series S s can be summed by the use of complex numbers in a form satisfying 
the modern sense of the term, summation, that is, the sum can be expressed by a 
number of terms having no relation to the number of terms m the series, except 
when the d/a ratio is itself transcendental, for which the one infinite series would 
be replaced by another. In other words d and a must be integers, when the number of 
terms in the solution is a function of d only. Also, so far as yet examined, it would 
appear that a/d must not be greater than umty, that is, the summation of any finite 
number of terms of S 3 is still not possible, as ChryBtal in 1886 enjoined his students 
to prove for themselves for the continuous sign series. 

In the current text-books on infinite series and on trigonometry, among fairly 
numerous examples of what have been shown to be doubly-infinite harmonic series, 
summed by Euler’s theorem, the sum was found for three of the simpler cases of 
S g —the above pair with d = 3 , and —but hitherto it seems to have been 
regarded ‘merely’ as a special case of more general forms and no general solution 
attempted or obtained. The clue was given by the last, the sum of which is given by 
Hobson (1928 b) as an exercise in the form: ‘Prove that 


tan^a tan -1 /? tan~ l y jt J 3 , 2 + J'i 


3 Li-|+^r-iV+sV-•••]• 


where a, /?, y are the three oube-roots of unity.’ This example well illustrates the 
dual character of the problem, which may be stated as follows: To find, first, a 
particular combination of the roots of unity which, expanded as the power terms 
of a series containing the terms of the required S 8 , as the factors, sum to zero in 
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all the terms of the series, except those in S s , and to the latter assigns the real root, 
+1 if the number is odd, or roots, +1 and — 1 if the number iB even, with the 
correct sign. This part of the problem being arbitrary, the rules to be observed are 
likewise arbitrary. The second part is to transform the particular combination found 
effective into real quantities only, which, the problem being essentially geometrical, 
is always possible. 

In the above example, only odd numbers enter into the terms of the series, t S^, 
and Gregory’s inverse tangent Beries satisfies the conditions. Out of four possible 
combinations of odd and even values of a and d —reduced in practice to three, by 

virtue of the relation = - L,<Sg]—it can be used for this one only. The rules 

V 

are (1) to use, as above, the d /2 (d/2)th roots of unity when d/2 is odd, and (2) when 
d/2 is even, the first half, d/2 in number, of the odd-power (2d)th roots. Thus the 
solution by this method for i Sh is 

8 w' 1 tan -1 g6J 1 + g w~ 3 tan- 1 gf<> 3 = 2[1 — J + ^ H-h . . oo], 

The other series available 

log,(l +r) = x—^x a +^r > — Jar 4 -!-h ..oo 

has in the denominators all the natural numbers, oven and odd, and, with a corre¬ 
sponding pair of rules, servos to sum any S s with integral values of a and d, ajd not 
exceeding unity. These rules are- (1) d odd, or d„, use the d (d)th roots; (2) d even, or 
d e , use the d odd-power (2d)th roots. 

Further, m both cases, the a of the senes appears as a power of the root by 
which the term is divided, the general form of tho single term of the combination 
beipg <u _an tan _1 <u n and «~" n log,. (1+w n ) respectively. It is remarkable how simply 
this (pre-Euroka!) formidable complication in generalizing the above example is 
accommodated. 

The general solutions in the two cases can then be expressed m the first instance as 

( d \ 2 »-*/» 

-g oddj dt S& = - d JE d/jw ""*tan- 1 d/a w’‘; 

( d \ 1 »-<*/* 

2 even J ^ ^ adU~ am tan" 1 iW w m ; 

( _ 1 \o+l n=d 

d'S% - > J - js a (o ~ an i°gc (i +d" n ); 

>1,88 = d logs (1 +ad wm ); 

_ 27771 . 27771 , 

mt = oos —r- +1 sm —j- and m 
d a 


where 


= 2ti — 1 
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In the seoond step, the reduction to real forms, the requisite formulae are 
tan -1 (±cos0+»sin0) » ±| + i*log,tan^+^j; 

tan -1 (±cos0-»sin0) = ±^-i*log,tan^+|j; 
l°g«(l + oos0±» sin 6) = 41og,(2 + 2cos0)±t 


log, (* — cos 0 ± sin 6) = $log s (2-2cos0)±i^-|j. 

(The + or - sign on the right conforms to that on the left in each of the four formulae.) 
In practice it is tatter to operate with the difference pair, rather than with the 
separate series, which eliminates the imaginarios at once, and then to add JP to, 

or (subtract it from, ^ cosoc ^ to get d S% or 4 S%~ a respectively The two series yield 

identities when either may be used. In their final form the general solutions are 
[(17) applying when d is odd, (18) when d is even, m — 2n — 1, and when d/2 is even, 
the upper limit of summation is (d— 2)/4, not d/4]— 


(-I)V 8 


2 »"(d—D/s 2ann nn 

d n h “■nr 10 ** -00 d ; 


(17) 


t . 1 " 0 


® »-i 


cos d log, cot 2 ^. 


(18) 


In (17) for log sec (7m/d), 2 coth~ l cot 2 (im/2d) and in (18) for log cot (7rm/2d), 
tanh 1 cos (nm/d) may be substituted, so that for the simpler forms jP consists of a 
single term, the product of a circular function and inverse hyjierbolio function. 
Further, in connexion with the goometnc interpretation of jP, it may be remarked, 
that when, instoad of J a , the single S s is calculated, the part (rr/2d)co8eo (arr/d) 
appears as a series of sines of multiple angles, given by (19) and (20), which, but for 
the considerations with which this section began, might not have been recognized 
as cosecants. 


(19) 


= (_l)«+i £ nsin- 


( 20 ) 


(19) for d even reduces readily, by combination of terms equidistant from the ends, 
to the ordinary oxpression for a series of cosines of angles in arithmetic progression, 
but (20) for d odd is less tractable. 

Thus the singly-infinite harmonic series, itself part only of a doubly-infinite 
series summing to a transcendental number, can also be generally summed. That 
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previously this appeared to the author to be very unlikely may have arisen in part 
from the extension of the meaning of the term ‘ summation ’ of recent years to series 
which sum to transcendental quantities. For, a century ago, possibly even when 
Chiystal wrote, neither series would have been considered really ‘summed’. The 
method employs the various imaginary roots of unity to modify series, of which 
(so far at least) there are only two known as effective, each of which starts from unity 
and itself sums to a known transcendental number. This does not in itself seem to 
imply any general possibility of partial summation of senes summing to trans¬ 
cendental numbers but rather that the harmonic series may be exceptional in so far 
as two singly infinite forms exist by wluch the transcendental numbers it and e are, 
or oan be, expressed in terms of the natural numbers. 

Table of sums 

A table accompanies this paper giving the composition and numerical value of 
jL a and the numerical values of d S% and d 8%~ a for all the necessary values up to 
d — 16, only those with a prune to and less than one-half d being mde[>endent series. 
The numerical values of Jit 1 and d S d ■* have been calculated from and have the 
accuracy of Chambers Mathematical Tables, the values being given to seven places 
of decimals with the last uncertain Up to this accuracy, which involves that of the 
cosecant as well as of J a , they have been checked by entirely independent com¬ 
putation of d S% by the method recently published ( 1942 ). But these computations 
are taken to from 12 to 15 places, the last being accurate The computations being 
made entirely without mechanical aid, tho best method was found to be to do succes¬ 
sive computations of each series with mcrcasing values lor n till tho target accuracy 
was attained, as in this way errors could be more readily detected. It is quite idle to 
compute more than a very few ‘small terms ’ by this method, five to ten at most, or 
to proooed further aftor the convergence ratio rises above 0 2 to 0-25, owing to the 
impracticability of estimating accurately the unincluded remainder Tho latter 
must be made relatively negligible Values of n from 10 to 20 were used for the final 
computations. The main quantity was computed by the method of ‘summate 
numerators’ oach term of the n -1 terms being computed by long division and 
checked at onoo by remultiplication To determine from these computations d S%~ a 
to tho same accuracy would naturally require the cosecant to bo known to the same 
number of places. 

Incidentally, this computation method, for *Sf, of course not for d S%, would 
now probably be one of the quickest and most powerful ways of computing the 
cosecant and other trigonometrical ratios ab initio. For the cosecant of an angle 
D°, a being D/180, the formula is 

cosec no __ _ n * 31 y 1 °° ___ 1 _ _ 

2“- 1 7T . (2 M+a) (2 M +1 + «) (2M + 2+o)." (2 M + n+a j 

(n+l)factors (n = 1,2,3,..., 00 ). 



Sums of the singly-infinite harmonic series. 
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0-2758 9821 9208 
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Examples (d = 5)-2i + 12 u -cos y log, sec |+cos ” log, sec (d = 8)+31 -13 
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Relaxation methods applied to engineering problems. 
VIII. Plane-potential problems involving specified 
normal gradients 

ByR V Southwell, F.R.S. and Gillian Vaisky 

(Received 11 February 1943) 

Since every plane-hannoiuc function is asstu iute«l Willi a conjugate, problems in which 
normal gradients are specified on tlie boundary oun l>e transformed into problems m which 
boundary values aro specified. There then remains, however, tbo problem of deducing a funo- 
tion ifr bom its conjugate <j>, and(us, when the conjugate has been determined only approxi¬ 
mately, entails uncertainties whiah wore exemplified in Part, V. To minimise the errors of 
approximate computation ijr and <t> should be determined severally and independently, conse¬ 
quently a method of dirmt attack m still needed on problems m which normal gradients are 
specified. Recent applications have, moreover, presented oases m a Inch the boundary con¬ 
ditions aro ‘mixed’, te values arc specified at some parts of the boundary, gradients at 

Hero, two methods ore propounded for tho satisfaction of mixed boundary conditions, the 
first applicable also to coses in which normal gradients alone ore specified. Test examples 
indicate that tlio wonted extension of method is now available. 


Introduction 


1. There are two standard cases of tho plane-potential problem. In the first, 
the wanted function \jr is governed by Laplace’s equation 




a * 1 dtf 


(1) 


and takos specified values at points on the boundary. This case was treated in 
Part III (Christopherson & Southwell 1938 ),* along with variants in whioh account 
* The short titlo 1 Part III 1 will be used throughout tins paper. 
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waa taken of refraction and plasticity, or in which ( 1 ) was replaced by Poisson’s 
equation 

V*u> + Z» 0 , ( 2 ) 

Z being a specified function of x and y. The second case is different in that the normal 
gradient of the wanted function, instead of the function itself, has to take specified 
values at the boundary. In both cases the solution is unique., except that in the 
seoond any constant quantity may be added to w. 

A particular integral of ( 2 ) can always be formulated, either exactly by a known 
formula m the theory of attractions, or approximately, after expression of V*u> in 
finite differences, consequently any problem governed by an equation of type ( 2 ) 
can be reduced to a plane-potential problem governed by ( 1 ). Moreover with every 
solution of (I) there is associated a conjugate plane-harmonic function <j> such that 
(0 + i\j/) is a function of the complex variable (x+ty),—l.o. such that 


and therefore 


3</> 

difr 

3$ 

3f \ 

dx 



dx’ | 

3 </> _ 

3i}r 

JA = 


3v ~ 

da’ 

3a 

3v ’) 


(3) 


when 8 , measured along the boundary, and v, the outward normal, are related as in 
figure 1 . This means that a problem of the second class, in which dfr/dv has specified 
values at the boundary, can be formulated and solved as a 
problem of the first class, in which d<p/da (and consequently 
except for an arbitrary constant) has specified values. The y 
subsequent problem of deriving from <f> was discussed in 
Part V (Gandy & Southwell 1940 ).* 

2. Thus the two standard classes can be identified, and 0 
from an ‘orthodox’ standpoint they do not call for separate Fxauax 1 

discussion. But a third class of problem can be envisaged 

whioh is not similarly reducible either to the first or to the second, viz. that 
class in which the wanted function is governed by ‘mixed’ boundary conditions, 
its value being specified at some, its normal gradient at other points on the 
boundary. We have had no occasion, so far, to discuss it in this series, but a recent 
application of the relaxation method requires that it now be considered. Plainly 
its solutions will be unique, like those in which only boundary values are 
specified. 

Moreover the second class too calls for examination from a ‘relaxation’ stand¬ 
point, because we must expect as unavoidable errors due to incomplete ‘liquidation 
of residuals’. Strictly speaking, unless a funotion satisfies equation ( 1 ) exactly it 
has no conjugate, and on this account an element of arbitrariness is apparent in the 
methods of Part V, whereby having determined \]r approximately we sought to 



The short title ‘Part V’ will be used throughout this paper. 
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determine its conjugate function <f>. Here it is shown (§ 5) that if we impose as the 
oondition for ‘optimal conjugaoy’ of $ and 96 that the integral 



—evaluated for the whole region contained within the specified boundary—must 
take its minimal value, then when \Jr is given 0 will bo subject to the conditions 

V-0 = 0, everywhere in the region, 
a«4 dilr 

= -Q-, everywhere on the boundary. 

This means that whether or no >Jr has been computed, strictly spoaking we ought to 
oompute <f> independently, by a technique devisod specially for problems of the 
second class. 

3. We are thus impelled to search for such technique, and it should if possible be 
also applicable to ‘ mixed ’ boundary conditions. This is the purpose of the present 
paper, which propounds for mixed boundary conditions two methods of attack— 
the first applicable also to cases in which normal gradients alone are specified (class 2 ). 

The basis of the methods ot Part III was that mechanical interpretation of ( 1 ) 
and ( 2 ) whioh is afforded by ‘Prandtl’s membrane analogue’. Seen from this stand¬ 
point, specified values of dw/dv are specified values of T(dwjdv), T denoting the 
tension 111 the membrane, i.e they are line-intensities of transverse loading applied 
to the membrane at its edge. ‘ Method 1 ’ (§§11-13) adopts this physical picture and 
proceeds in the manner of Part III, replacing the continuous membrane by a net 
of finite mesh, and aooepting the errors which result from such replacement (on the 
ground that these become insensible as advance is made to successively finer nets). 
It is equally applicable to problems in class 2 and in class 3 (§2). ‘Method 2’ (due 
in principle to Dr J. R. Green) is an alternative treatment of mixed boundary 
conditions (class 3) whioh seems likely to have—in special circumstances—some 
advantages over Method 1. It was tested (by Dr L. Fox) before ‘Method 1’ had 
been fully developed. 

The worked examples were chosen solely as test cases, not as having any intrinsic 
interest. Their solutions are known, and without entailing inessential complications 
each leaves room for all errors really characteristic of the procedure tested. 

4. Being concerned with fundamental aspects, this paper affords an opportunity 
to record some extensions of tho theory first outlined in Part III. In Section I, §5 
deals with the problem noticed m § 2 , namely, given an approximation to some plane- 
harmonic function ft, to obtain the best approximation to its conjugate function 0 ; 
§§ 6-9 give a physical explanation of the fact (noticed in Part III, but only as a 
mathematical deduction) that closer approximation is attainable with a use of 
triangular nets (N — 6) than with eitlier square or hexagonal nets {N = 4 or 3); 

9-a 
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§9 completes our physical pictures of ‘relaxation nets' regarded as actual nets of 
tensioned strings transversely loaded at their nodal points,—showing what string 
tension must be postulated in order that a chosen net may be the finite-difference 
approximation to the tensioned membrane of ‘ Prandtl’s analogue’. 


Section I. Some general theorems 


Approximate computation of conjugate plane-harmonic functions 

6 . When (owing to unavoidable errors of computation) \jr is not strictly plane- 
harmonic, no single-valued function 0 will satisfy both of 


00 dijr 00 dijr 

dx dy* dy dx’ 


(3) bis 


and we have the problem of choosing <j> to minimize the residual error. We may take 
as the measure of this error the integral 



evaluated for the whole ‘ field ’ contained within the specified boundary. i.e., given 0 
we may say that the optimal approximation to its conjugate function 0 is that 
which makes Q a minimum. 

Let 0 = 0o+0', 

where 0„ satisfies the conditions 

V*0 = 0, everywhere in the ‘field’, 

00 00 , L t 
dv = ds ’ ever y where on “*e boundary. 

Then on substituting in (4) from (0) we havo 

WJ{£(£-2)*¥(S+3)K 

and the last of the integrals in this expression 

-» 2<j)0' ^^-^jds — 2jJfl'V a 0 o dxdy, by Green’s transformation, 

=» 0 since 0 O satisfies the relations (5). 


(6) 

(5) bis 


(7) 
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Again, since <f> 0 and i/r are invariant, so also is the first integral in (7). Consequently 
Q has its minimum value when 

i.e. when </>' - const., so that # (like f> 0 ) satisfies (5). 

According to this conclusion the optimal approximation totfiis governed by (5) and 
as such is independent of any errors in the computation of i]r. Its determination is a 
plane-harmonic problem of the second class (§ 1), calling for special technique. 


Physical aspects of the relaxation net 
0. In Part III* it was shown (§§ 0 -8) that when N - 3 or 4 



according to (2), 

(i) ' 

when iV = 6 




\ 4 ^ 04 

)• 


according to (2), 

(ii)' 


with neglect in every instance of terms of order a v . (Here w, V*u>, V*w are values taken 
at some nodal point O of a regular net (figure 2), round which point N other points 
are arranged symmetrically at a distance a. E a N (w) stands for the sum of the values 
of w at these N surrounding nodes ) 



Fioubk 



The difference of the left- and right-hand sides of (i) or (ii) was taken as a measure 
of the ‘residual force’ at O, and rules were devised whereby all residual forces can 
be brought to zero by a ‘systematic relaxation of constraints’. For computation 
it has been found convenient to multiply this measure of residual foroe by N, i.e. to 
replace (i) and (ii) of (8) by 

F = F + F = 0, (9) 

* In Part ill, Z was written for V*u>, i.e. for — Z as employ od in (2) and throughout this paper. 
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where F , the ‘ force ’ exerted on account of ‘ displacement ’ w, 

= Z aiN (w)~Nw, 

F, the ‘external force’, = V*u> = NZ%, when N =» 3 or 4, (10) 

4 4 

= IV , when N = 6. 

TFe sAoW adopt this modified convention here, taking (9) and (10) as the basis of our 
approximate treatment of the governing equation (2), § 1. 

7. A mechanical interpretation of (2) is given by ‘ PrandtPs membrano analogue 5 : 
it governs the small transverse displacement w of a membrano strained to uniform 
tension T and loaded with transverse pressure of surface-intensity TZ (Z being a 
function of x and y). A corresponding interpretation of (9) and (10) was propounded 
in Part III, § 9. they govern the small transverse displacement w, due to transverse 
forces applied at its nodal points, of a not, initially flat, in which every string is 
strained to the same tension T. 



Fiuork 3 


To complete this physical picture we must acoount for the magnitudes of the 
loading ( Z) terms in (10), and in particular for the additional term whioh appears 
when N = 0. Clearly, if a distributed loading is to be brought to bear upon a net of 
finite mesh, and in such a way that every string connecting two adjacent nodes 
remains straight when the net is deflooted, some mechanism must be envisaged for 
effecting the distribution, e.g a light rigid plate having the shape of the mesh and 
suspended from its nodal comers by inextensible ties.* Suppose, in the first place, 
that the mesh is triangular (N ~ 6) and that a concentrated force Z aots vertically 
through the point P of the rigid plate OA B (figure 3). Then the part of Z which on 
statioal principles should be sustained by 0 is Z (PM/ON), ie. it is Z(1 -xjd), 
where d = $0^/3. Dealing in this manner with the pressure TZ over the whole of 
OAB, we find that the total contribution of the pressures on this triangle to the 
force at O is 

T jjz^l-^dxdy, for the whole triangle OAB, (i) 


Or furnished with feet which bear upon the nodal points. 
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and if in the manner of Part III, §§ 6-7, we now write 

Z = Z 0 + J(V»Z) 0 ( a :*+!/*) + ... 

+ Ax + By + F(x*-y') + 20 xy 

+... (terms of higher order in x, y), (ii) 

then, to the order of the terms retained in (ii), we have in (i) 


JJ(l - J) Zdxdy = (area OAB) x \\Z t + \Ad+ } 6 Fd *{\- &) + &(V*Z) 0 d*(l + «]■ 


For axes Ox', Oy' inclined at 0 to Ox, Oy, so that 


(iii) 


x — x' cos 0 — y' sin 0, y = x' sin 6 + y' cos 0, 


the expression (ii) would become 

Z = Z 0 + J(V*Z) 0 (r'*+/*) + .. 

+ (A cos 0 + B sin 0) x' + ( B cos 0 - A sin 6) y' 

+ (Fcos 20 + 0 sin 20) (x'* - ;/'*) 

+ 2(0 cos 20 — F sin 2d) x'y’ 

+ (terms of higher order in x', y'), 

so for the triangular mesh OBC adjacent to OAB (ie a triangle like OAB but 
rotated through \n) the expression corresponding with (ui) is 

(area OA B) x [%Z n + l(A cos Jjt + Bain^d 

' . + &d*( ^cos }* + Osin \n) + j 6 ( V*Z) 0 d*J 

Tlie other four triangles surrounding 0 can be treated similarly Summing the 
contributions of all six triangles, we find that the terms involving A, B, F , 0 Bum 
to zero, leaving 

Tx (aroa OAB)x 2[Z 0 +^(V*Z)„d a ] (iv) 

as the total force which, according to (l), comos on the nodal point 0. Since 4d* = 3a* 
a/3 

and since the area OAB = v ^-a*, the expression (iv) may be written as 

F = T^ , [z 0 + “*(V , Z) 0 ], (v; 

and this (for N = 6) agrocs with F as given by tho last of (10), provided that 
T = V3. 

8. T denoting the tension in any one string, it is easy to show that 
T 


(11) 
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is the force which acts at O in consequence of small displacements (w) of the sur¬ 
rounding nodes. This (for N = 6) agrees with F as given by the first of (10), provided 
that 

T =* a = aT/J 3, when (11) is satisfied, 

- Txatann/N, (12) 

i.e. provided that we concentrate in the string OB (figure 3) the whole, force which in the 
membrane was exerted by the tension T acting across the line Id => (OB) tannjN. 
(On our assumption of a transverse pressure TZ, it was evident that the magnitude 
of T would bo immaterial) 

9. Our physical picture of triangular nets is now complete. Equations (9) and 
(10) express the condition for transverse equilibrium of nodal points when 

(i) every string tension T has a value equivalent to the resultant pull of the 
membrane tension T (— ,/3) across a side (atann/N) of the hexagon surrounding 
that point, 

(ii) the transverse pressure ( TZ) is concentrated at nodal points in accordance 
with the principles of Statics. 

(They will hold when F and F are multiplied by any factor; but no factor is in¬ 
volved when T =» ^/3 and T accordingly = a ) 

But when tho mesh is square or hexagonal (N = 4 or 3), statical principles no 
longer suffice to determine the partition of the transverse pressure between adjacent 
nodal points, and the best that we can do is to concentrate at 0 (figure 2) the whole 
of the pressure acting on the surrounding polygon abc .. a. On that understanding 
the total pressure-force at O is 

TZ a x (areao6c . a) — TZ 0 x N(hax ^atann/N) 

= | A 7 Z n Ta s tan n/N (i) 

If moreover (as in § 8) wo concentrate in each string the total force exerted by the 
membrane tension T acting across a side of the polygon abc ..a, then we have 
T 

F == — N (?£>) - Nw 0 ), where T = Ta tan n/N, 

as in that section. Combining tins result with (i), we deduce that the residual 
force at O is 

F = T ten n/N{{N Z 0 a* + Z atN (w) - Nw n }, (13) 

and this, if we now make T = cot n/N, (14) 

is equivalent to (9) and (10). For N - 8 the assumption (14) is equivalent to (11) 
of §7. 

10. To summarize these conclusions- Equations (9) and (10) may be employed 
as the finite-difference equivalent of (2); and just as (2), in ‘Prandtl’s membrane 
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analogue’, is interpreted as governing the (small) transverse displacement w of a 
membrane strained to uniform tension T and loaded by pressure of surfaoe-intensity 
TZ, so (9) and (10), in our ‘net analogue’, can be interpreted as governing tho nodal 
displacements w of a net in which every string has the same tension T and nodes 
sustain transverse foroes F as given by tho second of (10). For correspondence of 
displacements in the membrano and in the net, T must be related with T by (12) 
and F must be, for N = 6 the statical equivalent, for N = 3 or 4 the resultant, of TZ 
acting over a certain area. We must, moreover, have 

T = cotir/N, ( U)bis 

and hence, according to (12), T — a, (15) 

in order that the transverse force exerted by any one string in consequence of a 
unit difference between the values of its terminal displacements may be T/o = 1. 
(In Part III, written before multiplication by N (§ fi) had boon found convenient, 
the corresponding force was l IN.) 

When, in place of (2), Laplace’s equation (1) is to be satisfied, Z does not enter 
into our equations, and then in problems of the first class (§ 1) —i.o. when boundary 
values are specified—this close study of numerical factors is not necessary; but 
it is needod in problems of tho second or third class —i e when normal gradients are 
specified. In the membrano analogue (cf. § :i) specified values of dw/du are specified 
values of T(dw/di’), tho lino-intensity of a transverso edge-loading, using tho ‘not 
approximation’, we shall (in Method 1 cf § 11) concentrate this distributed loading 
on tho strings which cross the boundary, and then in order to proceed we must know 
the consequent slope of every such string. Using (9) and (10) we assume that a unit 
transverse force on any string entails a unit difference betiveen the displacements of its 
Urn ends- then according to (12) T = cot n/N, and so T must be given this value in 

integrals of the type which measure the transverse forces. 

Section II. Tub treatment by relaxation methods 

OF SPECIFIED NORMAL URADTENTS 

Method 1 

11 As shown in § 10, the total transverse odgo-loading to be taken as acting on 
an arc of boundary is the value of 

= (16) 

for that arc, when (9) and (10) apply. Given dw/dv at every point on tho boundary, 
by graphical and/or numerical methods we can compute tho integral for any selected 
arc. 

In Method 1 we make this computation for every element of boundary which is 
intercepted by ‘strings’ of the chosen net, and we oonoentrate each force (16), in 
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accordance with the rules of Statics, on the strings whioh terminate the relevant arc. 
Thereby we derive a problem suited to computation by relaxation methods, in 
which strings crossing the boundary have not there (as in Part III) to undergo 
specified displacements, but to sustain specified transverse forces. 

The derived forces sum to zero, beoause for equilibrium of the original (specified) 
membrane it is essential that* 

Tjjv'wdxdyj =0. (17) 

Our problem in relaxation will be to make them ‘meet’ and cancel (whereas in 
problems of the first class, treated in Part III, we had only to transfer them to the 
boundary). 

12. Concentrating the edge-loading in this way, without affeoting the equilibrium 
of internal nodes we may imagine each loaded string to be prolonged beyond the 
boundary and its load Z to be transferred to its outer end ( D , figure 4). As in Parts III 
and VII, we may oonveniontly assume every string to have the standard length, so 
that its outer end beoomes a ‘fictitious node’ outside the boundary. The question 
then arises, whether the fictitious nodeB should or should not be assumed to have 
strings connecting them - the answer would seem to be, that in some circumstances 
strings should be assumed to connect fictitious nodes, but that then thoir tensions 
should have half the standard value, in other circumstances the fictitious nodes 
should not be so connected. 



Fin ukf 4 


The argument may be stated as follows: Tho fictitious nodes, if we join them, will 
define a polygonal boundary lying either on or outside the specified boundary, so 
that a membrane of specified plan-form (the ‘Prandtl analogue’ of our plane- 
harmonic problem) will be replaced in our treatment by a slightly larger not 
representing (approximately) a slightly larger polygonal membrane, indicated by 
shading in Fig. 5a. But now the tension in a fictitious string comes (§ 8) from the 
membrane tension in an element of which half Ties inside, half outside the boundary. 
Here tho outer half has no real existence (figure 5a), so we must make the 
tension jT. 

On the other hand, plainly the polygonal (substituted) membrane should—for 

* We observe that this oondition necessitates a treatment whioh (like Method 1) deals with 
\iUegrated effects of the transverse l oading . 
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accurate results—be no larger than is neoessary, and sometimes this consideration 
will suggest the replacement indicated in figure 56. There the shaded area indioates 
a membrane larger than what is specified, but lying within the polygon (indicated 
by broken lines) which would be obtamed by joining fictitious nodes in the manner 
of figure 5a. Accepting this shaded area as a substitute for the specified membrane, 
and now replacing it by a net, we shall account for all of the membrane tension by 
concentrating a tension T in each of the strings (A B, ..., etc.) which join fictitious 
nodes to nodes inside the boundary. There is no longer any membrane element calling 
for a string to connect fictitious nodes, so no tension is to be associated with any of the 
broken lines. 




13. Figs. 5 relate to triangular nets; but nets of square mesh can be treated 
similarly, and in either instance we are loft with a very simple problem of liquidation, 
entailing no departure from the standard ‘relaxation pattern’ excepting where (at 
the polygonal boundary) the strings are loss than N in number and/or exert ‘half 
tensions’ as explained in § 12. Complete liquidation will loavo no residual force at 
any node, whether inside or on the modified boundary. It is possible (theoretically) 
because the initial forces must sum to zero, as shown in § 11. 

The technique of liquidation has been described already, in Parts LLI and V. 

Example 1 

14. To test the method we have applied it to a problem specially chosen (i) as 
having a known solution, simple to compute, and (li) as entailing rapid variations of 
dto/dv in some part of the boundary. 

The function w = 6 = tan (18) 

is plane-harmonic and can be evaluated for any point ( x,y) from a table of 
inverse tangents; and on a circular boundary touching the axes of co-ordinates, 
viz. 


x*+y*—2R(x+y) + R* = 0, 


(19) 
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its normal gradient 


dw 

dv 


■©L 


where r* = (x— R )* + (y — r) a , 


M5S=$)!L 


1/ Bin ^-ooa^ \ , , , y-R 

-s(3 + 2^?T2co 8 ,i)’ where W - „_-g. 


Figure H explains the significance of 0, 7?, r, 0. 


(20) 



Kiotrni! fl 



Figure 7 exhibits the variation with 0 of R(dw/dv) as given by (20). The variation 
is rapid in the neighbourhood of 0 = \n) so by taking as our first example the deter¬ 
mination of a plane-harmonic function w which on the circular boundary (19) has 
normal gradients given by (20) wo shall bo imposing a severe test on our computa¬ 
tional method, notwithstanding that the wanted function is in fact simple (its 
contours being straight lines through the origin). 

The test moreover is fair, because the data (i.o. the forces to be concentrated on 
the several strings) can be calculated and so are not subject to inaccuracies resulting 
from faulty estimation of normals According to (20) 

fdWj n r?w JJL f Sin0-cos0 ,, 

J Sv ~ J dv ^ ~~ J 3 + 2sin0 + 2cos0 < ^ 

= -ilog(3 + 2sin0 + 2oos0), 


( 21 ) 
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the lower limit of integration being arbitrary; so ^ ds = 0, as required in § 11. 
Figure 8 exhibits I* as a function of <j>, with the lower limit taken <j> =* \tt . 



15. In figure 8, values of J ^ ds are recorded for estimated cutting points which 

are shown; the difference of any two adjacent values, multiplied by cot (= ^3) 
in accordance with (18), gives the total load on the corresponding element of boun¬ 
dary, and the proportion to be concentrated at each end-point was estimated in 
accordance with statical principles (§11) Thereby wo ensured that errors of estima¬ 
tion would leave forces still summing to zero (§11) and—on a fine net—departing so 
little from exact statical equipollence with the specified edge-loading as to entail 
no sensible error in the result. 

Figure 9 shows, for throe successive nets, the computed deflexions and (figures 
b and c)* contours for comparison with straight lines derived from the known solu¬ 
tion. (These last, for clarity, are not drawn in the diagrams, but their directions 
are shown on ciroular arcs. All, of course, pass through the origin of co-ordinates.) 
To save space we have plotted, not w as given by (18), but w as given by 

w - 6-\n, (22) 

* In figure 9a exact values (underlined) are included for comparison. The net is too coarse 
to permit construction of contours. 
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which makes the wanted function skew-symmetrical with respect to OC in figure 6, 
therefore makes that line a contour (w = 0).* In each of the three diagrams, broken 
lines indicate strings (through fictitious nodes) which we assumed to exert ‘half- 
tensions’, chain lines with open circles (o) indicate strings which were given no 
tension (§ 12), i e were suppressed. 



Fioubes 9. (Normal gradientsjspecifiod) 


16. The correspondence of our computed contours with the (correct) straight 
lines through the origin gives an indication of the over-all accuracy which can be 
achieved by Method 1. For comparison, figures 10 exhibit corresponding solutions, 
obtained by the methods of Fart III, to the problem of determining tv when boundary 


* It was remarked in § 1 that any constant may be added to to in a problem of class 2. 
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values are specified (case 1 of § 1 ). There is not much difference in the accuracy 
attainable (with a net of given mesh-size) in the two cases. 

The errors, though appreciable, are not of an order likely to matter seriously in 
physical applications, and are less than those obtained (e g.) by a use of ‘eleotrical 
tanks’ (cf. Bradfield, Hooker & Southwell 1937 ). They arise in part from our use of 



Ficubks 10. (Boundary values specified) 


finite-difference equations, because the wanted function (18), though plane-harmonic, 
does not exactly satisfy the finite-difference relation 

Z ttiS {w) ~6w = 0, 

which is our analogue of Laplace’s equation (1). 
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Example 2 

17. Method 1 is also applicable on nets of Bquare mesh, and to ‘mixed' boundary 
conditions. A convenient example is provided by Saint-Venant’s ‘torsion-function’ 
<ft for an elliptical shaft. The plane harmonic function 


a a + b* X 


(23) 


satisfies the condition 


dv 


y cos ( x, v)—x cos (y, v) 


(24) 


at every point of a boundary represented by 


*V a = i 

a* b* 


(25) 


and vanishes on the axis of co-ordinates; so its determination for a single quadrant 
(x > 0, y > 0, say) is a problem involving mixed boundary conditions. Wo here con¬ 
sider the case in which ajb = $, so that the required solution (23) is 

0 = -tV*2/ (26) 

18. According to (ltt) and (24), the total load on an element of boundary is 
cot (nlN)j-^da = cot (n/N) j(ydy+xdx) 

= £(j; 2 +y 8 ) cot (n/N), (27) 

the lower limit of integration being arbitrary; on a single quadrant (§ 17) the total 
load is 

± J(a*—6 2 ) cot (n/N). 

From (27), having calculated the co-ordinates of points where strings cut the 
boundary, we can compute the load on each element of boundary, then concentrate 
this in accordance with statical principles. As in Example 1 (§ 14), slight errors of 
estimation entail—on a fine net—no sensible orror in the result. 

Figures 11 present solutions, on two sizes of net, of this example of mixed 
boundary conditions. In this instance (since <j> according to (23) has linear variation 
along every string) the methods of Part III yield an exact result when boundary 
values are specified. Tlic correct contours (rectangular hyperbolas) are indicated 
in fine lines for comparison. 


Review of Method 1 

19. Using known formulae of interpolation, it is possible to improve on the 
accuracy of our treatment of ‘irregular stars’, though at some cost in complexity; 
and a like result may be expected to follow from corresponding (i.e. mathematical) 
study of Method 1. But our aim in this series is to pursue as far as possible (for plano- 
harmonio problems) the notion of relaxation ‘ nets ’ regarded from a physical stand- 
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point, i.e. as tensioned nets replacing the continuous membrane which is Prandtl’s 
analogue (§3) of the governing (differential) equation. Accordingly (deeming it 
more important, at present, to extend the range than the aoeuracy of relaxation 
methods) we have retained the physical standpoint in this first attack on the case 
of specified normal gradients. Satisfactory accuracy is attainable. 

Method 2 (for mixed boundary conditions) 

20 . An alternative approach to mixed boundary conditions was suggested by 
J. R. Groen. Supposo in the first place that the boundary consists (figure 12) of two 
portions only, a part ABC on which the wanted function ijr is specified, and a part 
CD A along which values are imposed upon its normal gradient We assume (§ 1) 
that \Jr being plane-harmonic has a conjugate function <j> defined by (3), and 
wo arrange tho square mesh net so that AC coincides with one line of nodal 
points 



Then along CD A, whore dijrjdv is specified, we havo values of 30/3s according to 
the second of (3), and can integrate to obtain (j>: the constant of integration is im¬ 
material, so <j> n oan be given any arbitrary value and a definite value will then be 
imposed upon <p A . We also know \Jr A and fi c , but we do not know (initially) the values 
of <f> or of ijr at nodal points between A and C. If these wore given, wo should be con¬ 
fronted with two plane-harmonic problems of the first class (§ 1) —namely, evaluation 
of yjr within the region ABGA, and evaluation of (j> within the region CDAG of 
figure 12—both soluble by the methods of Part III. Our problem is to attach such 
values to <j) and i/r, at nodal points betwoen A and 0, that the resulting solutions are 
compatible; i.e. that rjr as deduced for tho region ABC A, and ijr' the conjugate of <f> 
as deduced for tho region CD AC, merge without discontinuity along the junction 
line AC. 


21 . Identifying the directions of Oy and of CA, we may state the conditions of 
such mergence as follows: 


along AC, 


dijr 

dx 


dx 


3<f> 


. by (3), 


dijr _ 3 rjr' _ d<f> 

<>y ~ d y 3x> 


by (3). 


(28) 
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Let O (figure 13) be any nodal point in the lino AO, and let 1 , 2 , 3, 4 denote the 
four surrounding points. Then the usual finite-difference approximations replace 

20 §£ l, y 2 by (0 

and similar expressions hold for d$J?x, d<t>jdy. But 1 , in relation to xjr, is a ‘fictitious 
point’, and rjr x (since \[r is plane-harmonic) must satisfy the relation 

&i 1 - fa + fa+fa = Wo ( 2 °) 

(Consequently the first of (i) can be replaced by 
ddf 

20 dx = Wo~W>2 + Wo +VM. (») 

which involves only values of i Ir at ‘actual’ points in the 
region ABC A of figure 1 2 . The corresponding approximation 
to is 

2» pj = Wo ~ (fa I -fa + fa)> (»0 

involving only values of <j> at ‘actual’ points in the region 
CD AO of figure 12. 

The expressions for di/rj<y, d<p/dy call for no modification 
Substituting from ( 1 ), (ii) and (in), wc deduce that the follow¬ 
ing may be employed as finite-difference approximations to (28). 

along AC, Wo~ (fa +Wz +fa) ~ fa~<f>i> Wo~ (fa + 2 fa+<f>i) = fa~fa ( 30 ) 

The mesh-side (a) does not appear in these expressions, wliich accordingly hold for 
every size of net, and whether x, y, <p, i{r have ‘dimensional’ or purely numerical 
significance. 

22 . We havo now transformed our problem into one suitod to attack by the 
standard methods of Part III. The function is to be evaluated at nodal points in 
the region ABC A, <j> at nodal points in the region Cl)AC, both ijr and $ at nodal 
points in tho line A C. The wantod functions are specified on the curved boundary, 
so the methods of Part III, §§ 23 4, can be employed to deal with ‘ irregular stars ’. 
Separating tho regions ABC A and CDAC as shown in figure 14, wo need not (in 
computation) distinguish between rjr and Each is plane-harmonic in its own 
domain, so special relaxation patterns are entailed only near the curved boundaries 
(due to irregular stars) and at points near tho lines AC, A’C in figure 14. 

For the latter, they may be derived from (30) in the same way that tho standard 
pattern is derived from (29) Thus for tho first of (30), introducing the conoept of 
residual forces, we may substitute 

F 0 = ~ Wo + (fa + Wo + fa)+fa~fa' = 0 



Fiquhtc 13 


(31) 
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(dashes denoting points on the line A'C' of figure 14). This shows at onoe the change 
induced in the residual force at O by unit displacements imposed (severally) at the 
nodal points numbered 0, 2, 3, 4, 2', 4'; i.o., it decides one point in the ‘ relaxation 
pattern’ corresponding with each of these points. Excepting (possibly) at A and C, 
all of the ‘strings’ have standard lengths, so the patterns are simple to construct 
and apply. 



Fiuurk 14 


In special cases that part of the boundary on which normal gradients are specified 
may be straight,—i.e. ODA, figure 12, may degenerate into tho line CA. Then <j> will 
be known initially for points on A V, so that are invariant and (31) is recogniz¬ 
able as an expression for di/r/dx, at O, in termH of \jr a , \jr a , \Jr t : no further condition 
is imposed by the second of (31), since 1, m this instance, is a fictitious point in 
relation to «f> as well as xjr, and <j> v is accordingly unrestricted. 


dtlr 

specified 

dv 


ijr specified 

yjr specified 

Fiaons 15a 

23. Sometimes it may not bo convenient to arrange tho chosen not (as in § 20) so 
that AC coincides with a line of nodal points, in that event the barrier between the 
\Jr and <f> regions may be chosen to coincide with two such lines, as in figure 15a. No 
new question of principle is entailed 

But our discussion as it stands does not cover problems in which normal gradients 
are specified on more than one portion of the boundary The reason is indicated in 
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figure 156: knowing d<p/ds at all points invlfl, CD, we can attach an arbitrary value 
to <j> A and thence deduce <j> B , but we cannot go on to deduce <j> 0 and <j) D severally 
(though we can calculate <j> D and we are not entitled arbitrarily to introduce 
another constant in order to make them defimto. 

We can on the other hand (taking advantage of the principle of superposition) 
obtain the required solution by a synthesis of two solutions (a) and ( 6 ) of which 


(а) is obtained on the assumption <j> A - tj> c = 0 , 

( б ) is obtained on the assumption <j> 4 — 0 , <j> c = 1 , 


and both can bo obtained in the manner of §§ 20— I. Denoting these two solutions 
by \jt„, <j) a and xjr h , <p b , we can derive a third solution jf, 5 b by attaching any value to 
/• in the expressions 

$ = <1K~Hi- ( 32 ) 


To make tlio denvod solution acceptable, k must be so chosen that 011 any line X Y 
parallel to Ox 




as determined from <j> according to (3) 


=-J> 

so we havo from (32) 

*{(&>.- -(^)v}+J ‘ Jjdx = (Wr-d'Ox h J rd ty dx - < 33 ) 

Every line of nodal points like XY will yield a separate estimate of Ic, and the 
estimates will differ only on account of unavoidable errors of computation. 


Examples 2 and 3 

24 To test these methods L Fox applied them to the two problems indicated in 
figu rc 16 For both the boundary conditions were framed so that the wanted function 
was* 

\jr ~ tan -1 yjx (corresponding with <j> — log r +const.), (34) 

when the axes are as shown m the diagrams. But in Example 3 (illustrative of §§ 20-2) 
boundary values of ijr were assumed to bo specified over the longth EBADCH, 
normal gradients of ijr over the length EE OH, 1 e a single barrier EH separated a 
V^-rogion from a ^-region in Example 4 (illustrative of § 23) boundary values of yjr 
were assumod to bo specified both over BADC and over EFOH, normal gradients 
of ijr ovor the lengths BE and HC, so that a single ^-region separated two ^-regions. 
The choice of a rectangular boundary obviated the inessential complication of 
‘irregular stars’. 

Example 3 presented no difficulty. Three successive nets were employed, the 
* The advantages of tins function have boon stated in $ 14. 
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finest having eight mesh-sides in a shorter side of the rectangle. The final (accepted) 
values of ijr (shown in figure 17) wore nowhere in error by J %. 

The test imposed in Example 4 was somewhat different, being oonoerned with the 
accuracy attainable by the procedure suggested in § 23. By that method we derive 
a series of estimates for the constant kin (32), in number depending on the fineness of 
the ohosen net. In our example we arranged that the correct valuo of k should be 
805, and on a net having eight mesh-sides in the length of a smaller side of the 
rectangle we obtained as estimated values 

796, 797, 807, 813, 807, 799, 799 (moan 802). (35) 

Acceptance of the mean value 802 entails an error of less than 0*4 %, which is satis¬ 
factory accuracy. 



Figure 10 


Conclusion 

25. In plane-potential problems, specified normal gradients, whether for the 
whole or for part of the boundary (‘ mixed boundary conditions’), inevitably present 
greater difficulties, and entail more labour for corresponding aocuraoy, than specified 
boundary values. But both of tho methods described in this paper have been shown 
by test examples to be adequate, used in conjunction with a reasonably finb net. 
As in Part III (§5), it will almost always bo possible to dispose of singularities in 
advance. 

Grateful acknowledgement is made of a grant provided by the Department of 
Scientific and Industrial Research whereby one of us (G. V.) was enabled to take 
part in this investigation. 
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The refractive index of an ionized medium. II 

By Sib Charles Darwin, F R S. 

[Received 27 April 1943) 


The aim of the work is to confirm and to clarify a result in an earlier paper which showed 
that the refrnctivn index of an lnnizod medium w given by /»’— 1 = —iirNt'jmiP and not by 
the corresponding formula in 3(/t* — l)/(/t* + 2) Tins w dono by a direct analysis of the effects 
of collisions between free olootrons and positive ions It w shown that the perturbation of 
the electron's path by tho light has a secondary effort during a collision, so that if hofore entry 
into collision its position was displaced sideways, it will emerge from the collision with a 
changod velocity Tho avorngo effort of such changed velocities is oqinvalont to an 

acceleration, which reducoe the effective forte on the electron from fc’+ - ~P to E Tins 
result is proved first fur a positive ion composed of a uniform spherical oharge, then for a 
proton and finally for any centrally symmetrical distribution of charge Though it has not 
boon proved for a system of unsyminetnoal charges arbitrarily orientated, such as ionized 
molecules, there can be little doubt that the rosult is general. 


1 Introduction 


In 19341 wrote a pajier* under thin title the aim of which was to show that whereas 
some writers favoured the use of the Lorontz formula in determining tho refractive 
index of an ionized medium, it was in fact correct to make use of the older Sellmeyer 
formula. The two formulae are 

0(I'l) 


3(/t 2 —JJ 
2+2 ’ 


( 1 - 2 ) 


For most cases the difference between them is not large, so that L may bo regarded 
as a correction to S, and to discuss tho distinction may appoar somewhat trivial 
But it is not trivial for the most interesting case, that is tho reflexion of wireless 
waves from the ionosphere. The question here is whether it is 8 or L that is to be 
equated to — inNc^jmv 2 , where N is the electron density ami v the radian frequency.! 
Tho reflexion is determined by the condition /t — 0 , and it will be seen that if S is 
used N is mv 3 /4ne 2 , but if L it is half as great again. Thus until tho matter is settled 
there is a possibility of a 50 % error in our determination of the number of froe 
electrons in the upper air. 

The earlier paper foil into two parts Its first six sections were a critique of the 
older methods and aimed at showing how unreliable such methods were. Only 
negative conclusions wore reached, and to overcome the difficulties a new method 
was introduced in the later sections whioh avoided them. This method justified the 
use of the 8 formula for an ionized medium, and while no claim could be made for 


* Proc. Roy. Soc. A, 146, 17 ( 1934 ). 

t This is 2 n times the cyclic frequency. The word froquenoy will imply radian frequency 
throughout the paper. 
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the sort of rigour that appeals to the pure mathematician, the demonstration was at 
least as good as many that liave to be accepted in the more difficult branches of 
physics. The present note returns to the point of view of the first half of the paper, 
and shows that from such a starting point the same result is obtained. The previous 
criticism, which was negative, in that it only pointed out fallacies in the argument 
favouring L, is now turned into a positive confirmation for 8 The ideas behind the 
present work are largely contained in §§ 1-6 of tho earlier one 


2 Polarization and field stkenotii 

In the ordinary development ot the theory of refraction the two chief quantities 
are E the electric field strength and P the polarization Once these are related 
together tho refractive index is given by 

/PE = E+ inP (2-1) 

For an isotropic dielectric medium Ijorentz shows that it is reasonable to suppose 
that the average force acting on the electrons in an atom from outside is 

F = E + *”p, (2-2) 

and this value is justified by comparison of the index of a liquid and its vapour for 
many, but not all substances. There are many difficulties in taking over these ideas 
for a medium composed of free electrons interspersed botwoen positively charged 
atoms; indeed, it was these difficulties of definition which encouraged mo in tho 
oarlior paper to develop a method entirely free from them Here, as l am returning 
to the more ordinary method, some consideration must be given to tho meanings 
of P and E 

We shall take as our medium a collection of arbitrarily placed fixed jxmitive 
charges, in the simplest case protons, and moving among them an equivalent number 
of free electrons at high velocities As it stands tho idea of polarization is not present 
in this, but it is obviously to bo introduced by tho following considerations. When 
there is no light present tho electrons describo orbits composed of a succession of 
straight lines in free space and curves past the ions, and if we omit the question of 
recombination there is no consequent emission of light. When a source of light is 
superposed it |>erturbs the electrons’ orbits, making the linear parts slightly sinuous 
and affecting the hyperbolic parts m a manner which we shall have to examine. This 
motion is described mathematically by saying that tho jierturbed electron may be 
replaoed by tho urqierturbed one together with a small dipole travelling with it, 
and that it is only this dipole which gives the polarization and so is responsible for 
optical effects. 

The field strength E is a much more difficult matter. In the static case of a non¬ 
conducting medium composed of polarizable atoms E is defined with the help of a 
pipe-shaped cavity, whereas F is measured in a spherical cavity. It is sometimes 
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loosely said that to use F is to allow for the polarization, but this must not 
be allowed to obscure the point that K as well as F depends on the polarization. 
For a non-conducting medium these ideas may be taken over without difficulty 
when E varies with the time as in a light wave, but the matter is very different 
for a conductor. Here there is no static case at all, and though we have seen that 
polarization can be given a meaning, it is by no means elementary to see how 
to define E In particular if the definition is to be made by means of a cavity, some 
rule must be laid down about what happens when a free electron crosses into this 
cavity. It has indeed been these difficulties that have caused tho doubt attaching 
to the whole subject 

In § 5 of the former paper a derivation was given of tho relation of F to E in a 
dielectric, which is rather different from the ordinary one It was supposed that F 
was the average force on an electron placed anywhere outside the atoms of a polarized 
medium. If an electron is carried down tho field along an arbitrary lino, this line 
will cut through some of the atoms. During its passage through an atom the electron 
will come under an opposing forco (like the opposing force inside a permanent 
magnet), and allowance must lie made for these ‘depolarizing’ forces The con- 

sequent average forco for the whole line is V —— V, and thiB at once shows that it is 

E rather than F that should be regarded as effective on any particle that is not 
debarred from entering the atoms. For a medium composed of freo electrons and 
fixed charges and no dipoles it is not obvious that there will be a similar effect, but 
it will be shown by the present work that there is The result iB a dynamic not a 
static one, and it is not possible to deduce it without considering the defloxions of 
the electrons during tlieir collisions. Consequently no simple consideration of energy 
will suffice as it does in the static case. 

It is possible that satisfactory definitions and reasoning about E could be found 
which would yield the result directly, but part of the purpose of the present work is 
to gain insight into tho ordinary type of argument. For this purpose 1 shall be content 
to adopt Lorentz’s argument and shall assume without further discussion that the 

force acting on an electron is on the average E+^P Sufficient justification m the 

present argument is that it was tho use of this formula that suggested the correctness 
of the L expression, whereas it will be shown that on the contrary it leads to S 


3. Pkrturbation kffkct of collisions 

That tho collisions may have an important effect is easily seen. If the time of a 
collision is short compared to the period of the incident light, then during the 
collision the direct effect of the external force is negligible In figure 1 are con¬ 
structed a number of sketches of orbits of electrons colliding with a proton. In each 
diagram there is an unperturbed orbit travelling from A to B, and alongside it a 
perturbed orbit from A' to B'. Both orbits are simple hyperbolas, only differing in 
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their starting points. The external foroe F is down the page, and A' is a constant 
height £ abovo A. 

In the line orbit 1 the perturbed electron follows the path of the unperturbed, but 
a little behind and it is clear that the effect is exactly to reverse the moment Tins 
orbit was described in § 6 of the former paper In 2 the unperturbed orbit is again 
a line, but the perturbed electron has now a small angular momentum and not only 
is BB' now negative, but the direction of the perturbed path is different so that 
BB’ is increasing negatively with the time. Orbit 3 is similar but with less marked 
character than 2, again giving BB' negative. Orbit 4 on the othor hand shows that 
the final moment is not necessarily negative, since in this case BB' is both positive 
and increasing positively as the point B moves away from the centre. 

These sketches show that the effects of collisions arc very various, and that it is 
necessary to examine them thoroughly. 



12 3 4 

Fiuurk 1. Perturbed and unperturbed electrons passing a proton 


4. Conditions of collision 

We shall make certain assumpt ions, satisfied in the important practical cases, 
which enable us to discriminate sufficiently between the regions where collisions 
occur and the regions of freo space between. At the end a limiting process will remove 
those assumptions. They are precisely those made m § 9 of tho former paper 

It is assumed that a sphere of radius 6 can be described surrounding eaoli positive 
ion which satisfies the following inequalities: 

(I) b^N -», (U) btV/v, (III) b^e'/mV*. 

Here N is the numerical density of electrons, 

V is tho velocity of any electron during its free path, 
v is tho frequency of the light, 
e and m are charge and mass of the electron. 

Condition (I) implies that tho regions of collision occupy a very small fraction 
of space. This makes it improbable that two electrons will be simultaneously in 
collision with one ion, and tho possibility of such double collisions will be negleoted. 
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Conditiqn (II) implies that during a collision the direct effect of the external force 
is negligible. Since tho time of collision is of order 6/7, the displacement directly 

due to F in this time is of ordor ^ , which is much less than the actual dis- 

m \7/ 

placement which is of order eFjmv *. Thus in calculating the change of electric 
moment during a collision the direct effect of F may be neglected, which much 
simplifies the problem. 

Condition (111) implies that at entry into a sphere the electron has only in¬ 
finitesimally greater velocity than at infinity, because -e 2 /6 is its potential energy 
at this point It is thus the natural description for a collision region. 

By these conditions we have separated space into the regions of collision and those 
outside, and may take it that outside the electron is only perturbed by F, the force 
of the light, while inside a ny 6 sphere it is only acted on by the central force of that ion 

Tn addition to colliding with ions the electrons also collide with one another, but 
it is easy to see that such collisions produce no effect at all In such a collision, 
though the velocities of the electrons may change, tho law of momentum ensures 
that the sum of the velocities of the pair is unchanged This applies both to the un¬ 
perturbed and to the jierturbed orbits, and therefore to their difference. A collision 
between two electrons thus produces no change in the sum of their dipole moments, 
and therefore in the polarization. 


5. Uniformly distributed charge 

We now have the following problem in central orbits. The unperturbed olectron 
enters the sphere of radius 6 on an arbitrary line, describes its orbit (for the case of 
a proton a hyperb,ola) and emerges. At its moment of entry the perturbed electron 
is at a point a small distance £ from it in the direction of F , and is moving with a 
velocity of which the component m this direction differs by an amount £ At a certain 
later time the unperturbed electron emerges from the sphere What is the relative 
position and velocity of tho jierturbed electron at this moment * Since transverse 
displacements will average out, it is only the component in the direction of F that 
matters. 

The calculations are fairly intricate even for the case of the hyperbola described 
round a proton, and it will make the whole argument more evident if we first discuss 
a much simpler model for which the solution is elementary This consists in a sphere 
of radius 6 entirely filled with a uniform distribution of positive electricity of total 
charge — e. 

At the surface the electron is attracted with force c 2 /6®. To simplify writing we 
shall set 

e*/m = M , (5-1) 

and shall regard the electron as having unit mass. At any point inside the sphere 
a component of the force is then — Mxjb 3 . 
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If M/b 3 — k 3 , the equations ot motion are 

x+k 3 x = 0. (5-2) 

Let l be the direction cosine of approach for the unperturbed electron, and let A be 
the direction cosine of the radius drawn towards the eentre from the point of entrance. 
The orbit is then 

x = — Ah cos kt +• (IV Jk) sin kt (5-3) 

The time of exit is easily found to bo given by 

tan kt x = 2bVk(M)/(V 3 -b 3 k 3 ). 

There is no need to carry out the exact solution, bocause in view of condition (III) 
F 2 ^ M/b = b 3 k 3 , so that kt 1 is a small angle and we may write 

/j = 2b(M)IV. (5-4) 

This merely means that on account of the high velocity the orbit is nearly straight 
and the timo is practically that which would be taken in moving on a straight line 
at coustant speed along a chord of the sphere. 

The i*erturbed electron starts at the same timo but from position differing by £ 
and with velocity differing by £, in the direction of F, which we will take as the 
2 -direction. Then the perturbation at any time is 

Sz = £ cos kl + (£/&) sin M, 
and approximating sufficiently we liavo at. exit 

Sz - £ + £2b(M)IV, (5-5) 

Sz = i-i2M(M)lbW. (5-0) 

The new term m (fl’S) is unimportant, since it does not depend on M and merely 
signifies that £ grows steadily in tlio tune t x on account of the initial value of £ The 
important effect of the collision is that, as shown in (3-0), the uutial displacement 
is responsible for a final velocity. Figure 1 illustrates this fact. Thus the collision 
produces a change of velocity of amount 

— £2 Jf (AZ)/6 2 F. 

VVe are to find the average consequences of tins Taking tho average for all 
directions and lines of approach, wo have 

M= I- 

During a time At tho chance of a given electron colliding with any of tho positive 
charges is 

NjrbWAt, (5-7) 

and so the average effect of collisions is that in each interval of time At the velocity 
is changed by an amount 

At^-i^NMAU 


( 5 - 8 ) 
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The important point about this is to note that 6 has cancelled out, so that the 
artificial assumption of a separation between collision and non-collision regions has 
disappeared Observe also that V has disappeared so that the result in no way 
dejiends on the distribution of electron velocities, apart from the condition that V 
must be large. 

The effect of collisions on an electron may be re-expressed by saying that on the 
average they produce an acceleration 


Replacing M from (5*1) the equation of motion of the electron is therefore 

t - "Z_ 47r 

* ~ m 3 m b 

Now Ne£ = P and F = K + P, 


(5-9) 


so that this gives £, = eKjm and therefore P = — Ne*E/mv z , 
from which by (2*1) /< 2 - 1 = — ■inNe i lmv i , 

that is the S formula. 


<$ General form m .a for effect 

The preceding section discussed a very artificial model and we have to evaluate the 
quantity similar to (5*8) for other more natural atoms. It will be shown that exactly 
the same result follows when the positive charges consist in any distribution of 
electricity with perfect spherical symmetry. The method of general dynamics is 
the most convenient method of attack on tho problem 

Since the mass of tho electron is taken as unity, tho co-ordinates and velocities 
x,y,z\ jr, y, z constitute a canonical set of variables. We apply a canonical trans¬ 
formation into the follow mg variables P l the energy, P a the angular momentum in 
tho plane of tho orbit, P a the angular momentum about the z-axis which is the 
direction of the initial displacement £. P 2 is to bo taken positive, and the inclination 
of tho orbit is defined by cost = PJP V The conjugate vanablos are Q lt the time 
measured from the apse, Q t tho angle from the ascending node to tho apse, and Q 3 
the longitude of tho ascending node.* In tho piano of the orbit we take a pair of 
axes of which X is along tho apse and Y at right angles Then X and Y, X and X 
are functions of P lt P t and Q x in a manner depending on the law of force, but are 
independent of the other three variables. 

* A hyperbolic orbit itself may have only a single node, so that the term ‘ascending node’ 
is sometimes a misdescription It is not liard, however, to see that a complete and unique 
description of all orbits is given by considering both intersections of tho plane of the orbit 
with the xy plane as nodes. The complete set of orbits is then included in the ranges 
0<t<ff, 0<Q,<27r, —7r<Q t <n. 
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The canonical transformation converts the unperturbed orbit into Q l = t — t a , 
where t n is the time of passage through the apse; the other five elements are all 
constant At entry Qft = — t a , and the time of exit is 2 t a . For the perturbed orbit 
the five constant elements are all slightly changed and the time is given by 


Q t = t-l a -8t a . 

The entry and exit timos will be counted as those of the unperturbod orbit regardless 
of the fact that the perturbed electron is not at those momonts exactly on the 
sphere of radius h . Then in (J^-apace the perturbed path is parallel to the unperturbed 
at a distance 8Q t -= — 8t a above it, so that 8Q l w a constant of the motion irrespective 
of the fact that Q t is the current co-ordmate. 

It was seen in § 5 that the important quantity to evaluate was the £ at exit 
arising from £ at entry, and that the £ at exit did not matter, nor did the exit 
values consequent on £ at entry. The same result must be established in general, 
but it will be convenient to defer the discussion until § 9. We have therefore to 
determine the variations in tty) six dements at entry due to the perturbation 

8x - 8y = 0, iz = £, 8x = 8y = 8z - 0. 

For Pj this is evidently 8P 1 = • 


It is to bo evaluated at the point of entry. By the property of canonical trans¬ 
formations this may bo replaced by 


Similarly we have 


“«--«(&■ 


and similar relations for the other variables. 


Now s « sint(Jtsin^cos<«?»). (6*1) 

so that we have 


$Qi = £sin» sin Q z + ® ? cos , 

8P i = -£ sin»[Jt cos Q % - t sin g a ] 0 , 

SQ 2 - i J^sin i sin Q t + ®? cos <2 a ) + (£sin# 2 f t cos , 

SP 3 = 0 , J 
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We have to estimate the effect that the quantities (6-2) will produce on z at the 
point of oxit, and this is made possible by the symmetry of a central orbit about 
the apse. Thus instead of expressing iP lt etc. in terms of the entry point we can 
express them in terms of the exit point. To do this we note that this point has 
—Qi and that 

v + d£ dt dt , , 

X, ¥, are even functions off Q x 

while Y, X, f— are odd functions. 

d(J x vr x ot\ 


Then, denoting tho exit point by X, etc., without affixes 


IP, - 

r . r SX . „ dX 

-^emQ,+^cos <^ 2 J, 

SP a = — £ sin t [ — X cos Q a — X sin 4? a ], 

= i [sin»( - ^ am %+® * cos sin ^ + t cos £ a ) J 

The consequent change in z is given by 



Writing in z from (6-1) and substituting from (H-3) the formula can bo considerably 
reduced. After the reduction one further simplification can bo mado, tor 


dx 


which is useful since 6 is to become large. 
The result is 


2 £cos*i 
= ^a 


os a i ^ „. g .f„A r 0X , r YdX 3 ,**-) 
\ i ^ + ^ Bln '\_ M b*?i[ M b 3 dP Y + dP 2 


- + .t 8 ?- 

b 3 dP. dP„ 


■M' 


a- 


(6-4 


Tliis is now to be averaged for all directions and lines of approach, that is to say 
for P„ P a , Q a , Q 3 . It will appear that it is unnecessary to average for P v The averages 

for Q t , Q a are obvious, for the others we have (dP a dP a — (p a dP a m\idi. The average 
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of cos*t is 1/3 and of sin*t is 2/3. Moreover, the greatest value of P t is approximately 
bV, so that the normalizing factor for P a is 2 jb % V* and we have 


M = f Pi -u l t >)]) 




It may be noted that the integrand contains Q 1 implicitly, so that the first term 
cannot be integrated as it stands. 


7. Application to case op § 5 

Before attacking the proton it will be well to exhibit the result for the model of 
§ 5, since there is a rather difficult point in the proton case which will be illustrated 
thereby. For the uniformly distributed charge of § 5 we have 

X = fcoakQ x , Y = g&mkQ^ (7-1) 

where / is less than b, and g much greater than 6. Then, measuring the potential 
energy from infinity, we have 

*>i= 

P, = kfg, 

•P t X f = -JfcPIsinfcQ! cos kQ v 

X %- Y % = {- f dp- g lp) ksmkQ ' °™ kQ ' 

Thus in (6-5) the first term yields 

- 2 kP t sin kQ x cos kQ x 
and the second - kP a Rin kQ x cos kQ v 

From these Q x is to be eliminated through the condition, expressed in terms of 
P v P % and Q lt that X* + Y* = b % , and the simplest way to do this is to recall that the 
orbit is nearly a straight line in the Y direction. Then kQ x is a small angle, and Q x is 
the time of flight from the apse, that is ■f(b i —f i )jV, while P % = fV to sufficient 
approximation. The integral is thus 

which on substitution for /fc 9 gives -- MV, and so verifies (5*8) 

VoL 182 A. 


(7-3) 


= — (\/k) sin kQ x cosfcQj.J 

(7-2) 
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8. Application to photon 

We now consider the case of a proton. The orbit here is most conveniently- 
described in terms of major axis a, eccentricity sec y, and ft the hyperbolic eccentric 
anomaly. In these variables 

X = a(secy — oosh ft), Y = a tan y sinh ft, ] 

r = o(secy cosh^ — 1), \ (8*1) 

1 = sinh ftjr, t = J(Ma)t&ny cosh ftjr,) 

while the canonical variables are 

P l — Mj2a, P t = J(Ma) tan y, Q t = <J(a a /M) [sec y sinh ft — ft]. (8-2) 

Also V = yj(Mla). 

The condition (III) implies immediately that a ^ b and we shall therefore expand the 
necessary expressions in powers of a/b. An inspection of the integrand in (6-5) reveals 
a great distinction between the present case and that of the preceding section, for 
there the two terms were of similar magnitude, whereas here they are quite different. 
In the second term X is of order b and P t at the outer end is bo too, whereas X and 
dXjZPy are independent of 6. There is a factor 6 3 in the denominator and therefore 
it is only necessary to calculate the leading term of its expansion On the other 
hand the first term of (6-5) has a factor P 4 in some of its parts, and on integration 
might yield a term in 6* and therefore it is necessary to carry the expansion for it 
to three terms. 

The expression of the various differential coefficients in terms of the new variables 
calls for no comment. After carrying it out we substitute cosh ft = cos y(b + a)ja, 
and to simplify writing the formulae shall retain tanh ft, which is 

[1 - sec* y «*/(& + o)*]*, 

and so is nearly unity except for orbits where y is nearly a right angle. 

To the approximations needed 

X = — b cos y, Y = b sin y tanh ft, 

Ij 

“JC + orfr) 

This term therefore gives in the integrand 



M rjtanh ft tan y(2eos*y- 1). 


( 8 - 4 ) 
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For the first term we have 


*'~y?*‘ nh,s '‘ io8r ( i+ i)’ 

8? _ ~»r[ 0<>e , y ( [+ «j +>i n, y g 


This term yields 


— tanh{^ tany^2cos 4 y-® s (2coH 4 y—3eos a y+1)J . (8*6) 

The necessity for this careful evaluation arises from the fact that at the outermost 
point y is nearly a right angle so that tan y becomes large, and also dP t gives a factor 
in sec*y. Adding the terms together the integral becomes 
/•tan-•*/<! / jjf , a ,2 

J V Ma sec* y dy j — -- 11 + ^l tanh ft tan y. 2 cos 4 y 


+ tanh iff tan y (4 cos 4 y — 3 cos* y) J, (8*7) 

and it will l>e observed that the two tcrmB in Majfp not involving cos*y have can¬ 
celled. The last term may be integrated and is found to involve b in the form log ft/6* 
which is negligible The loading terms of (8-7) may be integrated up to nj2 without 
significant error, and the factors tanh ^ and (l +«/6)* are unity to this approxima¬ 
tion. The integral is thus 

- s HM*ja) = - MV, 

so that At = NMAt, (8-8) 

as it was in §5. The remainder of the argument goes as before and yields the S 
formula. 

The cancellation of the two terras, referred to in the paragraph above, is important, 
for each yields a term \MV, which taken by itself would entirely have changed the 
refraction formula. This cancellation explains why it is possible that in the proton 
the leading term of (6-5) should bo responsible for practically the whole of the effect, 
whereas for the distributed charge the second term contributed one-third of it. 
This seemed paradoxical because there is no very different quality in the two fields 
for orbits which do not pass very near the origin, so that it would have been expected 
that for the proton also the second term would make an important contribution. 



164 


Sir Charles Darwin 


The paradox has been cleared up by seeing that the first term yields a contribution 
which cancels the effect of the second. 

The expressions (8-5) taken only to their leading terms may also be substituted 
in (6*4) to yield the data from which the curves of figure 1 were drawn. The result is 
Si = - (£V/a) cos* y{2 cos 9 » + sin* t(cos 2y -p oob 2 (),)}. (8-9) 

The extreme values of this are respectively - 2£F/a for the line hyperbola at the 
equator in figure 1*2 and + for the rectangular hyperbola in figure 1-4. 


9 . Other effects of perturbation 

We must now examine the perturbations due to £ at entry, and verify their 
unimportance. The calculations follow the same course as in § 6 and § 8. They will 
not be given, but for tho guidance of anyone wishing to check the rather intricate 
calculations it may be mentioned that in these oases it is the second term of the 
expansion in powers of a/b that yields the leading term in the result, and that in 
view of this the greatest value of P x must be taken as ( b * + 2oh)* V, instead of the 
approximate value bV. 


The results are: 

At = 


(9-1) 


*1- 


(9-2) 


The order of magnitude of £ is p£, so that the second term in (9-1) bears ratio 
vb)V to the first, and this is negligible by condition (IT) of § 4. The first term of 
(9’2) can be best understood by reference to figure 1. It will be seen that tho per¬ 
turbed orbit roughly follows the unperturbed up to the apse and then branches off 
from it in a different direction. The time of flight of this second half is roughly b/V, 
so that the first terra of (9-2) merely expresses tho same fact as the first term of 
(9-1), and Bince tho effect is fully allowed for by (9*1) there is no need to pay 
attention to it. The second term of (9-2) is negligible on account of condition (I) 
of § 4. It arises simply from the fact that on the average an electron spends a 
4tt 

fraction Nb* of its time in collision, so that during time At the value of £ is 

increased on account of collisions by this fraction of At multiplied by £. 

In consequence of these considerations it will be seen that the first term of (9-1) 
is the only one that matters, so that the neglect of the rest was justified in §§ 6-8. 

10 . Extension to general central field 
Now that the convergence of the integral has been established, a much simpler 
method can be used which can be extended to more complicated fields of force. 
From (8*0) we see that 

X = —J{M/a)cosy, f = J(Mja)w\y 


( 101 ) 
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as first approximation. These hold except for orbits in which the apse is far from the 
centre, where they would break down because their xjr is no longer large. We have 
seen that these remote orbits give no contribution to the integral, and may therefore 
omit the corrections they would make The approximations (10*1) are now indepen¬ 
dent of Qx and therefore the first term of (6-5) can be integrated as it stands and gives 

Jp,**]’* , (102) 

which is — MV just as before. 

Consider now any spherically symmetrical distribution of charge in the ion, Hay 
a nucleus and a cloud of electrons rigidly bound round it If the apse is outside 
the cloud the orbit will be just as before, but, if the apse is inside the cloud, the near 
part of the orbit will be changed in a manner that depends on the law of force. 
At some later point in its orbit however tho electron will emerge from the cloud and 
will then describe the remaining part of a hy perbola If this hyperbola were produced 
backwards it would come to an apse on a line at some angle a to the true apse. The 
hyperbola is then described by a and y as before together with a which, since we 
do not need to consider variations in the energy, may be regarded as a function of y. 
This function could be determined if we were given the field of force, but all that we 
need to know about it is that it vanishes when the apse is outside tho oloud, that is 
to say when P t and therefore y is greater than a certain quantity 

To evaluate the integral we are only concerned with the value of the velocity on 
the sphere b. This is now 

Jf = - > /(Af/a)co8(y-a), ? = ^(Jf/a) sin(y-a), (10-3) 

and so the integral is 

— j(M*/a) j^tan y cos (y— a) sin (y—a)J 

Since a = 0 at the upper limit, and y = 0 at the lower, this again gives — MV. 
Though it has little practical interest, it may be noted that this result is also true 
when there is no point charge at tho centre, even though in that case the orbit of 
zero momentum passes right across the origin instead of being returned along the 
way it camo. 

One further generalization is easy We have hitherto taken the nucleus as singly 
ionized, but this is unnecessary. Suppose that it is ionized a times. M is altered into 
aM. In forming (5-7) however N occurred as the number of ions which a given 
electron would meet, and since N is defined as the electron density we must now 
substitute N/s in order that the gas should bo uncharged. The factors therefore 
cancel and the degroe of ionization is immaterial. 

11. Discussion of generalization 

It has been shown that for a centrally symmetrical ion of the most general type, 
the prooess of co llisi on produoes dynamically a * depolarizing ’ effect, reducing the 
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effective average foroe on an elootron from F to E. It is hardly possible to doubt 
that this result is true for an unsymmetrical distribution of charges in the ion, for 
example, for an isotropic assembly of ionized molecules, but the present method 
cannot handle the problem, since it essentially depends on the symmetry of the 
orbit about the apse. 

It is not easy to see how this more general result could bo proved, but it may be 
of some interest to state it as a curious theorem in attractions* 

An arbitrary distribution of attracting matter is rigidly held together in a limited 
space In gravitational units its total mass is M. A sphere of large radius b is drawn 
round it. A unit particle approaches this sphere at velocity V, this velocity being 
so high that V 2 ^ Mjb, describes its orbit and emerges. If this orbit before entry is 
displaced parallel through a small distance £ along the z-direotion, the orbit will be 
changed, and the emergent place and velocity with it Let the z-component of the 
emergent velocity differ from that for the first orbit by Si Let this now be averaged 
for all lines and directions of approach, and also for all orientations of the attracting 
matter. The theorem then asserts that 

< IM > 

If such a theorem could lie established the proof would be complete. However 
it is already quite clear what the value of the refractive index must be, and the whole 
subject perhaps hardly merits much further intensive Btudy. 


The electron diffraction by amorphous polymers 

By G. J). Ooumoumw 

(<Communicated by Eric K. RuleaJ , F R.S.—Received 2 February 1943) 
[Plato 2] 

The configuration!! of the polyvinyl acetate, and the acrylate and methacrylate polymers 
revealed by electron photographs suggest a zigzag C-atom chain for the long mam chain, 
-which has the 1, 3 structure, with the side-chains alternately on the right and the left of the 
zigzag chains and on planes approximately perpendicular to the axis of the mam chain. 
These side-chains are subject to lateral cohesive forces, which group them in clusters In tho 
clusters tho side-chains tend to arrange themselves parallel to one another In the lenses the 
clusters consist of a small number of side-chains without any apparent arrangement, whilst 
the multilayer pattern indicates a certain orientation of tho side-chains with perhaps a 
larger number grouping together 

'Hie patterns indicate an ‘amorphous’ character which is attributed to the tendency of the 
side-chains to close-packing m clusters, producing distortion of the mam chain and thus 
preventing adlweation. 

On the basis of this configuration some of the elastic properties of these polymers are 
discussed, and a note is nrlade on the occurrence of high elasticity. 
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Whilst a number of polymeric materials reveal under X-ray or electron dif¬ 
fraction examination characteristic crystalline diagrams, others show such diagrams 
only when extended under suitable conditions of tem|>erature, and normally in 
their unextended form present an ‘ amorphous ’ pattern, retained in several cases 
even on stretching. 

The X-ray and electron diffraction photographs of polymers revealing these 
amorphous diagrams usually consist of more or less well-defined haloes on a back¬ 
ground which is more dense than that obtaining with crystalline materials. 

There exists at present a good ileal of uncertainty in the conclusions drawn as 
to the structure and the molecular distances derived from measurements of these 
haloes. Early work on the derivatives of cellulose suggested that the sharp rings 
presented by the electron photographs were due to tho presence of numerous im¬ 
perfect crystallites present in the material or at least due to portions of material 
in which certain lengths of the macromolecular chains in different molecules were 
adlinested in resjiect to one another 

Katz (1927, 1936) appears to be the first to have drawn in a tentative way an 
analogy between the X-ray patterns of amorphous polymers and those of the 
monomers of the same materials in tho liquid state This analogy was not pursued 
by him in detail, since ho noted that in certain (jolymers a new ring not present in 
the monomeric material was obtained,, these polymeric rings are found at the 
following Bragg spacings 

polymer Hpacmg in A 

styrene 10 0 (Katz 1936 ) 

polyvinyl acetate 7 0 (Katz 1936 ) 

indene 9 1 (Iteal, Anderson & Long 1932) 

cumarane 9 1 (Beal el al 1932) 

Katz suggested that this spacing was essentially the distance between parallel 
chains of the macromolecules separated by a side-chain spacing from one another. 

Stewart (1930) suggested that tho diffraction effects in liquids were due to 
cybotaxis Warren (1933) first applied the Zernicko-Prins method to X-ray dif¬ 
fraction by long-chain molecules of organic liquids, expressing the arrangement of 
the molecules m tho liquid by means of a distribution function, the (leaks thus 
giving spacings within one molecule or the most frequently occurring distances 
between molecules which in relatively densely packed liquids are necessarily 
dependent on molecular configuration. 

Later, Simard & Warren (1936) attempted a detailed analysis of the X-ray 
photographs of amorphous rubber on the basis of an X-ray study of liquids and 
concluded that the superficial resemblance of tho pat tern to that given by a liquid 
was borne out by the analysis 

It seemed possible that further insight into the structure of these synthetic 
polymeric systems might be obtained by examining the electron diffraction of a 
series of synthetic polymers of known composition in which the length of the side- 
chain in the repeating unit was progressively increased. At the same time it seemed 
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desirable to make a comparison between the diffraction phenomena observed on 
passage of a beam of electrons through a thin sheet of the polymer and through a 
multilayer formed from the same polymerio material. In the latter case a oertain 
degree of artificial molecular orientation iB imposed. One might anticipate a 
marked increase in the crystallite content of the material if these do in fact exist 
in the polymer, whilst if the polymer is to be regarded merely as a liquid, the 
intensity of oertain intermolecular distances might be expected to show a small 
increase. I have, m fact, observed a difference in the electron-diffraction patterns 
between the lens and the multilayer and from a comparison one can draw certain 
conclusions, not only in respect to the orientation existing in the multilayer, but 
also about the molecular configuration in these films The conclusion arrived at is 
that these polymers which exhibit amorphous electron-diffraction features in their 
patterns are in a liquid state. 


Experimental 

The electron-diffraction camera was that used in a previous investigation 
(Cameron & Coumoulos 1941) The wave-length of the accelerated electrons was 
A = 0-06-0-07 A, calibration being made by superposition of a pattern of kaolin 
The following polymers wore investigated 


polymer 

mol. wt. (by viscosity) 

vinyl acetate 

(а) 62,800 

(б) 7,100 
(c) 26,000 

methyl acrylate 1 

7,000 

ethyl acrylate 

12,000 

methyl methacrylate 

9,000 

ethyl methacrylate 

200,000 

n-butyl methacrylate 

19,000 

cyolohexyl methacrylate 

— 

^-ethoxy-ethyl methacrylate 

(а) 33,000 

(б) 27,000 


Dilute solutions of the polymers in acetone, toluene or benzene were placed on 
the surface of water saturated with the solvent After slow evaporation of the 
solvent the thin lens (ca. 10~ B cm.) was picked up on the specimen holder (Cameron 
& Coumoulos 1941) and placed in position in the camera for electron transmission. 
It has been shown that certain polymers can be spread quantitatively to give 
monolayers at an air-water interface under these conditions. They are subjected 
to strong orientational forces which do not persist in the bulk of a lens (Crisp 1942), 
and forming a multilayer by deposition of successive monolayers iB the best method 
of aohieving the most favourable conditions for mutual orientation of the polymerio 
molecules. The multilayers were built up by the usual technique (Blodgett 1935) 
using very dilute polymer solutions (0-02-0-06 %). As piston oil, castor oil (F *■ 17 
dynes/cm.) was employed. At this pressure, however, some of the films are in the 
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gel form (Crisp 1942) and practically all of them have ceased to be perfect mono¬ 
layers because a fraction of the residues have been forced out of the plane of the 
surface. Unfortunately, deposition at lower pressures, e.g. with tricresyl phosphate 
as piston oil, is unsatisfactory owing to a fall in the deposition ratio. 

The methyl and cyclohexyl methacrylate monolayers are of a condensed type 
exhibiting elastic properties at very low pressures and gelate at a pressure of less 
than 1 dyne/cm. Above 10 dynes/cm. pressure slow collapse takes place. Successful 
deposition of these monolayers is difficult as the surface is wet on withdrawal of 
the slide. 

The methyl and ethyl acrylates, and polyvinyl acetate give fluid films, com¬ 
parable to the expanded tyjie given by certain long-chain compounds from which 
multilayers can be built up by Y deposition (Bikerman 1939). These were usually 
30-40 monolayers in thickness. Ethyl-, »-butyl and ^-ethoxy-ethyl methacrylates 
are intermediate in character. 

The multilayers were deposited on a nitrocellulose membrane stretched over the 
specimen holder (Cameron & Coumoulos 1941) The nitrocellulose membrane alone 
reveals an amorphous pattern whoso diffraction features hardly appear after 
deposition of the multilayer. 


Measurement of the haloes 

Photographs were taken at 'several inclinations to the incident electron beam, 
and in case of the multilayers also in reference to the direction of dipping of the 
slide. 

Measurement of the diameters of the intensity maxima of the haloes was made 
with the aid of a travelling microscope by the visual method (Pauling Sl Brockway 
1934). Subjective errors, especially in measurement of the first two rings, are 
liable to be great since the maximum is apparently shifted towards the side of 
greater contrast, and the intensity of the background varies from the undiffracted 
central spot to the outside, being ateejier as the centre is approached. To eliminate 
these errors as far as possible photographs were taken with different times of 
exposure and the background illumination varied to give a suitable contrast. An 
apparent shift in ring diameter as a function of exposure time was noted and the 
true diameter determined. Microphotometric recording of the intensities did not 
prove successful. 


The amorphous pattern 

The diffraction patterns of all the polymera investigated consist of a series of 
concentrio rings, usually not more than five, which do not alter on heating the 
specimen or on ageing. The patterns both of the lenses (figure 1, plate 2) and of 
the multilayers (figure 2, plate 2} were similar in respect to spacings of the corre¬ 
sponding haloes, but these were sharper in the multilayers, one frequently becoming 
the dominating feature of the photograph, the intensity of the others decreasing. 
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For different specimens the two inner rings are apparently characteristic, whilst 
the innermost ring is occasionally missing in the multilayer diffraction pattern. 
The absence of a large number of rings indicates that the random distribution of 
scattering centres producing the rings is not in a state comparable to a gas but one 
similar to a liquid. The photographs arc similar to those first obtained by Maxwell 
(*933) for liquids in which there exists a transient arrangement or a periodicity 
in distribution of molecules governed by the distances of their nearest approach 
in their thermal agitation. Tho absence of the inner haloes in some of the multilayer 
diffraction patterns is evidence for some degree of orientation—a view supported 
by the increased sharpness of the halo which becomes the dominating feature in 
many of the patterns from the multilayers. It is most convenient to compare the 
relative spacings by utilizing the Bragg formula, although its application to 
liquids is highly arbitrary. Table 1 Hhows the values obtained for these spacings. 
It will be noted that whilst the two outer haloes (a, ft) are common to all, the 
polymers examined m the methacrylate series are distinguished by an extra ring 
at 2-8A. The dimensions of the two inner rings vary with changes in the nature 
of the polymer 

Table 1 


spacmgB in A 
(d) 


polymer 

(«) 

(ft) 

(<■) 

lens 

multilayer 

(«) 

methyl methacrylate 

1-2 

2-2 

2-8 

— 

— 

66 

ethyl methacrylate 

1 2 

2-2 

2 8 

4 « 

47 

7 5 

n-butyl methacrylate 

1-2 

2 2 

2 8 

4-8 

48 

90 

/?-ethoxy-ethyl methacrylate 

1-2 

2 2 

28 

' 48 

4-9 

9-6 

cyclohexyl methacrylate 

— 

— 


5 2 

5-3 

— 

methyl acrylate 

1 2 

2-2 

- 

41 

41 

6-6 

ethyl acrylate 

1 2 

2-2 


4 3 

4-3 

80 

polyvinyl acetate (all samples) 

1-2 

22 

- 

4-0 

4 0 

7-0 


Intensities of halos ns d>ob>n>c 


The haloes ' a' ami 4 ft ’ 

The two haloes constituting tho outer maxima corresponding to Bragg spacings 
1*2 and 2-2 A appear in all long-chain molecules and aro indeiiendent of the nature 
of the jiolymer. They were first observed by Stewart (1928) in the X-ray diffraction 
of liquid n-paraffins, and have been reported as present by Wierl (1930) m 
gaseous hydrocarbons, by Maxwell (1933) and Murison (1934) m oils, by Katzoff 
(1934) in n-heptane and decane, and by Natta & Rigamonti (1936) in vinyl poly¬ 
mers In a planar zigzag hydrocarbon chain in the gaseous state as noted by Debye 
(1925) the distance 1-2A corresponds to a Bragg carbon-carbon spacing within one 
molecule and that of 2-2A to the Bragg distance between a carbon atom and its 
seoond neighbour within the molecule (Wierl, 1930), the actual distances are m fact 
much greater. These haloes are either non-existent or very faint in the multilayers 
(figure 2, plate 2), suggesting that in these diffraction patterns these haloes are due 
principally to the diffraction of atoms in the long polymer chain which in the 
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multilayers lie in planes perpendicular to the electron beam, the more massive 
side-chains being more or loss parallel to the beam do not contribute appreciably 
to these diffraction maxima. 

The halo ‘e’ 

Between the two inner and the two outer haloes the methacrylate jiolymers 
alone present an extra halo with a Bragg spacing of 2-8 A which has not yet been 
reported for any liquid. 



FimtRK 4. (a) Chain of methacrylate polymers; (6) chain of acrylate polymers. 
The methyl group ronders the methacrylate chain lees flexible 


Since it only appears when a hydrogen atom in tho main chain is replaced in each 
unit by a methyl group, it is suggested that this represents the mean distance 
between methyl groups along the main chain, considering the methyl groups as 
separated short side-chains It is interesting to note that a molecular model 
(figure 4) built to scale yielded a spacing of ca 2 8 A for the inter-methyl group 
separation along the chain This halo is always weakest in comparative intensity, 
an indication that it may be due to an intramolecular interference 


The halo ‘rf* 


Stewart (1930) and his collaborators noted a strong halo at about d = 4-65A for 
the liquid normal paraffins, alcohols and fatty acids, whilst Warren (1933), utilizing 
a Fourier analysis, obtained a strong peak at S = sin 0/A = ()• 108 cormqionding to 
the closest approach of adlineated chains in tho liquid normal paraffins Similar 
spacings have been rejiortod for this halo in a number of polymeric materials, 
these include 


polymer sjiacing in 

cumarene 5 3 

indene /> 3 

phenol formaldehyde 4 6 

o-cresol formaldehyde 6 0 

xylenol formaldehyde 5-5 

polyvinyl acetate 4-0 

polyvinyl acetate 3-9S 

polystyrene 4-05 


A reference 

Beal, Anderson & Long (193a) 
Boal, Anderson & Long (1932) 
C Ellis (1935) 

L\ Ellis (193s) 

(■• Ellis (1935) 

Katz (1936) 

Marvel & Donoon (1938) 
Natta & Kigamonti (1936) 
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It seems most probable that this spaoing corresponds to the lateral spacing between 
the side-chains pendant on the mam polymeric chain. It is this spacing which 
becomes sharper and more intense, sometimes dominant, in the multilayer photo¬ 
graphs (figure 3, plate 2), suggesting that the side-chams lie more or less parallel to 
the incident electron beam. This halo is absent from the lens photograph of methyl 
methacrylate (figure 3 a, plate 2). There is, however, a slight trace of the spacing 
in the multilayer photograph of methyl methacrylate where the side-chains are 
orientated. In the case of the methyl acrylate (figure 5) the absence of the methyl 
group from the polymeric chain renders the packing along the chain much less com¬ 
pact and permits of a greater degree of flexibility for the similar short side-chain. 


-vs? i* 

•*" 



Fiucrk s. Model of methyl methacrylate (a), and methyl-acrylate (b) polymers. The 
(a) presents a more compact configuration. The side-chains m (b) are more flexible. 


The halo V 

This halo is also one which is characteristic of the polymer appearing on poly¬ 
merization of the monomer. (In general, the dimension corresponds to that given 
by substances in the liquid state from which the side-chain groups are derived.) 
It was first observed by Katz (1927) as appearing in some polymerized products 
and he termed it the * polymerization ring ’. A similar long spacing was first observed 
by Stewart & Morrow (1927) for straight chain-polar molecules, and they showed 
that it was a linear function of the number of carbon atoms in the chain Pierce & 
Macmillan (1938) interpreted similar diffraction maxima in liquid alcohols and acids. 

Similar spacings have been observed in the X-ray patterns of several synthetic 
resins (p. 167). The value of 7-0A found by Katz (1936) for polyvinyl acetate and 
confirmed by electron diffraction in these experiments corresponds to what on 
Staudinger's structure for the polymer may be called the ‘height’ of the polymer. 

—CH.-CH—CH.-CH-CH,— 

«!> 

Lo 

Ib. 

Ah. 


A 

Lo 

Ah. 

Ah. 


7-0 A 
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The spacing thus corresponds to the distance between the long main chains of the 
polymeric molecules at their distance of closest mutual approach when separated 
by one side-chain. We must regard this length as including the carbon atom from 
which the side-chains hang. Thus in the acrylate and methyl acrylate series we have. 


—CH,— CR —CH,— CR —CH,— CR — 

A=o i=o i=o 


where R = H or CH 8 and R' — —CH a , —C 8 H 5 , —C 4 H 7 , etc. This view » supported 
by the fact that this long spacing does not usually appear in photographs of the 
multilayers, and that taking into account the inaccuracy in determining intensity 
maxima near the undiffracted spot there is good agreement between the lengths 
of these spacings and the computed lengths of the side-chains (see Table 1). 


Discussion 

The structure of the polymers 

From the above data it is possible to make certain inferences regarding the 
structure of these polymers 

1 . The spacings corresponding to the two characteristic ‘inner’ haloes are duo 
to scattering by the side-chains in jxisitions of closest approach side-to-Bide, and 
end-to-end. The end-to-end distance, in this case, is what has been called ‘height’ 
of the polymer Thus in these polymers the side-chains are those which are respon¬ 
sible for the observed amorphous pattern and they must be grouped in clusters of 
molecules, with their chains or rings tending to he parallel to one another at 
distances of closest approach (figure 6) in an otherwise random distribution which 
characterizes the liquid state. These views are not dependent on any assumption 
that the side-chains which form the cluster belong to the same polymer molecule 
or to its immediate neighbours. 

The multilayer pattern reveals a certain degree of orientation of the side-chains, 
as the ‘main inner’ halo becomes sharper and the first inner halo sometimes dis¬ 
appears. As has already been mentioned, these polymers do not form regularly 
built-up multilayers, and so patterns derived from the multilayers give merely 
indications of orientation of the side-chains However, it may be assumed that 
these chains lie in planes perpendicular to the main long chains, which in the 
multilayers are parallel to the base supporting the specimen. The broader halo of 
the lens patterns indicates that conditions for a regular arrangement of the side- 
chains are less probable than in the multilayers. Owing to thermal agitation, there 
is on the average a marked disarray even of the closest neighbours, and at a dis¬ 
tance of some molecular diameters there is no reason to assume any fixed orien¬ 
tation. 
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In a monomolecular film (at high pressures) defiosited on water the side-chains 
orient themselves approximately perpendicular to the water surface. This mono- 
layer behaves as a series of repeated units irrespective of the number of these in 
one molecule, and each orientates into positions so as to occupy a minimum space 
compatible with the electrical forces at the interface The pseudocondensed mono- 
molecular films differ from the expanded type in their lack of definite collapse 
pressure, irreversibility and strong coherence 



Fiouhb 0. Mixlel of n-butyl methacrylate polymer. The Hiile-chiurui 
duster together, parallel to one another 


It is clear therefore that a multilayer built from monomolecular films, in which 
the side-chains are subject to strong field forces on the water surface, will show 
more exaggerated orientational features, just as m films of the triglycerides the 
side-chains orientate themselves in the interface adjacent to one another (Alex¬ 
ander 1041) 

it it R 

/ / / 

O O o' ''ll i\ o 


2 . For the structure of the long main chain from which the side-chains hang, 
we do not possess much experimental evidence apart from the recorded spaemgs 
1*2 and 2 * 2 A of the ‘outer’ haloes. The structure must be such as to permit of 
close packing of the side-chains in such an arrangement that their side-to-side and 
end-to-end spacings approach those calculated from the diffraction patterns. It 
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appears that the regular zigzag hydrocarbon chain fulfils these conditions. This 
would give the observed spacings of 1-2 and 2*2 A, and bring all the side-chains 
into favourable positions for their close packing. The side-chains must be attached 
to every alternate carbon atom of the main ohain; this is in accordance with the 
accepted 1, 3 structure of these polymers. Further, the side-chains alternate on 
either side of what would be the plane of the zigzag carbon chain (figure 7 ). 



Fic»ukk 7. Diagrammatic configuration for linear polymers with side-chains 


The side-chains clustering together distort the plane of the zigzag carbon mam 
chain. The methyl groups of the methacrylate polymers are also, of course, on 
alternate sides of the main chain. In the methacrylates, as is shown on models 
(figure 0) built with Stuart’s ( 1034 ) model atoms, the distorted chain is a relatively 
stiff one 

This view receives confirmation from Hibbena’ (1937), and Monmer, Suez & 
Bnner’s (1938) experiments on the Raman spectra of acrylic acid, methyl and 
ethyl methacrylates at different stagos of iiolymerization The changes in the 


spectra indicated the disapjiearance of a 




as well as of a —O -C— linkage. 


Lower frequencies indicated increased chain length. Further, they obtained 
indications of an increased symmetry of the molecule The force constants of the 
more characteristic groups approximated more closely to the cts- than to the trans- 
modification, and there were also indications of a continuity of structure. 

One may also note that Marvel & Denoon (1938) obtained chemical evidence 
for the preferred 1 , 3 structure in vinyl acetate jiolymers. 


3 . Adopting as an ideal polyacrylato structure a plane zigzag for the main chain 
with pendant side-chains in the 1 , 3 position perpendicular to and on alternate sides 
of the main chain, it is possible to calculate the interaction energy between a side- 
chain and its nearest neighbours (five in number). In this computation the dipole 
interaction between the pendant ester groups being in cm position relative to one 
another (Alexander & Schulman 1937) was evaluated by means of the equation 

E = e 1 e, 2 j r > 

X~l d U 

where e x , e„ are the charges, and d (j the distances between them. For every (CH,) 
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group in the paraffin chain pendant on the ester group the van der Waals inter¬ 
action was calculated by means of the equation developed by Orr (1942) 

„ f- 0-148 704 ) 

E = [-&- + i*»J 10 6rg8 ’ 

where R is the distance between two —CH,— groups. The results obtained 
(figure 8) indicate strong repulsive forces between the Bide-chains on the alternating 
sides of the main chain Until their length is 8 carbon 
atoms, the contribution of the polar groups being 
— 2-3 kg. cal./mol. 

Amorphous structure 

4 . It is impossible to detect any crystalline 
features in these patterns. Furthermore, the liquid 
structure of the patterns persists on stretching (Katz 
1936). Only in the case of polyvinyl acetate, as 
reported by Katz (1936), does the inner halo or 
‘ polymerization’ ring develop two equatorial maxi¬ 
ma in the direction of stretching. These polymers 
with large side-chains give diffraction patterns 
characteristic of their side-chains. On stretching, 
the long main chains are affected by the extending 
forces more than the comparatively shorter side- 
chains. This is not the case with the ‘ linear ’ poly¬ 
mers, e g. rubber. Their amorphous pattern is due 
to the long macro-molecules in the liquid state. This amorphous pattern remains, 
becoming weaker and superimposed, on the crystalline pattern which appears on 
stretching. The isoprcne units of the rubber m the stretched state are extended and 
oriented in a parallel fashion to produce crystal fibre patterns. It is interesting to 
compare the behaviour of the different vinyl polymers on stretching. A comparison 
between polyvinyl acetate and polyvinyl alcohol or halides (figure 9 ) reveals 
that the former belongs to the first type with large side-chains and the others are 
polymers of the linear type. 

In the case of the methacrylate polymers the mutual repulsion is greater owing 
to the presence of the methyl group between the two side-chains. These repulsive 
forces can be lowered by rotation of the chain. The most probable position is the 
one which brings the neighbouring side-chains into parallel positions, 4 - 6 A apart, 
and the dipoles in positions of least interaction. Furthermore, rotations about 
the other atoms in the side-chains are equally probable, which will assist close 
packing parallel to one another. 

As in liquids, these polymers are partially ordered arrangements of molecules, 
or rather of their side-chains, and, of course the shape of these chains plays an 
important part. 



Figure 8 
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It may be suggested that the amorphous state of these linear polymers with 
large side-chaira is due to the fact that the side-chains adapting themselves to the 
close-packed form, which is required by the diffraction photographs, distort the 
main chain The ester groups on the long main chain are jointed at distances of 
about 2-5A by the —C—O— link, and it is thuB probable that there is more 
interaction by means of van der Waals forces between the large side-chains than 
between the main chains which are widely separated from one another (figure 7). 
Polyvinyl alcohol and halides develop a ‘crystalline’ pattern on stretching,]while 
polyvinyl acetate retains its amorphous pattern (figure 9) 



Fionius 9 Polyvinyl (n) acotata, and (6) chloride The ttido-rhain* of the polyvinyl 
acetate aro responsible for the amorphous ntato of this polymer 

Structure and elastic properties 

5 Methyl methacrylate at ordinary temperatures is slightly extensible and has 
a high rate of recovery, compared with methyl acrylate which is more extensible 
but has a lower rate of recovery. In the case of methyl methacrylate except for 
the ‘stiff’ long main chain, the side-chains are short and inflexible owing to strong 

/ ° \ 

attractions of polar groujis || ] situated opposite the —CH # groups of the 

\—C—O—/ 

mam chains, and the polymer molecule may be regarded as a stiff cylindrical rod. 
Similar conclusions have been reached from the analysis of its lens pattern. Methyl 
acrylate, owing to the absence of the methyl group, has not only a flexible main 
chain but more flexible side-chains. 

This difference in elastic properties coincides generally with the distinction made 
for the monomolecular films between those of the (1) coherent and (2) fluid or 
expanded type. Fibres made from monomolecular films (Crisp 1942) show similar 
elastic properties. These fibres of methyl and eyclohexyl methacrylates are brittle 
and not extensible, while those of the fluid type are elastic and extensible; the 
n-butyl methacrylate shows a high extensibility, giving a highly viscous almost 
liquid fibre. The same phenomena were observed in the monomolecular films, while 
building up the multilayers. On dipping, the coherent filmB break and the ex- 
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panded films Bhow higher extensibility and as the side-chains become longer this 
property is more marked. The cyclohexyl methacrylate whose side-chains are of 
a more rigid structure presents in general the same structure (figure 10) as the 
methyl methacrylate. Both polymers have a more compact structure. 




Fioimn 11 Coiling of methacrylate chain. Approximately 
40 mnts conclude a whole circle (See also figure 0) 


Because of the stillness of the main chain it is difficult to apply directly to these 
polymers Kuhn’s theory of high elasticity; namely, that the tension exerted by an 
extended molecule represents the tendency for it to take up the statistically most 
probable overall length. It may be noted, however, that the methacrylate main 
chain oan coil in a spiral of approximately 6fiA diameter (figure 11), the height of 
the polymer determining the distance apart of the successive loops of the spiral 
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(figure 6). The extension, then, of this polymer iB due chiefly to the rotation of the 
side-chains, and is approximately proportional to their length. This does not hold 
for very long side-chains like the octadecyl methacrylate because crystallization 
takes place at the ends of these side-chains. A smaller proportion of the extension 
may be due, as well, to the spiral of the main chain. This suggested picture is 
naturally highly idealized, aftd merely shows the limited capacity of coiling of the 
stiff methacrylate chain. The more flexible acrylate chain will have a smaller 
diameter, and there the mam chain will contribute to a higher degree to the high 
elasticity. 

My thanks are due to Professor E. K. Rideal for suggesting the subject, and 
for his stimulating discussions, also to the British Council for the grant of a 
scholarship which made this work possible. 1 wish also to thank the Imperial 
Chemical Industries, Ltd. for the supply of the jiolymers. 
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The production of penetrating showers 

By L. JAnossy and G. D. Rochester 
The Physical Laboratories, The University, Manchester 

(<Communicated by P. M. 8 . Blackett, FR.S.—Received 2 March 1943 ) 

It is **hown that about one-third of the radiation producing penetrating showers is 
non-ionfring and more penetrating than photons. The total intensity of this non-iomxing 
radiation (named N-radiation) is found to bo about 0-001 % of the full cosmic radiation near 
sea-level. The N-radiation is possibly the energetic part of the penetrating non-ionizing 
component of cosmic radiation. It is suggested that this radiation consists of neutrons. 

1. Introduction 

In a recent investigation J&nossy (1942) showed that the coincidence rate of a 
counter arrangement which recorded penetrating showers increased appreciably 
when a block of lead 1-8 cm thick was placed above the top layer of counters. The 
increase was interpreted as due mainly to the production of jicnetrating showers 
in the lead by a shower-producing radiation. In this paper, which gives the results 
of an investigation into the nature of the shower-producing radiation, it is shown 
that part of the showers are produced by a non-ionizing radiation (called for brevity 
N-radiation) more penetrating than photons. The production of penetrating showers 
by photons was not investigated 

2. The experimental arrangement and the results 

A. The experimental arrangement is illustrated diagrammatically in figure 1. 
It consists of thirty-one coincidence counters arranged m threo trays B, C, and D 
and an anticoincidence system of thirty-five counters in parallel. The counters 
were of the alcohol-argon type, their construction and properties are discussed 
elsewhere (Rochester & Janossy 1943). 

The counter trays were separated by 15 cm. of lead and were surrounded by a 
lead absorber at least 50 cm. thick. 

An absorber T waa placed close above the counters B and was shielded from all 
sides exoept the bottom by the anticoincidence counters A. An absorber £ was 
placed close above the anticoincidence counters A. 

Each anticoincidence counter had an efficiency greater than 99 %. 

►Sevenfold coincidences B l B t B 3 C\C t D l D t (which will subsequently be abbre¬ 
viated B lu C lt D lt ) were recorded. A sevenfold coincidence indicated that at least 
three counters from tray B and two from each of the trays C and D were discharged. 

Simultaneously with the coincidences, anticoincidenoes B lu C lt seven¬ 

fold coincidences not accompanied by the discharge of any of the counters A, 
were recorded. 
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Most of the coincidences and almost all of the anticoincidences were caused by 
penetrating showers (see § 3 B). 

B. The purpose of the experiment, as will be explained more fully in § 3 A, was 
to show that the rate of anticoincidences for a given value of T decreased with 
increasing thickness of the absorber E. To this end readings were taken of the rates 
with E — 0 cm., 5 cm. and 35 cm. of lead. 



Fiouuk 1. The experimental outlay 


The results of five months continuous recording are givon in table 1 and figure 2 . 
The anticoincidence rates are corrected for random coincidences. This correction 
is positive because the accidental overlappings of discharges of the counters A with 
genuine sevenfold coincidences causes a loss of counts 


absorbers 


T £ 

cm. Pb cm. Pb 
0 0 

10 0 

10 5 

10 35 


Tabi.K 1 


coincidences 


anticoincidences 


time total rate 

lir. no. per hr. 


total rate* 

no. per hr. 


306.15 162 

380.30 311 

1289.56 1100 

1344.20 924 


0 529 ± 0 042 5 

0-818 ±0 046 24 

0-853 ± 0 026 59 

0 688 ±0 023 33 


0 023 ±0-010 
0-086 ±0-018 
0 063 ± 0-008 
0-033 ±0-006 


* Corrected for random coincidences. 


The anticoincidence rates given m the last column are very small, the lowest 
rate observed being only one antiooincidence in 2 days. Nevertheless, there seems 
to be no reason to doubt the accuracy of the results, firstly because the rates given 
represent the averages of large numbers of consistent single observations, and 
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secondly, because the effects though small in absolute magnitude are relatively 
large. 

It will be observed that the longest series of readings was carried out to deter¬ 
mine the difference in the rates with E = 5 cm. Pb and E «= 35 cm. Pb with 
T = 10 cm. Pb To eliminate fluctuations other than statistical, about forty in¬ 
dividual readings were taken for these thicknesses of E. The difference between the 
anticoincidence rates is seen to be 0*030 + 0*010 counts per hour, and since it is 
equal to three times the standard error it is likely to be real 



Fioure 2. Anticoincidence rate for different thicknesses of E 

loss time was spent in establishing the difference between the rates for E » 0 
and E= 35 cm. Pb, but the difference obtained, 0*053 + 0*019 counts per hour, is 
almost three times the standard error and therefore supports the conclusion that 
the anticoincidence rate decreases with increasing thickness of the absorber E. 


3 . ThK DETECTION OF THE N -RADIATION 

A The method of detection of the N-radiation was similar in principle to that 
used by J&nossy & Rossi (1940) for the investigation of photons and by Rossi & 
Regener (1940) and J&nossy & Rochester (1941, 1943) in the investigation of 
penetrating non-ionizing radiation. 

N-rays falling on the absorber T produce penetrating Bhowers and thus give 
nse to anticoincidences B ia C u D ls —A. Anticoincidences can, however, also be 
caused by processes not involving N-rays, for example, by side-showers which miss 
the counters A 

The following argument shows that some of the anticoincidences are due to 
N-rays. The N-radiation falling on T must pass through E and is absorbed there. 
Thus with increasing thickness of E the rate of anticoincidences caused by N-rays 
is expected to decrease. Anticoincidences due to side-showers, however, would 
hardly be affected by the thickness of E. Spurious anticoincidences due to causes 
other than side-showers will be shown in § 3C to be almost negligible, and hence 
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their change with E must also be negligible. Thus the change in the anticoincidence 
rate with E can be regarded as a measure of the frequency of the N-radiation. As 
the observations (table 1) show a marked decrease in the anticoincidence rate with 
increasing E, we conclude that the observations show that the N-radiation gives 
rise to penetrating showers in the absorber T. 


B. Interpretation of coincidences 

In this section we discuss processes other than penetrating showers which are 
capable of producing sevenfold coincidences 

( 1 ) Cascade showers JAnossy (1942, p 364 ) has shown that cascade showers of 
sufficient energy to produce coincidences in an arrangement similar to ours are 
too rare to be of importance These arguments can be applied to our present 
arrangement as well. 

(2) Triple knock-ons A single penetrating particle might give rise to three 
independent secondaries, one near each of the counter trayB B, C and D, and thus 
give rise to a sevenfold coincidence by a triple knock-on process The rates of 
triple knock-ons were measured as described by JfLnossy (1942, p. 366 ). The 
relevant figures are collected in tablo 2 


Tahlk 2 


description symbol 

threefolds JiVTi R, 

fourfolds R[ 

fourfolds BCD lt RJ 

flvefolds B,„C/> R, 


ntte per hr. 

T = 0 T— 10 cm. Pb 
6438 — 

211 — 

100 — 

140 102 

0 07 c p hr for T -0 cm. Pb 
0-10 c p hr. for T= 10 cm. Pb 


Rate of triple knock-ons = [RJ R.l/^!= { 


In the above table B moans counters R,, B, and B, in parallel, etc., BC means counters B 
in ooinoidence with counters C, etc. 


We note that only 12-14 % of the sevenfold coincidences were due to triple 
knock-ons 

( 3 ) Casual coincidences. The largest contributions to the casual coincidences 
were found to be due to the following overlaps 

(a) A coincidence between a single knock-on in the top tray (e g. B^C^D^ and 
a double coincidence (e g. (\D % ) 

(b) A coincidence between a double knock-on (e g. B ltt C\D xt ) and a discharge 
in a single counter (e g. C\) 

We note that both processes (a) and (ft) involve at least one penetrating particle 
traversing all three counter trays. The rates of casual coincidences not involving 
such a penetrating particle are completely negligible. 
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The resolving time of the arrangement was measured and found to be about 
7 x 10 -5 sec. The casual rates wore 0*08 and 0-09 counts per hour for T = 0 and 
T = 10 cm. Pb respectively. 

The rate of penetrating showers produced in T is thus 0-25 count per hour 
(see table 3). 


Tablk 3 


rates per hr. 

T = 0 T= 10 cm. Pb 


rate of sevenfold coinoidenees 0 53 0-82 

background, i e. triple knock-ona plus casual coincidences 0-15 0-19 

rates due to pentrating showers 0 38 0*63 

rate of penetrating showers produced in T 0*25 


C. Interpretation of A ntvcmnrvlence^ 

In this section we consider three questions: (1) How many anticoincidences are 
recorded which are not connected with }>enetrating showere’ (2) How many 
anticoincidences are spurious, ie not due to N-radiation* (3) How often is a 
penetrating shower produced by N-radiation and recorded as a coincidence but 
not as an anticoincidence * 

(1) Though some 25 % of the sevenfold coincidences are caused by processes 
other than penetrating showers, practically all anticoincidences are caused by 
penetrating showers. It was shown above that all important processes causing 
sevenfold coincidences are due either to a penetrating shower or to at least one 
penetrating particle traversing the three counter trays B, C and D This pene¬ 
trating particle is likely to discharge the anticoincidence system and thus prevent 
an anticoincidence. 

Anticoincidences not caused by penetrating showers thus occur either in con¬ 
junction with a sevenfold coincidence of one of the rare types which do not contain 
any penetrating particles or in conjunction with a sevenfold coincidence which 
does contain a penetrating particle which happens not to discharge the anti- 
coincidence due to the inefficiency of the counters Both processes are very rare 
and it can be shown that together they give rise to a rate less than 1/100 of the 
total anticoincidence rate. 

Another possibility is that a single penetrating particle produced by the N-radia- 
tion in T might give rise to a triple knock-on. This process is very rare for the 
following reason. The probability of a penetrating particle giving nee to a triple 
knook-on is, according to table 2, of the order of 1/60,000. Thus to account for 
the whole of the anticoincidence rate of 0*03 count per hour in terms of triple 
knoek-ons a flux of at least 0 03 x 60,000 =» 1800 non-ionizing particles per hour is 
required. This rate is comparable with the total cosmic ray intensity. It has been 
shown by J&nossy & Rochester (1943) that the total flux of penetrating non¬ 
ionizing rays is only of the order of 0*1 % of the cosmic-ray intensity, henoe the 
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rate of triple knock-ons started by non-ionizing rays cannot exceed 10" 4 per hour 
and is therefore negligible. 

In conclusion, we note that practically all anticoinoidenoes are connected with 
penetrating showers and hence it is legitimate to assume that the N-radiation 
absorbed in T gives rise mainly to penetrating showers. 

( 2 ) Spunous anticoincidences, i.e. anticoincidences not [caused by a non-ionizing 
radiation, can be due to the following processes • 

(i) A penetrating shower coming from the side and missing the anticoincidence 
counters. The rate of such anticoincidences is not likely to be affected by the 
absorbers T or Z and thus is probably of the order of the rate of antiooincidenoes 
observed with T = 0 and Z = 0 which is the smallest anticoincidence rate observed. 

(ii) Spurious anticoincidences are recorded if a penetrating shower traversing 
A fails to discharge the anticoincidence system because of the inefficiency of 
the counters. The probability that a penetrating shower coming from above tho 
apparatus is missed in this way is negligibly small, as most penetrating showers 
will traverse more than one of the counters A simultaneously. The rate of sevenfold 
coincidences duo to processes containing only one ionizing particle falling on T is 
composed of two parts (1) the background coincidences (table 3 ), ( 2 ) coincidences 
due to showers produced in T by ionizing particles. This rate does not exceed 
0-19 + 0-25 = 0-44 count f>er hour for T = 10 cm Pb according to table 3 . Assuming 
that J % of these coincidences are recorded as anticoincidences duo to inefficiency of 
A, we obtain 0-002 spunous anticoincidences jier hour. This estimate is probably 
on the high side Thus we conclude that the rate of spurious anticoincidences due 
to inefficiency is negligible. 

(in) A shower travelling upwards if stopjied in T would give rise to a spurious 
anticoincidence. Such a process rnuHt be regarded, however, as extremely unlikely 
Nevertheless, should such showers occur their rate would not be affected by Z 
and thus they would not affect our conclusions. 

As we are not aware of any further processes giving rise to spunous anti¬ 
coincidences, we conclude that spurious anticoincidences other than those due to 
side-showers are negligible. 

( 3 ) A penetrating shower produced in T by the N-radiation is only recorded as 
an antiooincidence if (i) it does not contain particles moving upwards which dis¬ 
charge the counters A , (ii) if the N-ray is not accompanied by an ionizing secondary. 
As both processes may occur, the rate of anticoincidence provides only a lower 
limit to the actual rate of N-rays. 

The upper limit of the rate of N-rays is given by the number of penetrating showers 
produced in T. 


4. Tick interpretation of the results 
A. The range of the N-radiation 

Since the rate of anticoincidences decreased considerably when Z was changed 
from 5 to 35 cm. Pb, the N-radiation must have a range exceeding 5 cm. Pb. The 
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radiation is therefore more penetrating than photonB. It cannot be concluded 
from this that photons do not produce penetrating showers, for some of the anti¬ 
coincidences observed with Z = 0 might well be due to photons. It may be noted, 
however, that even if photon-produced penetrating showers exist, an anticoincidence 
arrangement would be a very inefficient recorder. The reason for this is that only 
energetic photons would be capable of producing penetrating showers, and these 
would be accompanied by large numbers of ionizing particles which would prevent 
an anticoincidence from being recorded. 

Thus we conclude that the penetrating showers observed are produced by non¬ 
ionizing radiation more penetrating than photons, but that the production of 
penetrating showers, even in large numbers, by photons cannot be excluded. 


B. The fraction of penetrating ahoivers produced by N-radiation 

An anticoincidence will be produced by an N-ray only if the following conditions 
are fulfilled: (i) the N-ray must traverse Z and must not produce in Z a penetrating 
shower or ionizing secondaries, (ii) the N-ray must produce a penetrating shower 
while traversing T , and (iii) the penetrating shower produced by the N-ray must 
give rise to a coincidence Bi*C u D n 

Assuming that the absorption of the N-radiation in lead takes place mainly by 
the production of penetrating showers, the probability of an N-ray being recorded 
can be written as 

P(r,T) = f-^l-e-/* T )P 0 , (1) 

where /i is tho absorption coefficient of the N-radiation nnd P 0 is the probability 
that a penetrating Bhower produced in T ih recorded as a sevenfold coincidence. 
In the absence of precise information about the value of P 0 we assume that P 0 = 1. 

Values of P(Z, T) for Z = 6 cm. Pb and T = 10 cm. Pb are given in table 4 We 
note that P is of the order of 30 % for a large range of /i values, and therefore 
whatever the actual value of p only about one-third of the N-radiation can be 
recorded with our arrangement. 

Table 4 


\jp cm. Pb P% I l//i cm. Pb P % 

6 31-8 15 34-8 

10 38-5 j 20 30-8 

It is known from previous work (J&nossy 1942, p. 371) that tho bulk of the 
radiation producing penetrating showers is of short range. Thus it can be assumed 
that most of the radiation other than N-radiation falling on T is absorbed, pro¬ 
ducing penetrating showers. Writing N 0 for the intensity of the N -radiation falling 
on T, Iq for the intensity of all other radiations which produce penetrating showers, 
and S for the rate of all penetrating showers produced in T, we have 

P = I 0 +N 0 ( 1 — e~' ,T ). 


(2) 
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The rate of anticoincidences can be written 

A = N 0 e-^(1 - e~rT) + B, (3) 

where B is the background rate. Examination of tables 1 and 3 shows that 
It = 0-26 count per hour, A(£= 5om.Pb) = 0*003 count per hour "j 
and A(£= 35am. Pb) = 0*030 count per hour. J 

Eliminating B by taking the difference lie tween the values of E = 5 and 27 = 35 
cm. Pb, we can obtain N 0 as function of /i and then from equation (2) IJN 0 as a 
function of p. The results are given m table 5, from which it is seen that IqIN 0 is 
approximately 2. 

Table 5 

lift cm . N t c per hr. / 0 /.V 0 I Ifp cm. N t c. per hr. 7 0 /2V, 

5 0*104 1*63 15 0 109 1*78 

10 0 091 2 12 I 20 0*139 1*40 

C. The absolute intensity of the N -radiation 

The estimation of the absolute intensity of the N-radiation is necessarily more 
uncertain than the estimate of the relative intensities for tho following reasons. 
(1) it is difficult to estimate the solid angle of the sevenfold set of counters effective 
in the collection of N-radiation, (2) it is not known if the N-radiation is accom¬ 
panied by ionizing radiation, if there is such N-radiation, it will not be recorded by 
our arrangement; (3) the assumption P 0 = 1 may be incorrect 

It is seen from table 5 that iV 0 is approximately 0*1 count, jier hour, and hence 
the ratio of this to the total cosmic-ray flux through the trays B and C is 
100 x 0*1/12,000 = 0*001 %. 

This value gives the order of magnitude of the intensity of the N-radiation in terms 
of the total cosmic-ray intensity at sea-level 

D. The nature of the N -radiation 

(1) Since the intensity of the N-radiation is much less than the intensity of tho 
penetrating non-ionizing radiation given in a former publication (J&nossy & 
Rochester 1941, 1943), it is an open question whether the two radiations are the 
same. We would point out, however, that the experiments are compatible with the 
assumption that the two radiations are tho same. The radiation investigated 
formerly was found to have a mean range of 10 cm. Pb. In the present investigation 
we find that the N-radiation is considerably absorbed betwoen 5 and 35 cm. Pb, 
a result compatible with the assumption that the range of tho N-radiation is also 
of the order of 10 cm. Pb. 

A difference in the two observed intensities is certainly to be expected if the 
N-radiation and the non-ionizing radiation observed before are of the same nature, 
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for the present arrangement responds only to the part of the non-ionizing radiation 
which has enough energy to produce penetrating showers, whereas m the former 
experiment non-ionizing particles capable of producing secondaries down to an 
energy of 2 x 10* eV were observed 

(2) It was suggested by J&nossy (1942, pp. 373, 375) that penetrating showers 
are possibly produced by protons As mesons are produced by non-ionizing radia¬ 
tions at high altitudes (Schein and co-workers 1939,1940) it was further suggested 
that penetrating showers might also be produced by neutrons. 

This picture fits in with our present observations which show that the pene¬ 
trating showers are produced by both ionizing and non-ionizing radiations of 
comparable intensities. 

We note that the N-radiation having a range of the order of 10 cm. Pb is loss 
absorbed than the ionizing shower-producing radiation which has a range of the 
order of a few cm. of lead only. Thus if the two radiations are to be identified with 
neutrons and protons, one must assume a somewhat different interaction for fast 
collisions for the two radiations 

(3) It should be noted that Johnson (1938, 1939) put forward arguments in 
support of the view that mesons are produced by protons This view was elaborated 
by Blackett (1941). According to theoretical considerations by Hamilton, Heitler & 
Peng* (1943) penetrating showers are expected to bo produced almost equally by 
protons and neutrons. The theoretical cross-section is of the right order of magnitude 
to account for the rate of production of penetrating showers. 
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The scattering and polarization of fast electrons 
by heavy elements 

By C. B. O. Mohr, Ph.D., Lecturer in Physics, University of Cape Town 
(Communicated by H 8 W. Massey, FR S — Received 2 March 1943) 

Using the methods of a previous joint paper, the calculation of the scattering and polariza¬ 
tion of electrons with energies between 6 4 and 1DS0 keV is extended to the whole angular 
range for the atomic Held of gold It is found that nvon at the highest energios tho angular 
distribution of the scattering does not exhibit a monotomo fall with increasing angle, and that 
the asymmotry in double scattermg reaches a maximum value which is quite largo at angles 
greater than 00“ The variation of the total elastic orosa-section with energy is also investigated. 

A simple closed formula for tho scattering is obtained by transforming Dirac's equations 
into a single differential equation of the same form as SrhrAdinger’s oquation but with a 
modified ‘scattering potential', and then using this potential in Bom’s approximation The 
resulting formula gives angular distributions to which the exact values of the scattering 
appear to approach more and more closely as the energy of tho electrons increases 

In connexion with the dim repancios between the results of various observers for the scat¬ 
tering and the polarization at 90“, it is shown that if a long-range repulsive field is added to 
the field of tho atom so as appreciably to reduce the scattermg, tho asymmetry in double 
scattermg is reduced by a larger factor. 

While the theory of the interaction of electrons with matter has been remarkably 
successful in treating tho fast electrons met with in cosmic rays, certain observers 
have claimed that serious discrepancies occur for electrons in the energy range 
100-2000 keV. The experiments of Dymond (1934) and of Richter (1937) failed to 
reveal anything hke as large a polarization as predicted by the calculations of Mott 
(1932). while the experiments of Klarmann & Bothe (1936) and of Champion & 
Barber (1938) indicated that tho intensity of large-angle scattering of electrons by 
heavy electrons was only about one-sixth of that given by theory (Mott, 1929). On 
the other hand, the scattering experiments of Gupta (1939) do not give results in 
disagreement with theory for electrons within the energy range used by Klarmann 
& Bothe, while the recent experiments of Shull (1942) on the polarization of 400 kV 
electrons by gold show that with certain experimental conditions an asymmetry in 
double scattermg of tho order of magnitude predicted by Mott iB obtained. 

In view of the discrepancy between the results of Dymond’s experiments and 
of Mott’s calculations, MasRey and the writer showed in a previous paper, here¬ 
after referred to as Paper A (1941), that the calculated polarization at 90° for 
the atomic field of gold is nearly the same as that calculated by Mott for the 
Coulomb field of the gold nucleus The same result was arrived at almost simul¬ 
taneously by Bartlett & Watson (1940) for the Coulomb field of the mercury nucleus, 
and by Bartlett & Welton (1941) for 100 and 230 kV electrons and the atomic field 
of mercury. 

The present paper gives the results of an investigation of the scattering and 
polarization of electrons over a wide range of energies and angles, for the atoraio field 
r i89 ] 
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of gold. It is found that diffraction minima persist in the angular distribution of the 
scattering even at the highest energies, though otherwise the curves seem to approach 
more and more closely to values given by a simple closed formula for the scattering 
derived from Dirac’s equations using Bom’s approximation. The polarization is a 
maximum, not at 90°, but at a larger angle, and the magnitude of the asymmetry 
in double scattering is then quite large. Finally, the relative effects of an alteration 
in the field on the scattering and on the polarization are considered. 


Genkbal thkoby 


Consider the scattering through an angle 0 of an unpolarized beam of electrons 
of rest mass m, velocity v, energy E, and wave number k, so that 


.. 47r* / E* .A 4 n*m*v*/ 

( «*) 


(1) 


As shown in Paper A, the effective cross-section for scattering per unit solid angle in 
the direction 6 is given by 

UP) = \f{0)\*+\g{p)\\ ( 2 ) 


where f(d) - +1)(1 -e^,) + f(l-e«»-<-,)}/>(cos0),j 

g( 0 ) = « >}P}(ooad). ) 


(3) 


The quantity % is a phase constant such that sin (hr — \ln + >],) is the asymptotic 
form of that solution of the differential equation 

dr* \ r r* r a 4 a* 2 a j 1 ' ' 

which vanishes at the origin, the quantities a and p being given by 

a = ~(E~V + nu:*), p -V-me*). 


The quantity _ x is similarly defined, the corresponding differential equation for 
differing from that for O t only in having a term — la'Ira. in place of the term 
{l + 1 )a'jra in (4). It turns out that the difference between the values of ij t and 
is negligible except for tlie smallest values of l, and it is this difference which is 
responsible for the existence of a polarization on scattering. 

Consider now the effect of polarization of the electrons in a double scattering 
process. If the original beam, incident m the direction 1^ T x , is first scattered through 
an angle 6 in the direction T x T t , and then scattered a second time through the angle 
0 in the direction T*/*, and if <f> is the angle between the planes LxT x T t and T x TgLj, 
the intensity of the doubly scattered beam is proportional to 1 + d cos0, where 

\m9*m-/*(d)g(d)\*K\m\*+\g(e)\*)*. w 

The quantity 24 is oalled the asymmetry in double scatter ing . 
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Method of calculation 

It is first necessary to calculate the phases ty, V-t-i by aoourate numerical in¬ 
tegration of the differential equation ( 4 ) for small values of l, the higher order phases 
being calculable with sufficient accuraoy by the use of Jeffreys’s approximation. 
Details of the method are given in Paper A, where the behaviour of the phases for 
the atomio field of gold is illustrated for values of k up to 150 atomic units (240 k V 
electrons).t The calculation of the phases has now been extended up to k = 400 
atomio units (1060 kV electrons), and a few values of S t - HVi+V-i-i) ar ® given in 
table 1 to show the behaviour of the phases at these higher energies. 

Tablk 1. Values of the phases for scattering by a gold atom 
fca, koV i 0 S l S t <J, J, d 10 S u <hoo <1,00 

100 121 3*1*9 3-12 2-49 2 09 1-68 1 02 0-58 0*28 0-01 0 00 

200 392 3-47 2 83 2-26 1 92 1*81 1 15 0-70 0-42 0-12 0*03 

400 1080 3-35 2 81 2-18 1 90 1-76 1*47 1-05 0-87 0-31 0*12 

The phases given by Bartlett & Welton (1941) for 100 and 230 kV electrons in 
meroury check up very satisfactorily with those obtained in the present work, 
though the former are slightly greater, as would be expected for the slightly larger 
atom. 

The small order phases reach a broad minimum at about ka 0 = 100 and then 
increase again For still larger values of k the increase becomes logarithmic. 

Having inserted the values of the phases in equations ( 3 ) for/and g, the intensity 
of single scattering and the polarization by double scattering are calculated from 
(2) and ( 5 ) respectively. A difficulty arises from the fact that at the higher energies 
the convergence of the series for / is extremely slow. This is not so serious at 90° 
(Paper A), whero the alternate non-vanishing terms m the series ( 3 ) are of opposite 
sign, so that a fairly reliable estimate can be made of the contribution from the 
higher order teruiB without much difficulty In the present calculations it was found 
necessary to calculate the values of P t and P) for a number of angles up to l = 40 
using the recurrence formulae. Furthermore, the procedure, adopted also by 
Bartlett & Welton, was followed of fitting the coefficients of the higher P t and Pj 
with empirical formulae involving the sum of terms of the form ae~ u . The relation 

S (2/ + 1 )»>-*'/} (cos 0) - (1 -e- M )/(l -2e- A cos0 + e— w )* 

1-0 

was then used to sum the series, allowance being made for the deviations of the 
coefficients of the lower order terms from the value given by the empirical formula. 
The series for g converges much more rapidly, because decreases rapidly 

with increasing values of l. 

t The values of the S t given in figure l of Paper A are slightly too large at ka t = 150 owing 
to a small systematic error in the calculations, but are oorrect for ka t lees than 100. The 
corrected values of the percentage asymmetry are not, however, seriously different from those 
given in figure 2 of Paper A. 
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be said of the Mott values at 90° for the higher energies. For velocities approaohing 
that of light, Mott’s value of R tends to 3-4, formula (15) gives 2-7, while the values 
given by Bartlett & Watson tend to 1*9. 

Even above 1060 keV, marked deviations from a monotonically falling angular 
distribution ocour for angles greater than 90°. This is due to the fact that the lowest 



Fiqurk 1. Ratio, R, of the scattering of fast electrons by heavy atoms to the Rutherford 
scattering Circles, calculated for a screened gold nucleus. Full lines, values given by the 
approximate dosed formula (15). Dotted linos, calculated by Bartlett & Watson for an un¬ 
screened mercury nucleus. Crosses, calculated by Mott for an unscreened golf! nucleus. 

order phases are still widely separated, so that the values of 1 - oos 2d, and sin 29, 
do not vary regularly with l for the first few values. Moreover, it appears that this 
behaviour will persist up to energies of several million electron volts. 

Experimental evidence concerning the angular distribution of the scattering of 
^-particles by heavy elements is so far very sparse for the larger angles, and is even 
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conflicting in regard to the order of magnitude of the Boattenng. Kiarmann & Bothe 
(1936) find for 500 - 2500 kV electrons in krypton and xenon only one-fifth of the 
scattering given by Mott’s formula for light elements (Mott 1929), and similarly 
Champion & Barber (1938) find for ROO-llOOkV electrons in mercury only one- 
seventh of the theoretical scattering On the other hand, Gupta (1939) finds agree¬ 
ment with theory for the scattering of 2 million volt electrons in xenon. Further 



Fiourk 2. Values of x (scattered intensity I), plotted on u logarithmic scale, for small angles 
of scattering. Circles, calculated for a screened gold nucleus Full Imes, calculated from 
formulae (7) and (18) for a screened gold nuoleus. Dotted lines, calculated from the corre- 
spondmg formula (13) for an unscreened gold nucleus. 


experiments are clearly desirablo not only to clear up the discrepancy in the order 
of magnitude of the scattering, but also systematically to determine the form 
of the angular distribution of the scattering at large angles. It may be noted in 
passing that since Mott’s formula for the large-scale scattering by light elements, 
with which the experimental values have usually been compared, gives much 
smaller values than the exact values at high energies, the discrepancy between 
theory and the experiments of Kiarmann & Bothe and of Champion & Barber is 
even greater than at first appears. 
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With regard to the scattering at small angles, it will be seen on referring again to 
figure 1 that the exact value of Ji is obviously tending to smaller values than 1 as 
the angle decreases. This is to be expected, for the scattering by a Coulomb field 
tends to infinity as the angle tends to zero, whereas the true value is of oourse finite 
for zero angle. At small angles, therefore, a much better approximation to the 
scattering would be given by taking the atomic field and substituting the value 

V = Z p e*/{r(l “ «*/c 2 )‘} + £Je 4 /2mc* r* (16) 

in formula (7), the integration being carried out numerically. 

In figure 2 are shown angular distributions so calculated from the formula (7), 
together with corresponding ones obtained from the formula (13) for the Coulomb 
field, and the exact values obtained by the use of the formulae (2) and (3). While 
the exact valueH deviate from the formula (7) by a factor of 4 at some angles at the 
lower energies, they never deviate by a factor of more than 2 at the higher energies, 
and this is a close enough fit for all practical purposes m view of the extremely rapid 
variation of the intensity with angle. The values given by the simpler formula (13) 
are seen to hold down to smaller and smaller angles as the electron energy increases, 
the deviation for 1060 kV electrons only becoming marked for angles less than 1“. 

Total elastic cboss-seotion 

Since the main contribution to the total cross-section comes from small angles 
where g is negligible in comparison with /, the total cross-section will be given by 

Q = 2n j’psinOdO 

= *nk~* 2 {(J+l) sin* %+isin 8 V-i-ib (17) 

Values were calculated from this formula and the results are given in table 2. 

Table 2. Values of the total cross-section for elastic 

COLLISIONS IN UNITS OF 7TUq 

Energy in koV 8-4 16-8 33 121 392 1060 oo 

Cross-section, formula (17) 142 0 86 0-40 0 21 0 12 Oil — 

Cross-section, formula (18) 0-15 0-12 0-11 

The behaviour of the total cross-section for velocities approaching that of light 
was found by using the formula (10) with the value of V given by (16), for the latter 
formula gives the small-angle scattering fairly well on tlio whole. If use is made of 
the fact that the second term in (16) contributes little at small angles, it follows 
approximately that 

/=I/(l-»»/c*)*a e , 

/= f °°%Z p K - 1 sin Kr dr. 


where 
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/ can be found by numerical integration: its value is required only for a few suitably 
chosen values of K. The total cross-section is then given to the same degree of 
approximation by 

Q = 2tt j* k I*KdKI{k*al (1 - v*/c% (18) 

the integration of PK being carried out numerically using the values of I previously 
obtained. 

For values of Jca 0 above 100, the value of the integrand in (1H) approaches the 
value 1000 atomic umts for gold, and therefore as v tends to c, the elastic cross- 
section tends to (2000/137-2 2 )va§ — 0-1 Inal. 


POLARIZATION BY DOUBLE SCATTERING 

Having calculated / and g for single scattering, the polarization produced bv a 
second scattering through the same angle is given with little further calculation 
from the formula (5) As far os the scattering at 00° is concerned, Mott’s conclusion 
that at high energies the asymmetry in double scattering for the (Coulomb field of 
gold reaches a maximum of about0-1 Oat about 120kcV is confirmed by Bartlett* 
Watson’s calculations for the Coulomb field of mercury. In Paper A similar results 
were also reached for the atomic field of gold, and it was also shown that at certain 
energies below 1 koV large values of the asymmetry could occur, usually at those 
energies for which there was a pronounced diffraction minimum in the angular 
distribution. 

Values of the asymmetry for angles other than 1)0° are given in table 3. It will be 
seen that even at high energies large polarizations can occur at angles other than 
90°. At 5-4 and 10-5 keV, the largest values occur near a minimum in the angular 
distribution as will be shown by reference to figure 1 The reason is, as explained 
fully in Paper A, that the value of/is small and comparable with g near a minimum 
value of the scattering. 


Table 3. Values of the asymmetry in double .scattering 


FOR THE ATOMIC FIELD OF OOLD 


enorgy keV 
5-4 
16-6 
33 
121 
392 
1060 


45° 60" 

0-00 0 02 

0 00 0 05 

0 00 001 

0 00 0 01 

010 001 

0 01 0-00 


75" 90° 

0-00 0-05 

0 01 0-01 

0 00 0 05 

0-02 0 14 

0 00 0 16 

0 03 0 0 


105" 120" 

0-03 0-01 

0-00 0-37 

0 09 0 14 

(13 0-4 

0 7 0-9 

0 4 0 3 


135° 150? 

0-04 0-02 

0-07 0 03 

0 13 0 04 

0 5 0 4 

14 19 

0-8 0 9 


165° 
0-00 
001 
0 00 
03 
01 
00 


At 392 and 1060 koV large values of the asymmetry occur at angles greater than 
90°. This remarkable result seems to be confirmed by the results of Bartlett & Welton 
for the atomic field of mercury. For lOOkV electrons they obtain values of the asym¬ 
metry which increase from 0-05 at 90° to a maximum value of 0-12 at 135°. For 
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230 kV electrons they give explicitly only the value at 90°, viz. 0*026, but their 
values of/and g lead to a maximum asymmetry of 0*6 at 160°. 

The explanation of such large values is that for increasingly high energies and at 
large angles, the scattering—and therefore the value of /—becomes smaller and 
smaller. The value of g, which depends largely on the slowly varying quantities 7} 1 
and 7 _„ varies far less with energy. The result is that g and / eventually become 
comparable and consequently large polarizations can be expected where the signs 
of the real and imaginary parts of / are favourable to such a result, g of course 
vanishes at 180°, so that large polarizations should occur in general near the middle 
of the angular range, 00-180°. Since, however, the calculated value of / is least 
accurate in this region because it is small, the values of the larger polarizations given 
in table 3 are probably not very accurate. In any case they may depend somewhat 
on the form of the field at the larger distances, for the same reason that the angular 
distributions at these energies possess minima instead of falling monotonieally as 
they would for a Coulomb field. 

Further experiments should be carried out at angles other than 90° to test the 
above result, as the modifications of apparatus required for this purpose should not 
be serious There is at the moment, however, some doubt even as to whether a 
discrepancy with experiment still exists for the polarization at 00 °. The reoont 
experiments of Shull ( 1942 ) indicate that the observed polarization is, for some reason 
not yet understood, different according as to whether the electrons are scattered 
by the gold scattering foils through the ‘ reflexion ’ side of the foil or the transmission 
side. For the former, Dymond and Shull both obtain very small polarizations, while 
for the latter Shull obtains an asymmetry for 400kV electrons in good agreement 
with the theoretical value. 


Effect of modifications of field on scattering and polarization 

Although the experimental evidence is not finally conclusive on the point, it 
may be that for certain energies the scattering and the polarization are definitely 
much less than predicted by theory. It is therefore of interest to consider to what 
extent modifications in the atomic field will affect the intensity of scattering and the 
magnitude of the polarization simultaneously. An atomic field of the form 
£ p e a (l — e~ A, )/r was therefore taken for consideration, and the case of ka 0 = 100 , 
Ao 0 = 137 investigated. The effect of adding on the repulsive field was to reduce 
& 0 from 3*89 to 3*44, but and higher phases were not appreciably reduced. On the 
other hand, 1 ) was reducod from 0*17 to 0*06. The reduction in d a resulted 

in a reduction of the scattering at 90° to 0-4 of the previous value, and the reduction 
in \{7fo — caused the asymmetry at 90° to be reduced to about 0* 1 of the previous 

value. The reduction of the scattering at 180° was more marked, viz. to 0*1 of the 
previous value, while that at small angles was not much diminished. 

The calculations seem to indicate in general that if the field is modified to reduce 
the scattering at 90°, the reduction will be markedly greater at larger angles, while 
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the asymmetry in double scattering at 90° will be reduced by a greater amount than 
the scattering. The values of A necessary to produce appreciable reduction, however, 
involve modifications of the atomio field at distances whioh seem impossibly large. 
Thus taking Aa 0 =137 reduces the atomic field to half its value at a nuclear distance 
of 2*6 x 10 ~ u cm., while the field is appreciably modified at still larger distances. 
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The flame spectrum of carbon monoxide 
III. The cool flame 


By A. G. Gaydon, D.Sc. 

Chemical Engineering Department, Imperial College, London, S.W.l 
(Communicated by Sir Alfred Egerton, Sec R S.—Received 3 March 1943) 

| Platks 3, 4J 

The spoctra of the cool flames, or pro-ignition glows, of carbon monoxide with oxygen 
and with nitrous oxide have been photographed The cool flame shows the same faintly 
banded spoctrum as the normal flamo, but this band structure is more clearly developed 
The OH bands are absent from the tool flame, which, however, shows strong sodium emission 
Cuprous chloride appoara very readily as an impurity and the band systems of CuCl show a 
markedly different intensity distribution in tho cool flames with oxygen and with nitrous 
oxide The application of the results to the theory of the combustion mochamsm is briefly 
discussed 


Introduction 

The normal flame spectrum of carbon monoxide in the visible and near ultra-violet 
regions of the spectrum (Gaydon 1940 , 1941 ) and in the photographic infra-red 
(Gaydon 1942 a) has already been described, and its bearing on the oombustion 
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problems has been discussed. It has been suggested that in the formation of 
normal carbon dioxide from normal carbon monoxide and oxygen an electronic 
rearrangement must occur at some stage, and that this will result in the newly 
formed molecules being initially endowed with considerable vibrational energy, 
the long life of which can account for the abnormal dissociation in the combustion 
products and the phenomenon known as afterburning. 

It is known that a mixture of carbon monoxide and oxygen at a temperature 
just below the ignition point shows a ‘cool flame’, or more correctly a pre-ignition 
glow. The existence of this luminescence at temperatures below which it could 
arise from thermal excitation supports (Gaydon 19426 ) the view that an electronic 
rearrangement must always take place during the combustion process. The con¬ 
ditions for the occurrence of this cool flame have been described by Prottre & 
Laffitte ( 1929 ) and Topley ( 1930 ), the colour being recorded respectively as rouge 
vxolacl and violet. The spectrum of the cool flame does not appear to have been 
recorded hitherto The normal flame of carbon monoxide is blue and the difference 
in colour would at first sight suggest a different spectrum However, in the present 
series of experiments the colour usually appeared to the author to be blue. The 
description of the colour of a very weak glow is rather uncertain, and the red glow 
from the walls of the furnace and the admixture of some orange sodium coloration 
with the truo colour of the cool flame could no doubt produce a violet effect, and 
the colour of the cool flame obtained by the author was thus described on at least 
one occasion by Sir Alfred Egerton 

In addition to the examination of the spectrum of the cool flame of carbon 
monoxide reacting with oxygen, some observations have also been made on a cool 
flame of carbon monoxide with nitrous oxule, and on the effoct or traces of cuprous 
chloride on tho spectrum of these cool flames. 


ExrKRlMKVTAL 

The experimental set-up was of the simplest. It consisted of an electrically 
heated furnace with two inlets and an outlet. 'Hie gases, stored m cylinders, were 
led through flow-meters to the inlets at atmospheric pressure and mixed in the 
furnace and then passed along to the outlet at the other end For the earlier experi¬ 
ments the reaction vessel consisted of a mild steel tube with a platinum-rhodium 
thermocouple cemented in at one end, and a quartz window, held against tho flat 
end of the steel tube by a collar, at the other end, this permitted the luminescence 
in the tube to be viewed end on. For later experiments in which it was desired to 
eliminate effects due to metal surfaces, an all quartz reaction vessel with a sealed- 
on window was used, tho thermocouple being dispensed with. The reaction vessels 
used were of 1 cm. internal bore and from 20 to 30 cm. long. 

The gas flow was of the order 100 c c./rain , and apart from a few brief visual 
observations it was found convenient to work with either fairly rich or fairly weak 
mixtures, usually CO. O t * 4 :1 or 1 :4, as with anything approaching a theoretical 
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mixture it was difficult to maintain the furnace temperature sufficiently constant 
over long periods to give a reasonably intense glow without risk of ignition; on 
one occasion the resulting explosion shattered the quartz reaotion vessel, and on 
several occasions exposures were spoilt by the gases igniting. 

Spectra were recorded on a small quartz spectrograph (Hilger E.3) and on a 
large aperture glass prism spectrograph giving a dispersion of about 50 A/mm. in 
the blue-green With both instruments exposure times varied from £ to 6 hr. 
according to slit width and intensity of the glow. A noon glow lamp containing 
some hydrogen and helium was used as a comparison spectrum, as, with the small 
dispersion and wide slit usually used, the iron arc speotrum was difficult to 
recognize. 


Thb tool blame with oxygen 

Mixtures of carbon monoxide and oxygen showed a blue luminescence when 
passed through the furnace at a temperature of about 600° (' The glow appeared 
strongest along the axis of the reaction vessel and the volume within about l mm. 
of the walls appeared dark In some of the later observations with the steel 
reaction vessel, after it had become Hhghtly rustod, it was noted that specks of 
dust or rust sometimes glowed brightly, and in some cases became hot enough to 
cause igmtion, this suggested that, m the stool vessel, surface catalysis was playing 
a part in the reaction. 

The spectrum was successfully photographed on both the quartz and glass 
spectrographs .Spectrograms of both the normal and cool flames are reproduced 
in strips a to d of plate 3. It will be seen that the normal and cool flame spectra 
are essentially similar, but with certain significant differences 

The normal flame shows a faintly banded spectrum on a relatively strong con¬ 
tinuous background, being strongest in the blue and near ultra-violet With the 
small dispersion and rather wide slit used in the present experiments, the banded 
structure does not show up very well in tho normal flame. In the cool flame, how¬ 
ever, using the same slit width and instrumental adjustments, the band structure 
is much more obvious. Strip b of the plate shows a fairly regular development of 
this band structure in tho region 3200-3400 A, and strip d shows the greater 
clarity of the banded structure m the visible region Thus tho spectrum of the cool 
flame resembles more nearly that of the afterglow of carbon dioxide in a discharge 
tube (Fowler & Gaydon 1933 ) or the normal flame at reduced pressure This 
sharpening of the band structure m the cool Hame and in the flame at reduced 
pressure probably results from the lower rotational temperature of the molecules, 
the branches of the complex rotational structure being shorter so that tho heads 
of the bands stand out more clearly against the general background of unresolved 
structure. 

Another difference between the spectra of the cool and normal flames is the 
absence of the OH band at 3064 A from the former. This band is extremely per- 
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Bistent in the spectrum of the normal flame and can only be eliminated by the moat 
careful drying. Most of the work on tho cool flame was done with moderately dry 
gases, no special drying was undertaken, but the gases were stored in cylinders at 
around 100 atm. pressure, so that the gases were presumably not more than 1 % 
saturated at room temperature. To confirm the absence of the OH band in the 
cool flame, very long exposures were given with gases deliberately saturated with 
moisture at room temperature, but no trace of the band was found. The absence 
of the OH band forms the subject of later discussion. 

A third difference botween the spectra of the normal and cool flames was the 
strong excitation of the sodium D lines in the cool flamo. This is well shown in 
strips b and d of the plate Tho sodium emission was initially so strong in the oool 
flame that it produced a yellow coloration of the whole flame, and it was only 
after the flamo had been running for an hour or so that it died down sufficiently 
for the blue colour to become predominant. It is clear that the strong excitation 
of the D lines at a temperature of around 600'’ (3 must bo due to the atoms in some 
way taking up energy directly from the combustion process, and cannot be thermal 
in origin. This effect leads the author to doubt the reliability of the sodium-line 
reversal method of measuring flame temperatures, for which thormal excitation 
of the sodium must be assumed. 

The strong excitation of the sodium resonance lines in the cool flame suggested 
that it might be possible to arrive at an estimate of the amount of energy available 
for the excitation by observing the resonance lines of other metals. Accordingly 
a little metallic cadmium, which boils at 767° (’, was placed in the reaction vessel, 
and a long exposure was taken on the cool flame using special ultra-violet sensitive 
plates; no sign of the Cd resonance line at 2288 A was observed. Similarly, placing 
a little zinc-mercury amalgam in the tube failed to bring up either the Zn line 
2138 A or Hg 2537 A. Under conditions in which tho CuCI bands were strong 
(see later section) no sign of the Cu resonance lines at 3274 and 3248 A appeared. 
Negative evidence of this type is never very convincing as it is difficult to be sure 
that an adequate concentration of atomic vapour was present, it can merely be 
said that no positive evidence was obtained to indicate tho existence in the reacting 
gases of any atom or molecule with a metastable electronic state of high energy. 

Some of the plates taken seemed to indicate that tho emission from the cool 
flame, relative to that from the normal flame, was rather stronger at the red end 
and less strong at the short wave-length end. This effect could not, however, be 
definitely confirmed owing to the chromatic aberration of the quartz condensing 
lens used to throw an image of the oool flame on to the slit of the spectrograph; 
with a relatively small source it was found that the strength of the spectrum in 
any region was markedly affected by the adjustment of this lens, it being only 
possible to focus the image of the cool flame accurately on to the slit for one wave¬ 
length. The cool flame extended throughout the length of the reaction vessel, 
while the normal flame produced when tho gases were allowed to ignite was 
situated at the far end of the tube. Nevertheless, it would not be surprising if at 
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the lower temperature of the oool flame the vibrational intensity distribution was 
slightly modified in such a way as to strengthen the red and weaken the ultra¬ 
violet part of the speotrum. The strengthening of the red end shown in strip d of 
the plate is on the original negative and is not accentuated by the process 
of enlarging, but may bo due, at least in part, to the effect of the condensing 
lens. 


The coon flame with nitkoijs oxide 

It was found that the roaction between carbon monoxide and nitrous oxide 
below the ignition temperature was also accompanied by luminescence. As first 
obtained, using nitrous oxide of anaesthetic quality in a steel reaction vessel, the 
cool flame was green; the green colour was especially clear for mixtures rich in (30 
The spectrum under those conditions showed a well-marked band system which 
was, thanks to a suggestion by Dr R W B. Pearse, quickly identified with copper 
chloride, CuCl These bands are discussed in detail in the next section. 

Using a quartz reaction vessel the ('u(31 bands wore less troublesome, although 
they still occurred faintly on occasions, especially after an explosion in the tube 
had stirred up dust in the rubber connexions, etc. The spectrum of the pure 
CO-NjO cool flamo was photographed on the quartz spectrograph and some visual 
observations wore made with the large aperture instrument Apart from the 
absenoe of the OH band there appeared to be little difference botween the cool and 
the normal C50-N a 0 flame. It has recently (Gaydon 1942 a) been pointed out that 
the normal C0-N,0 flame differs slightly from the (30-0 a flame in showing in 
addition to the blue faintly banded structure a continuous emission in the yellow- 
green. This continuum in the yellow-green was probably also present in the 
spectrum of the cool flame, especially when the gases wore just on the point of 
ignition, the cool flame changing from a bluish white to a more yellow shade as 
the temperature of the gases rose to the ignition point Tho identification of a 
continuous emission is not easy owing to the absence of distinctive features for 
measurement, but the region of the speotrum and colour sensation produced by 
the emission of this continuum suggests a possible identity with continuous emis¬ 
sion characteristic of tho air or so-oalled oxygen afterglow. There is evidence to 
show that tho air afterglow continuum results from a reaction between nitric oxide 
and atomic oxygon (Spealman & Rodebush 1935 ). If the two oontinua are the 
same this would indicate that atomic oxygen was prosent at any rate in the normal 
CO-NjO flame, and probable just before ignition m the oool flame. The author has 
previously (Gaydon 19426 ) been rather sceptical of combustion mechanisms in¬ 
volving atomic oxygen, owing to the failure of carbon monoxide to give an atomic 
oool flame with atomic oxygen (Harteok & Kopsoh 1928 ). It is hoped to follow up 
the possible identity of the flame continuum with the afterglow continuum with 
a view to using it as a test for atomic oxygen in flames. The sodium lines were less 
persistent in the cool flame with nitrous oxide than with oxygen. 
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CuCl BANDS IN THE OOOL FLAMES , 

Strong CuCl bands were observed in the spectrum of the oool flame of nitrous 
oxide and carbon monoxide when using the steel reaction vessels. They did not 
appear, except faintly at times, in the quartz reaotion vessel Also they did not 
appear with the cool flame maintained by oxygen oven in the Bteel tube unless a 
chlorine compound (HC1 vapour) was added to the carbon monoxide, when they 
appeared very strongly. It thus appears that the copper muBt have been present 
in the steel tube, while the chlorine must have been carried by the nitrous oxide 
The amount of chlorine in the iutrouH oxide, which was of anaesthetic quality, must 
have been extremely small, it was possibly earned in as ammonium chloride, which 
is rather volatile. 

The spoctrum of CuCl consists of five band systems, usually known as A, B, C, D, 
and E, with ( 0 , 0 ) bands at AA 52(12, 4881, 4847, 4354 and 4333 respectively. In 
absorption all the systems apjiear fairly readily, but in emission in a flame or arc 
the T> and E systems aro usually dominant. Strip e of plate 4 shows the CuCl 
bands as obtained when cuprous chloride is introduced into an ordinary Bunsen 
flame. Systems T) and E are strong and show flutings due to other bands in the 
sequences, while systems B and C are less marked The green region is covered by 
the strong patcli of continuous or nearly continuous emission characteristic of all 
flames containing copper, the origin of this is uncertain, but may be due to an 
oxide of copper When cuprous chloride is introduced into an eloetric arc systems 
D and E are strongly developed, but systems B and V are weak and A is absent 
(see plate published by Pearse & Caydon 1941 ). 

When obtained in the cool flame with oxygen, the intensity distribution of the 
CuCl bands is similar to that in the ordinary flame or the are, system A being 
absent, and systems B and ( 1 weak compared to 1) and E This is shown in strip g 
of the plate The bands in the cool flame do not show the flutings as they do in the 
hot flame, and the (1,0) band ot system 1) is rather less intense This is presumably 
due to the lower vibrational temperature of the CuCl molecules in the cool flame. 
The effect is real, ami not due to instrumental differences, as the plates were taken 
with the same slit widths and adjustments. 

With the cool flame maintained by nitrous oxide (strip/, plate 4) there is a very 
marked difference m the intensity distribution among the CuCl systems. Systems 
B and C aro now relatively stronger compared with 1) and E, and the (0, 0 ) and 
( 0 , 1 ) bands of system A occur strongly, the apparently greater strength of the 
(0, 1 ) band is chiefly due to the higher plate sensitivity in this region. In strip / 
these bands are well shown. The patch of continuum at the red end is due to 
thermal emission from the walls of the furnace, but the marked strengthening of 
system A is not caused by this thermal emission; the results have been confirmed 
by visual observation. Also, the oool nitrous oxide flame containing CuCl is green 
in colour, while the cool flame with oxygen and CuCl is blue. 

Carbon monoxide and cuprous chloride have a strong chemical affinity, and 
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indeed a solution of cuprous chloride is the usual reagent for absorbing carbon 
monoxide. In solution a complex, probably CuC1.2H a O.CO, is formed. It seems 
probable to the author that some similar complex is formed in the gas phase and 
that this reacts more readily with oxygen or nitrous oxide than does carbon 
monoxide itself. The CuCl thus acts as a catalyst, and some of the heat of the 
reaction is unloaded on to the CuCl molecules to produce the emission spectrum 
of this molecule. Combustion with nitrous oxide Bhould liberate more heat than 
combustion with oxygen, but it is clear, nevertheless, that the CuCl molecules are 
more highly excited by the reaction with () 2 than with N a O. This suggests that 
the reaction mechanism is not sun pie Ft is well k nown that the blue dame produced 
by throwing silt (NaCl) on a coal fire shows CuCl bands, this may be another 
example of catalytic oxidation of carbon monoxide by cuprous chloride. 

The presence of cuprous chloride seems to suppress the sodium lines in the 
spectrum of the cool flame. See strips / and g of plate 4 


Discussion 

The emission of the normal carbon monoxide flame spectrum by reacting gases 
at a temperature of around 600" C strongly supports the view previously put 
forward that an electronic rearrangement of the ('O a molecules must occur following 
the initial combustion process. 

There is not milch evidence to suggest that any high energy of excitation is 
freely unloaded on to any atom or molecule with suitable energy levels which may 
be present Thus, apart from tho failure to excite spectra of Cd, Zn or Hg, certain 
other impurities such as FeO and Fed should surely have boen introduced by tho 
walls of the steel tube more readily than Ou(l, yet fail to show m the spectrum. 
In agreement with direct combustion experiments, it seems that carbon monoxide 
and oxygen, or nitrous oxide, are reluctant to react directly, but do so more readily 
in the presence of a catalyst. The intervention of the most minute amounts of 
CuCl has already been discussed It has been shown by Magee & Ri ( 1941 ) that 
the reaction H + H + Na = H a + Na* occurs with fairly high efficiency when sodium 
is introduced into atomic hydrogen. It is possible that the excitation of the 
sodium lines in the cool flame is the result of a different but similar type of reaction. 

One of the most significant differences between the spectrum of the cool and 
normal flames is the absence of the OH band from the former. Topley ( 1930 ) has 
shown that the reaction rate under cool flame conditions is approximately pro¬ 
portional to the concentration of moisture, and he discusses the possibility of the 
reaction being maintained by a chain mechanism in which either H a , H a O a or OH 
take part. The absence of the OH band indicates absence of electronically excited 
OH radicals in the cool flame, but not of course absence of unexcited OH. How¬ 
ever, the absence of the band leads one to suspect that the catalytio action of 
water on the cool flame iB not due to the maintenance of the usual water-gas 
equilibrium, but is more likely to be connected with the action of the H a O molecules 



206 


A. G. Gaydon 

in quiokly setting free the vibrational energy stored in the newly formed CO, 
molecules, and so assisting the thermal maintenance of the reaction. 

In conclusion, it is a pleasure to thank Sir Alfred Egerton onoe again for his 
keen interest in the work. I am also much indebted to the Counoil of the Royal 
Society for financial assistance. 
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Description of Plates 3, 4 

Stripe a and b are enlargement* of spectra taken with the small quartz spectrograph using 
Ilford Process Panchromatic plates. Strips c to g are of apoctra taken on the large aperture 
glass instrument using Ilford Press Ortho (senes 2) plates. 

Plate 3 

а. Normal flame of moist carbon monoxide burning in oxygen. 4 min. 

б. Cool flame of carbon monoxide and oxygen. Furnace temperature 610° C. CO. O, flow 

= 1:4. Same slit width and adjustment os a. Note the band structure at the short-wave 
end and the sodium line. The continuum at the red end is from the walls of the fnmaoe. 
Exposure 6 hr. 

0. Normal flame of CO burning in O t . 2 min. Neon (with H and He) comparison above. 

d. Cool flame CO and O,. 3 hr. Same Blit width and adjustment as c. 

Plate 4 

e. Cuprous chloride m Bunsen flame. 4 mm. Neon comparison above. 

/. Cool flame of CO and N t O in steel reaction veesol showing Cud bands. Same slit width 
and adjustment as e. The (0, 0) bands of the CuCl systems are indicated. Exposure 
1 hr. 15 min. 

g. Cool flame of CO, which had been bubbled through HC1, and O, m steel reaction vessel 
showing CuCl bandB. Same slit width and adjustment as e and/. Exposure 2 hr. 
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[Plate fl] 

An advanoo in the technique of using the Jamin interferometer for the determination of the 
diaperuon of gaeee haa been effected by making a systematic allowance for fringe-drift by 
means of photographic measurement!). New values of the refraction and dispersion of 
sulphur dioxide and sulphuretted hydrogen have been determined, reduced to ‘infinite 
dilution' by means of newly measured pressure ooeffloients, in order to allow for departure 
from the gas laws. The refraction and dispersion of carbon oxysulphide have been measured 
for the first tune. 


Introduction 

The primary object of this investigation was to obtain the refraotion and dispersion 
of carbon oxysulphide which have not previously been measured. A Jamin inter¬ 
ferometer was used for this purpose, as in earlier experiments (Lowery 1931 ); 
certain improvements in technique were contemplated, hence it was deoided to 
repeat measurements on sulphuretted hydrogen and sulphur dioxide, especially in 
view of the high probable error in the existing published values relating to these 
substances. At the same time their dispersion curves were extended downwards 
from 5000 to 4000 A. 


(Jen URAL DISCUSSION 
(a) Limiting values 

The values of gaseous refractivitios as determined by different experimenters are 
notoriously at variance, due largely to the mode of reduction of the results; this is 
true even where the workers have used a reliable experimental technique, and 
where the substances employed have been of the highest degibe of purity (though 
sometimes discrepancies have been wrongly ascribed to the want of purity of the 
specimens instead of to the prooess of reduction). This may be soon even in the vast 
amount of work that has been done on suoh an easily manageable substanoe as air 
(Cuthbertson 1910 a). 

The bulk of refractivity data has been reduced to ‘limiting values’ at N.T.P., thus 
involving two fundamental assumptions, viz, (a) the relationship between refrac¬ 
tivity and gas density, and ( 6 ) the relation between gas density and pressure and 
temperature. 
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Some attempts have previously been made to reduoe refractivity data through 
direct density determinations, e.g. by incorporating a density bulb in the apparatus, 
but the errors introduced due to the weighing process, since very small differences 
are involved, are greater than those from pressure and temperature measurement, 
thus Cuthbertson ( 19106 ) in using both the density and pressure/temperature 
methods for S0 4 , showed a probable error of ± 21 in 7000 in the former, as compared 
with ± 7 in 7000 for the latter. Of course, in some cases the density method is the 
only method available, but experience seems to indicate that where pressure/ 
temperature measurements are feasible, the procedure should be dictated thereby. 

Gladstone and Dale’s law, (» — l )/d - constant, may be taken as applicable for 
the pressures (below 2 atm ) used so far in most refractivity experiments. Much 
work, however, proves valueless through simple reduction by the perfect gas 
equation, pv = RT, without any indication as to the ranges of pressure and tem¬ 
perature of the experiments, and it is time that new issues of collections of physical 
tables should omit the ‘ indefinite ’ values of Arago, Biot and Dulong, except perhaps 
in the extremely rare cases where no revised modern values are available. The 
minimum information given in any such rocordod data must include the mean 
pressure and temperature, and the actual relationships assumed in the reduction to 
NTP It is remarkable that reduction procedure is still in such an unsatisfactory 
state, seeing that the essence of its importance was realized by the pioneers, Mascart 
and Ketteler (c 1870), not to speak of later workers. These earlier experimenters 
dealt with the reduction in two parts, viz. (a) pressure. (» — 1 ) oc p(l+ap) and ( 6 ) 
temperature: (n- 1 ) oc 1/(1 + 6 <), where the pressure and temperature coefficients, 
a and 6 res|»ectively, were determined by experiment. 

Cuthbertson ( 19106 ) discussed liis results for sulphur dioxide and sulphuretted 
hydrogen by using the ratio (theoretical density ^(experimental density) Fajans, 
Wust & Reindel ( 1934 ), working on sulphuretted hydrogen, used van dor Waal’s 
equation to reduce to n t 1*. conditions, and then Cuthbertson’s ratio in the discus¬ 
sion of the results. The use of van dcr Waal’s equation is only an approximation, 
since the constants used are somewhat artificial. 

In the present work, the reduced values of refractivity were obtained from the 
relation 

(»—])„,,, = WA/Z. 760/p{l + (t/273-18)}, 

where N is the number of interference fringes counted, Z is the length of the refraction 
tubes, and A the wave-length of the light. Values of (n— 1) MTP . were found at a 
series of pressures between 400 and 760 mm. from which a graph of (»—l) NTP 
against pressure was drawn in order to determine the coefficient a. In all cases these 
graphs were ‘good’ straight lines, so that by oxtra|)olation the values of (» - 1 )„ T p 
at 0 and 760 mm. pressure could be determined, ‘o’ being calculated from 
(n-l) NTr at 760mm. = (»-l) NTP at Omm. x(l+op), 

where p - 760 mm. Thus (n - 1 ) N T p at 0 ram. is a corrected valueof refractivity for 
conditions under which the gas may be regarded as behaving according to the laws 
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of a perfect gas, i.e. when the gas is at infinite dilution. This value of refraotivity will 
be represented by (» — l ) 0 . The value of (n - 1 ) pt for a given pressure and temperature 
may be found from 

(»- 1)p/ = (»-l)oWl +op)/760)}{(l +*)/( 1 +</273-18)}. 

The values of a and b will be those which have been determined experimentally as 
mentioned above for each individual gas, and comparison between the work of 
various investigators will only be possible when all their results are reduced in the 
same way to infinite dilution. 


(b) Fringe drift 

Another source of confusion in recorded values of gaseous refractivities arises 
from a slight movement of the interference fringes across the fiduciary line of the 
telescope even when pressures and temperatures are kept constant. This movement 
is known as ‘fringe drift ’, and has been noted by nearly all who have made measure¬ 
ments, though very little attempt has been made to eliminate its effects or 
correct for its presence, except m the work of C. and M. Cuthbortson on neon and 
helium (1932) in which the drift due to temperature changes in tho apparatus was 
allowed for. Where experimenters give several values of refractivity at a given 
wave-length, it will usually bo noted that considerable variations from the mean 
value occur, variations so great that they should not be expected in work with such 
a sensitive instrument as an interferometer. These are undoubtedly duo to the 
presence of drift, which leads to an inacourate value for N in the above expression 
for refractivity. 

Using the probable error formula 

E = 0-6745V[A’«V(?“ >)]. 

where q denotes the number of observations and £e* the sum of the squares of 
residuals, the following calculated values of probable error are obtained, which can 
hardly be regarded as satisfactory. 

(1) RO a : Cuthbertson ( 1908 ). Density bulb method, E — ± 21 in 7000, Pressure/ 
temporature method, E = ± 7 in 7(MX). Maximum variation shown is 50 in 7000, 
equivalent to one whole fringe movement. 

(2) H,S: Fajans et al. ( 1934 ) E = + 7 in 0000. This result is in spite of the faot 
that thirty observations were made around the same pressure (about 230 mm.). 
Maximum variation shown is 29 in 6000, which is equivalent to one whole fringe 
movement. 

(3) Air: Meggers & Peters ( 1918 ). Their own estimated probable error is ± 3-8 in 
3000, which again can scarcely be regarded as entirely satisfactory, particularly as 
the work is regarded as ‘classical’, being apparently regularly used in computing 
astronomical data. Similarly, the probable error in a determination of air by one 
of the present authors (Lowery 19 * 7 ), using the Jamin interferometer by the visual 
method, is ± 3 in 3000. 
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In order to achieve the aocuraoy neoessary for consistent results, the fringe dis¬ 
placement due to interposing a gas oolumn in one of the beams of the Jamin inter¬ 
ferometer must be measured to l/50th of a fringe in a minimum number of 250 
fringes. This aocuraoy of observation cannot be obtained with visual observations, 
especially with the drift effect present. 

Drift may be (a) permanent, ( b ) temporary, (a) Permanent drift is due to changing 
external conditions and may affect the value of N positively or negatively. In the 
present work it was reduced to negligible proportions by heat insulation of all parts 
of the apparatus and careful control of room temperature. ( 6 ) Temporary drift iB 
due to change in gas density in the refraction tube, and will, of course, disappear 
when the gas is removed. With gas in one tube, the drift waB always negative, of 
the order 0-5 fringe per hour, the value depending on the total pressure of the gas 
column. This indicates a deorease in gas density, presumably due to absorption by 
the glass apparatus and the mercury surface in the manometer. After evacuation, 
this drift became positive. 

Walker ( 1903 ), m his work on SO g , mentions this drift, stating that it brought his 
accuracy of fringe measurement down to one-tenth of a fringe, but he did not make 
any attempt to allow for it in his calculations Other experimenters have recorded 
their elaborate precautions to eliminate the drift, but have really only prevented 
permanent drift. A possible exception may occur in the case of perfectly dry air and 
with gases like hydrogen and oxygen far from their liquefying points. Sears & 
Barrell ( 1939 ) make no mention of drift in their work on air 

As a result of the application of photographic observations to the Jamin inter¬ 
ferometer as shown below, the probable errors for the gases measured were as 
follows, and indicate a marked improvement in the use of this type of interferometer: 

Air ± 0-2 in 3000 HjS ± 0-5 in 6000 

SO* ±1-7 in 7000 COS ±0-4 in 9000 


Experimental 

A Jamin interferometer with Hilger constant deviation monochromatic illumin¬ 
ator was mounted with suitable apparatus for the admission of the gas under test 
in one beam of the interferometer under known conditions of temperature and 
pressure. An Osram pearl 100 W lamp was used to obtain a continuous spectrum 
when necessary, and a mercury-cadmium vapour lamp as a source of spectral lines. 

In the visual method of using the Jamin interferometer, light from a mono¬ 
chromatic illuminator passes through a collimator which directs a parallel beam 
through the mirrors. This beam is finally received by a telescope in which inter¬ 
ference phenomena are observed due to optical differences in the paths between the 
mirrors. For the purpose of photographing the interference fringes, the above 
arrangement was modified as follows: A parallel beam of white light was directed 
through the mirrors by means of a collimator. This was reoeived by a Hilger constant 
deviation spectroscope provided with a specially made camera attachment, the 
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various speotral regions being brought into focus on the camera plate by means of 
an auxiliary lens in plaoe of the usual eyepiece of the speotrosoope. Preliminary 
focusing of the fringes in the camera was done visually with a ground-glass screen 
in plaoe of the photographic plate. The various spectral lines on the plate were of 
oourse crossed by interference fringes as illustrated in figures 1 and 2 (plate 5). 

Photographs of the fringe system were taken under measured conditions from 
whioh, knowing the approximate number of fringes involved due to a given gas 
density, the excess fraction of a fringe may be accurately determined. This latter is 
obtained from the displacement between the fringe systems for a given spectral 
line (a) with, and (6) without, the gas in the tube. The fringe width varied from about 
2 mm. for yellow light to 1-2 mm. for violet light, find was measured accurately to 
l/50th of a fringe by means of a vernier microscope. 

The importance of drift measurement has been stressed above. To facilitate this 
measurement, pressure and temperature readings were always taken 5 min. before 
making an exposure 

A line exposed over a known interval will only record half the actual drift during 
this interval, as it is the displacement of the band centre whioh is measured. To bring 
all fringes to the positions they liad at the beginning of the oxposure, the allowanoe 
is half the drift for the interval of the exposure. To each fraction must be added the 
drift during the 5 min interval between the pressure reading and the beginning of 
the exposure; this corrects the fringe position for all lines to the instant of pressure 
measurement. 

The value of the drift was measured by exposing the mercury green line (10 see.) 
at the beginning and again at the end of the full exposure Overlapping was avoided 
by slight rotation of the Hilger prism. 

Such measured drift applies to the mercury line only; the drift for eaoh wave¬ 
length will be inversely proportional to the band width for the line—the band width 
varies directly as wave-length. The band width, as measured on the plates, was taken 
in preference to the wave-length, so as to avoid any error in the focusing of each line 
on the plate. 

In general the gas under test was liquefied or solidified in U-tubes and fractionated 
into a specially constructed pyrex glass bulb which was then attached to the gas 
apparatus of the interferometer. A long tube of phosphorus pentoxide was per¬ 
manently connected to the apparatus for drying. Final traces of air were removed 
by means of a Hy vac pump with the substance still in the solid state. After use the 
gas was removed by moans of soda-lime and granulated charcoal. Before experiment 
the gas was always admitted to the apparatus for l hr. in order that it should acquire 
a steady temperature, viz. that of the tank of water which surrounded the refraction 
tubes. 

In order to obtain the pressure coefficient, a, gas was admitted to the apparatus 
progressively in amounts corresponding to approximately 50 fringes until the 
pressure was about one atmosphere, pressure and temperature measurements being 
taken between eaoh step of the prooess. 
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No allowanoe for drift was made at this stage though the values of (» — 1 ) N T P _ thus 
obtained for mercury green light were utilized in estimating the number of fringes. 
N, in the measurement of the dispersion plates. The accurate value of o was obtained 
from the slope of the graph (* a straight line) obtained by plotting the values of 
(n- 1) WTP , calculated from the dispersion plates, against their respective pressures 
which were within the range 400-760 mm. 

The measurement of the temperature coefficient was not attempted as all readings 
for a given gas were made at approximately the same temperature. Assuming that 
the ratio (theoretical density/experimental density) covers both pressure and tem¬ 
perature variations from the general gas equation, the temperature coefficient may 
be estimated using the measured value of a. 

Estimation of dispersion entails the determination of the approximate values of 
(n- 1) for each wave-length over the range The value of (n-1) for the mercury 
green line was estimated from the approximate pressure coefficient curve and the 
number of fringes displacement for this line and each of the lines in question found 
by superimposing a system of interference due to a continuous spectrum over the 
normal plate exposure. After a displacement of 100-150 fringes from the achromatic 
fringe due to allowing a few cm. of gas into the refraction tube, the white light fringes 
become very close together and are difficult to photograph, hence the estimation 
plates have to be made at low gas pressure. The value of (n - 1 ) N T ,, was calculated 
for each chosen wave-length and the ratio of the value for each line against that for 
the mercury green line found and checked by repeat experiments. The fractions so 
obtained were used for the time/diapersion plates of which half a dozen were taken 
for each gas at pressures of 45-70 cm. involving 300-600 fringes according to the 
nature of the gas. The values of (n — 1) thus obtained were reduced to the infinite, 
dilution limit and used for drawing the dispersion curve. 


(a) Sulphuretted hydrogen (H a 8) 

Sulphuretted hydrogon was prepared by the action of hydrochloric acid on ferrous 
sulphide; after washing with water it was passed for several hours through a suspen¬ 
sion of magnesium oxide m distilled water, thus forming magnesium hydrogen 
sulphide, Mg(HS) r which when warmed yielded the gas together with water vapour. 
The latter was removed by means of phosphorus pentoxide and the gas was liquefied 
and fractionated, using solid carbon dioxide and ether as the cooling agent, giving 
a product from which the gas oould bo obtained for refraction measurements. 

The pressure coefficient a, for use in the relation 

(n- l) WTr . at pmm. = (n- I) NTP . at 0mm. x (I +op) 

was found experimentally to be a = 0-1087 x 10 -4 per mm. 

Assuming the ratio (theoretical density/experimental density) to represent the 
total deviation from the perfect gas laws, the temperature coefficient, 6, may be 
estimated using the value found for a. From the values theoretical density » 1*1747 
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(air* 1) and experimental density = 1-1895, the temperature coefficient 6 = 0-003914 
per ° C. 

No previous values of the pressure and temperature coefficients have been deter¬ 
mined. 

Table 1 gives the values of the rofraotivity, reduced to infinite dilution, at various 
wave-lengths. 


Table 1. Dispersion ok sulphuretted hydrogen (H 2 S) 


A (n— l) 0 x 10 7 

6792-26 6408-3 

6771-20 6409-9 

6462-26 6437-9 

6087-23 6479-8 


A (a — l)#x 10’ 

4801-26 6519-8 

4679 46 6539-2 

4369-56 6599-4 

4047-70 6674-6 


The Sellmoier dispersion formula calculated from these results by the method of 
least squares is found to bo 

(«-!) = 4-520 x 10* 7 /(7322 x 10 27 -v*), 
whore v is the frequency of the light. 

Remarkably few refractivity measurements have been made on this commonly 
occurring gas. The values givon by Arago m 1805, Dulong in 1826, and Masoart in 
1878, although frequently given in modern collections of tables (e g. Kaye & Laby 
1941 ) are of historical interest only. The two modern determinations are by Cuth- 
bertson ( 19106 ), and by Fajans etal. ( 1934 ) 

Cuthbertson, working at 700 mm. and 16° C, found (n — 1 ) N T x 10 7 = 6499-3 for 
the mercury green line Reduction of this value for comparison with the present 
measurements gives (» — 1 ) 0 x 10 7 = 6439-4 
Fajans et al. made thirty determinations at about 220 mm. and 20 ° 0 counting 
200 fringes. Their value (reduced by moans of the goneral gas equation and Gladstone 
and Dale’s law) for the mercury green 1 i ne is (» — 1 ) x 10 7 = 6458, which when reduced 
to infinite dilution gives (n — 1 ) 0 x 10 7 = 6443-6; thus we have the values in table 2 
for comparison. 


Table 2. H g S 

A 5462-26 (w —l) # x 10 7 E 

Fajans et al. 6443-0 ± 7 in 6000 

present work 0438 ± 0 5 in 6000 

Cuthbertson states that he took five measurements with a maximum variation 
from the mean of 1 m 300. The mean value only is stated, so that E cannot be 
calculated. 

( 6 ) Sulphur dioxide (SO,) 

The gas was obtained direct from a siphon, frozen in a U-tube by means of solid 
carbon dioxide, put under a high vacuum pump, and then admitted to the apparatus 
after passing over phosphorus pentoxide. 
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The refractivity results and other data obtained in the present work are as follows: 
pressure coefficient a = 0-2041 x 10 -4 per mm. 

theoretical density = 2-2123 (air = 1) 

experimental density - 2-2639 

temperature coefficient b = 0-004190 per ° C 

Table 3. Dispersion of sulphur dioxide (SO,) 

A (n—1) 0 x 10 7 A (n-l).xlO’ 

5792-26 6599-4 4801-25 6699-2 

5771-20 6601-3 4679 46 6718-3 

5462-26 6627-1 4359 56 6773-8 

5087-23 6661-6 4047-70 6843-3 

The Sellmeier formula corresponding to table 3 is 

5-220 x 10 S7 /(8178x 10 a7 -v s ). 

■ Measurements of the refractivity of sulphur dioxide have frequently been marie 
in the past, no doubt owing to the comparative ease of obtaining the gas in a pure 
state. Previous values of the pressure and temperature coefficients have also been 
recorded, as shown in table 4. 

Table 4. SO, 



a x 10 4 per mm. 

b per °C 

Masoart (1874) 

0-25 

0-00471 

Moscart (1878) 

0 25 

0 00460' 

Kotteler (1885) 

0-214 

0-00411 

Walker (1903) 

0-398 

0-00416 

present work (1942) 

0-2041 

0 00419 


Walker’s (1903) coefficients, whou combined, do not agree with the ratio (theo¬ 
retical density)/(experimental density) and it is not clear whether ho used some other 
form of reduction formula. For his refraction experiments he used sodium light and 
a mean pressure of 660 mm. and 16° 0 

Cuthbertson (1908) worked at very low pressures, his maximum being less than 200 
mm., and assumed the gas to be perfect under these conditions. For purposes of com¬ 
parison his mean pressure is taken as 100 mm , the actual pressure not being stated. 

Stuokert (1910) used a prism method and found (» — 1) x 10 7 = 6066 for the 
mercury green line, but his results cannot be reduced for comparison purposes owing 
to lack of precise data as to his experimental conditions 

Reducing the above-mentioned results where possible to infinite dilution, we have 
the following figures for comparison (table 6). 

Table 6 . SO, 

A = 5462-25 

(a-l),xl0 7 E 

Walker ( 1903 ) 6633 ±5 in 7000 

Cuthbertson ( 1908 ) 6628 ± 7 to ± 21 in 7000 

present work ( 194 a) 6627 ± 1-7 in 7000 
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(c) Carbon oxyaulphide (COS) 

No previous measurements have been mode on this gas, though for the purpose of 
linking refraotivities with structural properties, it is nooesaary to have refraction 
and dispersion data available, since already data exist for carbon dioxide (C0 4 ) 
and carbon disulphide (CS,). 

Carbon oxysulphide has been prepared on many oooasions by previous investi¬ 
gators for the purpose of determining the chemical properties of the gas. Somo 
measurements have also been mado on physical properties but there is no doubt 
that the descriptions of the methods given in the literature leave much to be desired, 
indeed most workers give little or no particulars as to their methods of production ot 
the gas, being content to refer simply to the text-books. Gonzalez & Moles ( 1919 ) 
state that ‘the preparation is always ossez mediocrea' , whilst Russell ( 1900 ) writes - 
‘ I have not found any method of purification which can be relied upon to give a 
sufficiently pure gas ’ 

Many weeks were spent in trying out the various methods of preparation pre¬ 
viously used, but in nearly all cases it was found that the rofractivity determinations 
provod that the various products wero impure, consequently a new method was 
evolved based upon theso experiences with the object of eliminating certain un¬ 
desirable features of existing methods. It may be pointed out hore that thore is no 
adequate method of chemical analysis of the final gas product which ie,n even 
remotely approach the sensitivity of the interferometer measurements and so no 
analysis was attempted. The purity of our gas produot was estimated from the 
uniformity of the refraction measurements made on various samples obtained at 
various times. 

The main difficulty in the preparation of carbon oxysulphido arises from the 
hydrolysis of the gas, since in the presence of the slightest trace of moisture, it 
changes readily into CO, and HgS. Hence it is essential to effect, immediate drying 
at each stage. The final arrangement adopted for the preparation was as follows, 
based on the method of Klason ( 1887 ): 50 c c saturated KCNS solution + 2!M) c.r. 
oono. HjS0 4 4 - 400 e.o. distilled water (cold), the gas being passed through (o) one 
wash-bottle containing 33 % NaOH solution (to remove CO,), (6) one tube of cone. 
HgS0 4 on pumice (for drying), (c) four U-tubes of solid NaOH (to remove CO a ), 
(d) one tube of solid mercuric oxide (to remove H,S), (e) three bottles of cone. H,S0 4 , 
one tube P,0 5 , one tube CaCl„ one tube P,0 5 . The last section (e) serves to complete 
the drying and removal of any final traces of impurity. 

The gas was solidified in a U-tube immersed in liquid oxygen, fractionated into 
a second tube, and finally fractionated into the apparatus. Results obtained in 
the refraction measurements are as follows: 

pressure coefficient a = 0* 1339 x 10 -4 per mm. 

theoretical density - 2-0749 (air =* 1) 

experimental density = 2-1040 
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Temperature coefficient 6 = 0*003830 per °C. No previous measurements of 
these coefficients appear to have been made. 


Table 6. Dispersion op carbon oxysulphide (COS) 


A 

(n-l) # xl0* 

A 

(n-l).xlO’ 

5702 26 

8817-0 

4601-25 

8809-4 

5771-20 

8819*3 

4679-46 

8924-1 

5462*25 

8842-0 

4359 56 

8984-6 

5087-23 

8874 0 

4047*70 

9061*9 

The Sellmeier formula corresponding to table 6 is 



(n- 1} = 9*372 x 10*7(10,903 x 10» 7 - v»). 

The probable error E in the determination for the ineroury green line is ± 0*4 
in 9000. 


Our thanks are due to Mr H Holness, M Sc., A.I.C , Senior Lecturer in Chemistry 
in the College, for his practical assistance with the preparation of the gases, in 
particular with devising the method for the purification of COS; and to Mr Derek 
Price, B.So., for assistance in all stages of the experiments. We also acknowledge 
with thanks the loan of certain apparatus from the Government Grant Committee 
of the Royal Society. 
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Address of the President 
Sir Henry Dale, at the 

Anniversary Meeting, 80 November 1948 

Before proceeding to the presentation of the Medals awarded for this year, it is 
fitting that, in accordance with custom, we should briefly recall the lives and the 
achievements of those whom death has removed from our Fellowship and our 
Foreign Membership since the last Anniversary Meeting of the Society. 

War conditions have delayed till now the receipt in this country of news of 
the death, two years ago, of Hknri LAon Lebesguk (1875—1941) Lebesgue 
initiated a new concept of the integral in his work on the theory of functions 
of a real variable, which has had a revolutionary effect in various branches of 
mathematical analysis. At one time Professor of Mathematics in the University 
of Poitiers, he spent all his later life as Professor of Mathematics in the University 
of Paris. He was elected a Foreign Member in 1934 

Edgar J ohnson Allen (1866-1942) will long be remembered for his outstanding 
services to marine biology. For 42 years he was Director of the Marine Biological 
Association’s laboratory at Plymouth, and the steady growth of this institution, 
through years of adversity to its present leading position, is mainly due to his 
wise guidance and life-long devotion. 

Enthusiasm for marine research was the inspiration of Allen’B life, and in a num¬ 
ber of directions his work has proved to lie the starting point from which further 
active investigation has proceeded It was his aim to make Plymouth a oentre 
of marine research, and to this end all his energies were primarily directed. In 
spite of financial difficulty he succeeded in providing accommodation, a suitable 
Blup, an unusually fine library and all the other appurtenances which were needed, 
and year after year, in growing numbers, students from all parts of the world 
came to work at Plymouth. Allen’s exceptional knowledge of every branch of 
manne biology was Iroely available to all who needed help or advice, and a spirit 
of helpfulness and goodwill pervaded the laboratory under his direction. Allen 
shunned any form of personal publicity, and his whole life was devoted to the 
encouragement of science. He was elected a Fellow of the Society in 1914 and 
was awarded the Darwin Medal in 1936. 

Henry Miers (1868-1942), the senior and, by general consent of his 
colleagues, the most widely known and versatile of our Fellows in the field of 
mineralogy and crystallography, was elected to our fellowship in 1896, soon after 
liia induction to the new Waynflete Chair of Mineralogy at Oxford. He had 
graduated at Oxford fifteen years earlier with honours in mathematics, after 
entering the University as a classical scholar from Eton. 
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The majority of Miera’s long list of published papers wore devoted to crystallo¬ 
graphy, and the most conspicuous among them was perhaps the memoir which 
was issued in our Philosophical Transactions forty years ago under the title 
of ‘An enquiry into the variation of angles observed in crystals’. By studying 
crystals during their actual growth, with the help of a novel form of goniometer, 
Miers showed that tho small variations in the recorded interfacial angles of crystals 
were not mere ‘imperfections of nature’, but wore due to the alternating growth 
of vicinal faces strictly in accordance with the fundamental law of rational indices, 
although they differed widely from the commonly recognized axial ratios. 

Miers’s remarkable flair for administration, rendered oasy and acceptable to 
colleagues by his generous and genial nature, resulted in frequent interruptions 
of his dominant enthusiasm for teaching and research, the two most serious 
of these being seven years spent as Principal of the London University and a 
similar period as Vice-Chancellor at Manchester. The latter part of a happy life 
of 84 years, devoted unselfishly to the public interest, was occupied with con¬ 
structive surveys of public museums and libraries in this country, Canada, the 
United States, continental Europe and South Africa. He was knighted in 1912. 

Frank Dawson Adams (1859-1942) was bom in Montreal and descended from 
an old colonial family of New England of which one member was John Quincy 
Adams, a famous President of the United States of America. Educated at McGill 
University, Montreal, he early decided to devote himself to the study of geology, 
mineralogy and petrography, and, after graduating, proceeded to Harvard and 
thereafter to Heidelberg and Zurich. Subsequently ho joined the Staff of the 
Geological Survey of Canada, on which ho served as Assistant Chemist and as 
Petfographer. On Sir William Dawson’s retirement in 1898 Adams succeeded 
him as Logan Professor of Geology in McGill Umvorsity, a post he held until his 
retirement in 1924. Adams specialized in tho study of the Archaean rocks of the 
Canadian Shield, and from the first his papers were marked by ripe scholarship 
and great originality. In his j)etrology, even when opposed to current opinions, 
he mado practically no mistakes, and his results have nobly stood the test of 
time. Availing himself of the resources of the engineering laboratories of McGill, 
he embarked on a long and very laborious senes of experiments to determine the 
plasticity of rocks such as marble, granite and basalt under the highest stresses 
available in experiment. Adams was regarded as one of the outstanding men of 
science in the Dominion and in the western hemisphere and received many honours. 
He was elected a Follow in 1907. 

Arthur Willey (1887-1942) was one of the last representatives of that extra¬ 
ordinarily fruitful period of zoological research that followed the work of Charles 
Darwin. The fascinating idea that clues to the ancestral history of an animal 
group or of an individual organ are to be found lurking in the body of the embryo 
or larva lighted a flame of enthusiasm for zoological research, and that science 
became, for the time being, preponderating^ morphological. Willey followed the 



219 


Anniversary Address by Sir Henry Dale 

enthusiasm of the day, and his research work—much of it of great and permanent 
value—centred round the morphology of vanouis supposedly ‘primitive’ typeB. 
First came Amphioxus, wluch Kovalevsky’s embryological investigations had 
shown to bo undoubtedly allied to the vertebrates, then other relatives, the 
Aseidiana, greatly degenerate as a result of leading a motionless sessile existence; 
and those strange worms the Enteropneusta, for which Bateson had claimed 
vertebrate affinity. Lator came Willey’s great expedition to the East Indies in 
search of embryos of the pearly Naultlus, fruitless as regards its mam quest but 
yielding a nch store of rare and interesting marine animals which provided the 
material for a long series of important publications. As teacher in Columbia 
University, as Head of the Colombo Museum, and finally as Professor of Zoology 
at McGill, Willey everywhere rendered able and faithful service. He was elected 
to our fellowship in 1902. 

Charles Tate Regan (1878-1943), late Director of the British Museum 
(Natural History) and an ichthyologist of world-wide reputation, entered the 
British Museum in 1901 as assistant to G. A. Boulenger and, after a short time, 
was put in sole charge of the Fish Department. During the succeeding thirty- 
seven years he served the Museum in posts of increasing importance and eventually, 
in 1911, became Director, retiring in 1938 at the age of 60. 

Tate Regan held strong views on museum organization, being a consistent 
advocate, both before and after ho became Director, of the paramount importance 
of the research side of the Museum’s activities. Throughout his working life he 
acted up to this ideal and himself carried out a large volume of research of high 
value on the classification of fishes. His first major work (a monograph of the 
Lorioanidoe) was published in 1904. Similar revisions of other families of fishes, 
extensive studies of larger groups, reports of the results of expeditions to various 
parts of the world, and shorter papers on new genera and species (totalling m all 
more than 260 separate publications)—these followed one another m unbroken 
sequence and steadily built up his reputation as one of the leading systematic 
ichthyologists of the day. Ilo was elected a Fellow in 1917. 

By the death of Alexander Russell (1861-1943) tho Society loses an applied 
mathematician who gave almost his whole attention to tho mathematical solution 
of problems arising in electrical engineering. Ho obtained his mathematical 
education at the University of Glasgow, and at Caius College, Cambridge. As 
a young man he joined the staff of Faraday House, a London College established 
for the training of engineers by thoroughly practical methods. His published 
scientific papers nearly all deal with what may be called the geometry of the 
fields of force associated with electrified conductors, or conductors carrying 
electric currents. He derived a number oi much-used formulae for the self- and 
mutual inductances of electric cables, and for the electric capacity of conductors 
such as nearly concentric spheres, or spheres nearly or just in contact. He has 
put on record a number of unexpected results, such as the theorem that, m the 
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case of a ‘concentric’ main, there in no mutual inductance coefficient between 
outer and inner conductors when their axos arc not coincident. He was for many 
years Principal of Faraday House, and was a past President of the Institution of 
Electrical Engineers and of the Physical Society. He was elected a Follow in 1924. 

Clinton Coleridge Farr (1866-1943), bom at Adelaide, made valuable con¬ 
tributions to many branches of physics, among which may be mentioned high- 
tension insulation, electric charges in the open air, seismograms, the porosity of 
porcelain and the viscosity of sulphur. But ho will chiefly be remembered for the 
complete magnetic survey of New Zealand and the outlying islands and for the 
magnetic observatory established by him at Christchurch, N.Z His first post, 
that of Lecturer in the University of Sydney (1891-1895), was followed by an 
appointment to lecture on electrical engineering in the University of Adelaide. 
From 1898 to 1904 he was engaged on the magnetic survey of Now Zealand. The 
remainder of his activo life was dovotod to the University of New Zealand, where 
he was appointed Lecturer (1904) and Professor of Physics (1910-36) in Canterbury 
University College, Chnstchurch He was elected a Fellow m 1928. 

Frank Sturdy Sinnatt (1880-1943) was Director of Fuel Research to the 
Department of Scientific and Industrial Research. To his perseverance and 
enthusiasm was largely duo the growth of the National Coal Survey, until it 
included 98 % of the coal in the United Kingdom. He had a very wide knowledge 
of the characteristics of British coals, and his efforts made an important contri¬ 
bution to their proper utilization As lecturer in Apphed Chemistry at the 
Manchester College of Technology he made many investigations on coal, par¬ 
ticularly on the formation of cenospheroH. He helped to found the Lancashire 
and Cheshire Coal Research Association, and to develop the methods used in the 
coal survey. As Superintendent of the Survey and Director of Fuel Research he 
was responsible for many investigations on the breaking oi coal, coal cleaning, 
carbonization, hydrogenation, etc. He was a distinguished servant whom the 
state could ill afford to spare. He was elected a Fellow in 1938. 

Sidney Gerald Burrard (1860-1943) entered the Royal Engineers m 1879. 
He went to India in 1882 and in 1884 joined the Survey Department He was 
posted to the Trigonometrical Branch in which he was to have so distin¬ 
guished a career. For the first years of his service he was engaged on astro¬ 
nomical determinations oi latitude and longitude. In the years 1894-6 he was 
one of the two observers engaged on the rodetermination of the longitude of 
India, starting from the Pnme Meridian at Greenwich and carrying the work across 
Germany, Russia, Persia and the Persian Gulf. His greatest work, namely, the 
investigation of the causes of deflexions of the plumb-line, had been going on for 
several years and was given to the world in 1901 when he published the paper 
called ‘The attraction of the Himalaya Mountains on the plumb-line in India’. 
This paper changed the ideas that had been held for half a century and led to a 
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great renewal of interest in geodetic research, showing, as it did, that much light 
on the structure of the earth’s crust could be derived from a study of plumb-line 
deflexions. In 1911 Burrard was appointed Surveyor-General of India and became 
a worthy successor of Everest and .T. T. Walker. In 1914 he was created K.C'.S.I. 

Burrard came of a family of Norman origin which had concentrated near 
Lymington about the end of tho fourteenth century and had remained there for 
five centuries. In 1769 the then head of the family, who had been M P. for 
Lymington for 44 years, was made a Baronet In 1933 this title was inherited 
by Sir Sidney from a cousm, and ho thus became the seventh Baronet. 

Since scientific research becamo a specialized occupation, it has been less 
common for amateurs of science to be elected as Ordinary Fellows of the Society. 
Edward Hkron-Adlkn (1801-1943) belonged to the legal profession by birth and 
training, and his firm practised for a number of years as Parliamentary Agents on 
behalf of the City of Westminster. Throughout his life, however, most of his 
interests and activities wore concerned with other subjects than tho law In his 
leisure time he became a skilled violin maker and wrote a treatise on the history 
of violin construction Another of his recreative interests was Persian literature 
As a naturalist, Heron-Alien concentrated attention for many years upon the 
collection and study of fossil and living Forammifera. As a result of his own 
experience he published, fifty years ago, a paper on the cretaceous Forammifera 
which became the leading practical guide on the technique of preparation, m the 
study of fossil forms of the Order. From 1907 to 1933 he was associated with 
Mr Arthur Earland in tho collection and description of many Bpocies of these 
simple organisms, the range of which in time and space is very remarkable. 

In 1925, Heron-Alien presented to the British Museum (Natural History) tho 
whole of Ins collection of Forammifera, in which many other notable collections 
had been included, and Ins extensive library relating to the order. He accepted 
the post of Honorary Curator at tho Museum He was olected a Fellow m 1919. 

Edwin John Butlkr (1874-1943) studied nt Queen’s College, Cork, in medicine 
and m botany After holding a travelling scholarship in botany, he served in 
India for nineteen years, first as Cryptogamic Botanist to the Government (1901), 
than as Imperial Mycologist (1905), Joint Director of the Agricultural Experiment 
Station, Pusa (1919) and Agricultural Adviser to the Government (1920). During 
his Indian career ho established a great reputation both in original research and 
in administration, and, owing to the immense area covered, from the temperate 
north-west to the tropical south, ho gained an imnvallod experience of the plant 
diseases of crops grown under the most various conditions. 

In 1920 he returned home to organize tho Imperial Bureau of Mycology (now 
the Imperial Mycological Institute), and for fifteen years was its Director, and 
the Editor of the Revte.w of Applied Mycology. During this time ho largely in¬ 
fluenced the co-ordination of plant pathology especially in the tropical parts of 
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the Empire, and the Review became indispensable to phytopathological stations 
round the world. 

In 1931 he was appointed ono of the first members of the Agricultural Research 
Counoil, and in 1935 became the Secretary to the Council, serving until 1941. 
Among his many activities may be mentioned his part in the organization of the 
grain,infestation survey and his service on the Technical Committees on Plant 
Virus Diseases and on Fungicides and Insecticides. He became a Fellow of the 
Royal Society in 1920, and was knighted in 1939. 

Warrington Yorke (1883-1943) was a graduate of Medicine of Liverpool 
University, where for a short time he was Holt Fellow in Physiology under 
Sir Charles Sherrington. In 1907 he joined the Liverpool School of Tropical 
Medicine, which he served for the rest of his life, first as Director of the Runcorn 
laboratories, then as Walter Meyer Professor of Parasitology in succession to 
Ronald Ross, and finally as Alfred Jones Professor of Tropical Medicine in succession 
to J. W. W. Stephens Yorke served on expeditions to Africa to study blackwater 
fever and trypanosomiasis. The work in Rhodesia proved that the tsetse fly, 
Qlossina inorsitans, was the transmitter of the Rhodesian sleeping sickness, and 
that wild mammals formed a reservoir ot the infection, almost simultaneously 
with the similar discoveries of David Bruce with the Royal Society’s Commission 
m Nyasaland. On the purely parasitological side Yorke made many valuable 
contributions to knowledge, perhaps tho most important of which was his text¬ 
book on the nematode parasites of vertebrates, written in collaboration with 
Dr P. A. Maplestone. 

During the last ten years of his life he turned his attention more especially to 
chemotherapy. His researches threw light on tho action of specific drugs and the 
phenomenon of drug fastness, and some of the most recent had opened up a com¬ 
pletely new field of chemotherapeutic agents, the diamidines, some of which have 
proved to be remedies of great value for kala azar, one of the most fatal and 
widespread of tropical diseases In the midst of thiB work, and knowing that he 
was stricken with a fatal malady, Yorke had begun to prepare a Croonian lecture 
which he was to have delivered to the Society, and accepted an arduous mission 
to the U.S.A., to co-ordinate research and other activities in regard to remedies 
of urgent importance for the war. His death has deprived the Liverpool School 
and British research in tropical medicine of a progressive and inspiring leader. 
He was elected a-Fellow in 1932. 

David Hilbert (1862-1943) had been a Foreign Member since 1928, and was 
by general admission one of the greatest mathematicans of our time. He was 
professor at Gottingen from 1895 to 1932, and it was primarily to him that 
Gottingen owed the position which it occupied for many years as the first inter¬ 
national centre of mathematics in the world. 

There is hardly a branch of pure mathematics to which Hilbert did not make 
contributions of the first importance, and there are several which he transformed 
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entirely. His greatest constructive work, in algebra, number theory, the founda¬ 
tions of geometry, the calculus of variations, and the theory of integral equations, 
was done before 1914. Since then he had been primarily a logician, and it may be 
too early to pass a final judgoment on his work in that field, but there is no 
doubt that a great deal of the logical activity of the last twenty years is the 
result of his ideas and inspiration. 

Thomas Hudson Middleton (1863-1943) was one of the band of pioneers 
whom agricultural science was fortunate enough to attract at the time when 
public funds were beginning to be made available for its development. He came 
of a long line of good farmers in the north of Scotland and was deeply imbued 
with the spirit of the old agricultural improvers. He began his university career 
at Glasgow, where ho studied engineering; then ho went to Edinburgh to Btudy 
agriculture. Later he had a distinguished career as Professor of Agriculture, first 
at Baroda, then successively at Aberystwyth, Newcastle, and Cambridge. He then 
joined the Ministry of Agriculture as Scientific Adviser, but in 1917, when the 
food situation in this country had become critical, he was put in charge of the 
technical side of the Food Production Department. Here he originated and was 
responsible for the ploughing-up policy which gave such admirable results then 
and now. Afterwards he joined the Development Commission and later became 
Chairman of the Agricultural llosearch Council. Ho played a groat part in the 
development of agricultural education, research, and advisory activities in this 
country. He was knighted in 1929 and was elected a Fellow in 1936. 

Karl Landsteiner (1868-1943), Member of the Rockefeller Institute for 
Medical Research, was bom in Vienna and migrated to the United States in 1922. 
After taking a degree in medicine, he studied organic chemistry under Emil 
Fischer before beginning his life’s work in bacteriology and immunology. This 
training had an influence on the methods and angle of his approach to the problems 
of immunity and enabled him to play a leading part in the development which 
has brought those problems into relation with more precise conceptions of 
chemistry and physics. In the field of investigation dealing with virus infections 
he was also a pioneer, in demonstrating the transmissibility of poliomyelitis to 
monkeys. His discovery of group differences in human blood was recognized by 
the award of a Nobel Prize m 1930. His book on The. Specificity of Serological 
Reactions not only records the results of a long series of brilliant researches, but 
places them in their proper perspective in a wide field of biological and physico¬ 
chemical ideas. He was elected a Foreign Member in 1941. 

William Robert Bottsfield (1854-1943), barrister and man of soience, was 
bom at Bedford, where he attended the Modem School. He served an apprentice¬ 
ship as an engineer, and then went to Caius College, Cambridge, where he won 
scholarships and took his degree as sixteenth wrangler in 1876. After lecturing 
on mathematics and engineering at Bristol, he was called to tho Bar in 1880, 
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and soon became known as a specialist in patent law. From 1802 to 1005 he was 
a Conservative Member of Parliament, but about 1902 he became interested in 
research and began a series of investigations, mainly on the theory of solution, 
partly in conjunction with the late T. M. Lowry. 

Bousfield’s researches dealt with osmotic pressure and allied phenomena, ioniza¬ 
tion and the law of mass action, and especially with the sizes of ions. These sizes he 
estimated by assuming the ions to be spheres, and applying Stokes’s law for the 
motion of a sphere in a viscous fluid. In order to account for tho experimental 
data for binary eloctrolytes, it was necessary to suppose that ions are molecular 
aggregates com|>oscd largely of water, the sizes changing when temperature or 
concentration is altered. He was elected a Follow in 1910 

Gbrabd Jakob de Geer (1868-1943) was elected a Foreign Member in 1930. 
His great achievement has been the deciphering of a year-chronology back¬ 
wards into a part of the earlier stone age. Tho first idea, which came to him in 
1878, was based on the recognition of annual layers of growth in the ‘varved’ 
clays of the Baltic, in winch the laminae may be compared with the annual rings 
recognizable in troes of temperate regions. From then onwards to the end of his 
hfe, with the help of assiduous collaborators, every difficulty was overcome, every 
relevant line of inquiry brought to aid, and the work extended to North America 
and other parts of the world. He woh Professor of Geology in tho University of 
Stockholm from 1897 to 1924, and then became Director of tho Geochronologioal 
Institute of the University, established in that year for the new subscience which 
he had created, and which has added such unexpected precision to glacial geology. 

Henry Guy Elloock Pilgrim (1876-1943) was born at Stepney, Barbados, and 
died at Upton, near Didcot, Berkshire. He was educated at Harrison (College, 
Barbados, and University College, London (D.Sc. 1908). He was appointed to 
the Geological Survoy of India in 1902, and retired with tho rank of Superintendent 
m 1930. He thon became a momber of the Supernumerary Staff of the British 
Museum (Natural History). 

Pilgrim’s work can be divided into two main sections, as a geologist and as a 
palaeontologist As a geologist he worked m the field in Persia and Arabia, and 
in the Tertiary regions of northern India. In the Persian Gulf region he established 
the sequence of formations from ,pre-Cambnan to Recent, whilst in India his 
researches on the fauna of the Siwaliks enabled him to subdivide this formation 
on the basis of its fossil vertebrates, and to lay down a classification, which, like 
that of the formations of the Persian Gulf, has been found trustworthy by later 
workers. 

As a result of his studies of the vast vertebrate fossil faunas of the Siwaliks, 
Pilgrim became one of the most distinguished exponents of vertebrate palaeonto¬ 
logy. His results are contained in a magnificent series of Memoirs published in the 
Palaeontologia Indica, and in Catalogues of tho British Museum. Special mention 
may be made of his discovery in the Siwaliks of five new species and two new 
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genera of fossil primates, of which Sivapithecus was regarded by Pilgrim (1927) as 
the anthropoid closest phylogenetically to man. with the possible exception of 
Pithecanthropvs and Eoanthropus. He was elected a Follow this year, but had not 
been admitted. 

Pieter Zeeman (1866-1943) was born at Zonnemairo, a village in Zeeland. 
He studied physics under Kamerlingh Onnes and H. A Lorcntz at Leyden, 
where he afterwards liecame assistant in the Physics Institute. In 1897 ho went 
to Amsterdam, where he remained for the rest of his life, he was attached to the 
University first as lecturer and three years later as Professor of Physics. The 
well-known effect which bears his name brought him the award, jointly with 
H A. Lorentz, of a Nobel Prize in 1902 for ‘researches on the influence of 
magnetism on radiation phenomena’. The now discovery was published in papers 
on the influence of magnetism on the nature of light emitted by a substance (1896) 
and on doublets and triplets m the spectrum produced by external magnetic 
forces (1897). Ho wrote many other papers on magneto-optics, developing the 
subject m detail Ho was elected a Foreign Member in 1921, and awardod the 
Rumford Medal m 1922 

Geoffrey Thomas Bennett (1868-1943), for just fifty years a Fellow of 
Emmanuel College, Cambridge, has contributed to a wido range of mathematical 
subjects, ranging from the theory of numbers to the geometry of mechanism, 
which latter might be regarded as his special subject. Many of bis contemporaries 
remember the help which he readily gave to mathematical problems arising in 
many different branches of science. During the 1914-18 war ho worked on naval 
and anti-airoraft gunnery at Whale Island, and later at the Admiralty compass 
observatory at Slough He made an extensive collection of mathematical models 
at Emmanuol Colloge. He was elected a Fellow in 1914. 

Wili.iam Herbert Hatfiei.d (1882-1943) was a Sheffield man, and one of the 
earliest graduates m Metallurgy of the University of Sheffield, under Professor J. O. 
Arnold. Ilis first industrial experience was in the steel works of Sir Henry 
Bessemer and Co., bift later he went to Messrs Crowley’s foundries, of which he 
became a director. Here he published his first original research, a study of the 
open-hearth process, jointly with Professor A. McWilliani. In 1916 he went to 
the Brown-Firth Research Laboratories, of which he was the active head until 
his unexpected death During this time he built up an important research organiza¬ 
tion for his firm, and his name is particularly associated with the development of 
the austenitic stainless steels containing nickel and chromium, the projierties of 
which he studied with great thoroughness. The Iron and Steel Industrial Research 
Counoil grew from a group of research committees which, under Hatfield’s chair¬ 
manship, sponsored a large and important body of researches on ingots, alloy 
steels, corrosion, and allied subjects. The success of these investigations, recorded 
m a long seneB of published papers, was largely due to the stimulus given by 
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the chairman. During the war, as chairman of the Technical Advisory Committee 
on Special Alloy Steels, he was instrumental in bringing about a reduction of the 
large number of specifications for such steels to a selected short list, and thus 
saving quantities of valuable alloys and simplifying the task of the producers of 
armaments. The strain of these additional efforts, and of a recent visit to America 
as one of a metallurgical mission, probably told on his health, bo that he died 
early. He was elected a Fellow in 1035. 

Clive Cuthbbrtson (1863-1943) was bom in Shanghai and passed his early 
years in China, Burma and Australia with his father, a merchant and banker. In 
1878 he went to Glenalmond and passed into the Indian Civil Service, pro¬ 
ceeding to Bengal in 1885. Here he developed tuberculosis and he had to retire 
in 1896. After two years as an invalid he became interested in science and attended 
a course at University College, London, with the intention of taking up research. 
He had observed a singular relation in the values of the rofractivities of the inert 
gases. Following this up, he completed the work on elementary gases and vapours 
and established an important relation connecting the refractivities of the elements. 
Most of his work was published in the Proceedings and Transactions of the Society. 

He was at one time (1900-1902) private secretary to the prime minister, Lord 
Salisbury. From 1915 to 1919 he worked at the Foreign Office, work recognized 
by the award of an O.B.E. He also published a book on the currency question at 
the time of the bimetallism controversy. He was elected a Fellow of the Royal 
Society in 1914. 

Edward Bagnall Potjlton (1866-1943) studied zoology at Oxford under 
Rolleston; and under Moseley’s influence took up morphological studies which 
resulted in the publication in 1888 of the discovery of true teeth in Omitho- 
rhynchus. Attracted by Weismann’s essays on heredity, he took up the study of 
the coloration of insects, and his book, The Colours of Animals (1890), contained 
the first comprehensive classification of all for mg of coloration, with logical nomen¬ 
clature for them. It brought him to the front rank of evolutionists. Throughout 
his life he vehemently supported the theory of natural selection, opposing the 
claims of saltation of the early mutationists. As Hope Professor of Zoology at 
Oxford, 1893-1933, he got together a band of naturalists, through whose field 
work, mainly in tropical Africa, an immense body of knowledge was published in 
notes and studies on all forms of coloration in insects, the prey of predators, 
courtship, polymorphism in butterflies and their geographical raoes. 

He was elected Fellow of the Royal Society in 1889 and received the Darwin 
Medal in 1914. 

He presided over the second International Entomological Congress at Oxford in 
1912, the Linnean Society 1912-1916, received the Linnean medal in 1922, and 
was thrioe president of the Entomological Society, the last occasion being at the 
centenary meeting in 1933, when it became a Royal Society. He was knighted 
in 1935. 
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Awards of Medals, 1943 

The Copley Medal is awarded to Sir Joseph Babcboft, CBE., EmerituB 
Professor of Physiology in the University of Cambridge, and now the head of a 
research unit established there in Animal Physiology. 

The researches on respiration and the respiratory function of the blood, 
in respect of which this highest of the distinctions m the Society’s gift is 
awarded this year, have occupied a central position in Barcroft’s life-work. Their 
record is one of steady purpose and unbroken progress over a period of some 
46 years already. At Barcroft’s own hands, and at those of the long and very dis¬ 
tinguished succession of collaborators who have been associated with him, these 
researches have had many important extensions into neighbouring fields of 
biological enquiry; they have played a great part in a wide range of recent advances 
in physiological, biochemical and medical science throughout the world, and they 
have been an important factor in the creation of a scientific basis for the study 
of manifold human activities, of work and of play, in peace and in war. 

As a newly graduated student at Cambridge, Barcroft seems to have seen already 
the significance of the problem to which he was thus to devote so many years 
of fruitful investigation, recognizing the respiratory function of the blood as a 
condition of the life and a measure of tho metabolic activity of every part, of the 
body of the higher animals. With a cumbrous equipment of pumps and their 
accessories, alone available for such determinations in those early days, he applied 
himself with great determination and ingenuity to a Btudy of the changes of 
oxidative metabolism which accompany secretory activity in the salivary gland. 
From that beginning his researches grew and developed in logical sequence, 
including studies of oxidative metabolism in relation to specific activity in the 
kidneys, the liver, tho muscles and other organs, with various excursions to deal 
with corollaries from this central theme 

Early in the series came Barcroft’B invention of a comparative manometric 
method, which effected a revolutionary simplification of the technical operations 
involved in obtaining the data required The same method enabled him, in due 
course, to make his classical redeterminations of the relation between the pressure 
of oxygen and its combination with or release from blood or solutions of haemo¬ 
globin, and of the effects of varying conditions on the graphs representing that 
relation. The principle of this method, as employed either in Barcroft’s own 
original apparatus, or in the form which Warburg later introduced, has passed 
into standard use in every laboratory of functional biology throughout the world, 
for measuring rates of respiratory metabolism in surviving samples of living 
tissues and of various ohomical changes duo to artificial enzyme systems. Barcroft 
and his companions in research have used it, in expeditions which he led to Monte 
Rosa and to the Andes, to study the modifications of man’s physiology by life at 
high altitudes and at low oxygen tensions, providing knowledge which to-day has 
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an ever more urgont application to the problemsut human flight, and in two suc¬ 
cessive wars Barcroft himself has used the knowledge built up and the skill 
acquired in his peaceful researches to tho direct aid of his country in its need. 

Studies of the differences between the respiratory functions of the blood in 
foetal and independent life led Barcroft, with a characteristic readiness to follow 
the lead of natural interest into a neighbouring field of enquiry, to a more general 
study of the physiology of the mammahan foetus, and thus to the results which he 
reviewed here in the Croonian Lecture of 1035 on ‘Foetal respiration’ His need, 
for that purpose, to make observations on larger animal types, such as the sheep, 
led again to a wider interest in the physiology of our farm animals, and bo to the 
new enterprise for which his more recent research appointment provides welcome 
opportunity. 

In a prefaoe to his book, Joseph Barcroft finds a connexion between what he 
learned in sailing boats and what he has done in research. We may think of him, 
perhaps, as one whose instinct and aptitude have led him to venture as an explorer 
beyond visible horizons, rather than to sound remoter depths of theory in seas 
already known Such a thought would place him in a long tradition of this Society, 
in company with such great students of the respiratory function as Boyle, Hooke, 
Mayow and Lower among our earliest Fellows, and, of those who over the centuries 
have received this Copley Medal, with Stephen Hales and .Joseph Pnestley and, 
most intimately of all, with John Scott Haldane who received it nine years ago. 
Barcroft’s work, like Haldane’s, of high scientific merit in itself, has extended its 
influence far beyond the laboratory over a wide range of the beneficent and 
creative activities of mankind at peace, and now again, for the last time let us 
hope, to those imposed by the dire compulsion of war. Wo rejoice to know that 
in him the hunger for knowledge is still unsatisfied, and that he is still sailing 
his craft towards now horizons. 

A Royal Mkual is awaided to Sir Harold Spencer Jones, Astronomer Royal 
for England, m recognition of his determination of the solar parallax and of other 
fundamental astronomical constants 

Much of the earlier work of Spencer Jones was devoted to the discussion 
of certain fundamental astronomical constants, and in this field of work he 
had long been recognized as a loading authority. At tho meeting of tho Inter¬ 
national Union held at Leyden in 1928, a Solar Parallax Commission was 
appointed, with Spencer Jones as President, in preparation for the favourable 
opposition ol the minor planet Eros in 1931. 

The planning and coordination of the enterprise of redetermining the solar 
parallax, in which 24 observatories took part, fell mainly upon him, and he 
was entirely responsible for the assemblage of the material, and for the derivation 
of the results. It is to be noted also that the Cape Observatory, of which ho 
was then director, made the greatest contribution to the observational material. 
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The circumstances of the opposition favoured southern observatories, and the 
plates obtained at tho Cape contributed more weight than those from all the 
other observatories combined 

The whole task of reduction of tho observations w-as earned out under Spencer 
Jones’s supervision, and the memoir which contains the complete discussion of 
the material and the results obtained from it (Mem. R. Antron. Roc. 1941, vol. 6G, 
part 2) is a masterly exposition of the whole subject of the investigation of solar 
parallax and of the mter-related constants 

Tho solar parallax finally derived is given as 8-790 ±0-001, as compared with 
the value of 8-80G + 0-004 obtained by A. R Hinks at the preceding opposition 
of Eros in 1900-1 Sjiencer Jones found complete agreement betw-ccn the results 
derived separately from northern and southern observatories, or from right 
ascensions and declinations separately, or from photographic and photovisual 
telescopes, or from primary and secondary stars, as well as from four successive 
periods of time during the opposition No matter how the material was sub¬ 
divided, no substantial difference could bo found in the value of the solar parallax 
derived. There is thus every reason to think that systematic error has been 
eliminated, and that the probable error of 0-001 truly represents the high degree 
of accuracy of the final result Therewith we are given a new estimate of the 
earth’s distance from the sun, which is likely to stand without revision for many 
years. These observations on Eros also yielded a new estimate of tho mass oi 
the moon, which has less than half the probable error of the previous detenmnation 

The modification of the previously accepted value of the solar parallax affects 
the estimates of other astronomical and geophysical constants. Spencer Jones’s 
work is enhanced by lus discussion and general adjustment of tho values of all 
these inter-related constants, and ui this he makes a substantial new contribution 
to the problem to which so much of lus earlier work waB devoted. 

A Royai. Medal, is awarded to Dr E B. Bailey, M.C., the present Director 
of the Geological Survey of Great Britain, in recognition of his contributions 
to the knowledge of mountain structure and his studies on the tectonics of 
vulcanism. 

The number, range, and ini|iortance of Bailey’s contributions to geology can 
have few parallels in the history of this science in Britain. It is only necessary to 
review his major publications to recognize the solid achievements that stand to 
his credit in the diverse fields of jietrography, tectonics, stratigraphy, glaciology 
and physiography But it is more particularly by his outstanding contributions 
to the knowledge of mountain structure and on the tectonics of vulcanism that 
he is to-day acknowledged internationally as a leader. 

His work on mountain structure is contained in a long senes of memoirs on the 
non-fossiliforous schists of the Southern Highlands of Scotland. These studies, 
prosecuted far across country and presented in a bnlliant synthesis of the structure 
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over a large part of the south-west and central Grampians, mark a great advance 
in the field of mountain tectonics and have provided a notable stimulus to research 
on Highland geology. 

Bailey’s now classic researches undertaken in conjunction with Clough and 
Maufe on the Devonian volcanic cauldron subsidence of Glen Coe, and his early 
work on the petrology and classification of the Carboniferous volcanic rocks of 
the Midland valley of Scotland, were stepping stones to the immense task which 
he set himself in later years in the island of Mull. It is these investigations which 
have revolutionized our knowledge of the inner structure of British volcanoes; 
for to them wo owe the recognition of ring dykes and ring complexes and the 
conception of igneous intrusion by ring fracture stoping. 

Bailey’s insatiable zest for scientific research has led him into other fields, and 
among notable contributions to Scottish geology must be reckoned the work he 
carried out with Kendall on the glaciation of East Lothian and the additions 
he made to the knowledge of the physical geography of Millstone Grit, Kim- 
meridgian and Cretaceous times. Farther afield his studies have dwelt on the 
tectonics of the Pennsylvania Piedmont and on the seismic origin of submarine 
canyons of the continental slope: in relation thereto he has shown the importance 
to be ascribed to submarine landslips m the past record of the rocks, notably in 
the Palaeozoic succession of Quebec 

Throughout a long and active career Bailey by his enthusiasm, his powers of 
observation and his interpretative insight has rendered splendid service to the 
science of Geology and his record of achievement is unsurpassed among living 
British geologists. 


The Davy Mkdal is awarded to Professor I. M. H kilbbon, D.S.O., in recognition 
of his many notable contributions to organic chemistry, especially to the chemistry 
of natural products of physiological importance. 

After some early researches dealing with the chemistry of the coumarinB, 
chromanes and benzopyrylium salts, Hcilbron made his first really important 
contribution by his well-known investigation on the remarkable hydrocarbon, 
squalene, which occurs in certain fish oils Almost simultaneously he established 
the structures of batyl and Belachyl alcohols. His interest in fish oils being thus 
aroused he next turned his attention to vitamin A. He attacked this problem in 
the first instance by the use of the ejiectrograph with the collaboration of Morton, 
who was thereby led to develop methods for the quantitative estimation of this 
vitamin which have since proved invaluable. Heilbron’s contribution to the 
chemistry of vitamin A earned him an international reputation, and later led to 
the recognition of vitamin A2. He has attacked also the difficult problem of the 
synthesis of vitamin A and, although it has not yet reached its objective, his work 
in this direction has raised many points of great interest and importance. Heilbron 
has also made notable contributions to our knowledge of the sterols and triter- 
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penes. In thus field, following pioneering work on the structure of orgosterol, he 
provided an elegant proof of the structure of vitamin 1)2 (calciferol) and has 
elucidated the structures of lumistorol, fucosterol and, more rocently, zymosterol. 
In the tnterpene field his most notable contribution has been his discovery of 
the key alcohol, basseol, which, in view of its facile conversion into /?-amyrin, 
seems hkely to play a significant role in the classification of triterpene chemistry. 

The outbreak of war interrupted Hcilbron’s projected study of the lipochromes 
and sterols of the algal classes, a study likely to be of importance not only to 
the chemist but also to the botanist, for whom it may provide a new basis of 
classification A r6sum6 of this work formed the subject of a Hugo Muller lecture 
to the Chemical Society. British chemists are indebted to Heilbron more than to 
any other chemist for the introduction into this country of the most refined new 
techniques. He has used extensively in his researches chromatographic absorption, 
microanalysis and high vacuum distillation, whilst he was probably the first to 
recognize the potentialities of absorption spectra as a research tool. His influence 
has thus spread far beyond the circle of the many research chemists trained in 
his laboratories. 

The Sylvester Medal is awarded to Professor J. E Littlrwood m recognition 
of his mathematical discoveries. 

Among mathematicians the name of Littlewood will always be associated with 
that of G. H. Hardy for the wonderful example of perfect teamwork in their 
fashioning of a new and rare instrument of mathematical precision during the 
second and third decades of the twentieth century. Into the theory of numbere, 
that subject whore problems are so easy to state but so hard to prove, an entirely 
new spirit was infused when the methods of analysis were brought to bear upon it 
The credit for attaining the highest results, for perfecting the methods, and for 
inspiring an enthusiastic following among so many of the ablest mathematicians 
at home and abroad, all belongs to Hardy and to Littlewood. Littlewood, who is 
by age the junior m this remarkable partnership, brought his own magnificent 
contribution as Hardy himself has wholeheartedly testified. Littlewood, on 
Hardy’s own estimate, is the finest mathematician he has ever known. Ho was 
the man most likely to storm and smash a really deep and formidable problem: 
there was no one else who could command such a combination of insight, technique, 
and power. 

Littlewood’s work covers a wide field of pure mathematics, extending from his 
fundamental discoveries in the realm of integral functions (1908) up to the present 
date. It was a happy event when Ramanujan, with his intuitive genius, proposed 
problems that brought out the fullest powers and skill of Littlewood and Hardy 
and their analytical theories. We can have no doubt that there is a peculiar 
fitness in the immediate succession of Littlewood to Hardy in this triennial award 
of our Sylvester Medal for mathematical research. 
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The Hughes Medal is awarded to Professor M. L. £. Oliphant m recognition 
of his work in nuclear physics and mastery of modem methods of generating and 
applying high potentials. 

Oliphant, initially under the general guidance of Rutherford, has made funda¬ 
mental advances in the field of nuclear disintegration. With the aid of specially 
designed apparatus he has produced intense beams of protons and of the nuclei 
of heavy hydrogen, with homogeneous energy, the study of the reactions of which 
with light nuclei has proved very fruitful. The intensity of the beam, which 
Oliphant has obtained, has allowed effects to be produced at much lower 
voltages than had hitherto been available. The theoretically important disrup¬ 
tion of the lithium nucleus has boon investigated with particular care. In this 
connexion a separation of the two lithium isotopes was first effected, so that 
they could be separately studied, with a consequent greater certainty as to the 
reactions. 

In Oliphant’s researches the energy liberated in certain nuclear reactions has 
been measured to a remarkably high degree of accuracy and the laws of con¬ 
servation of mass-energy and of momentum have been verified. This is a matter 
of great importance for the understanding of nuclear reactions, and has also 
enabled the masses of the light atoms to be calculated very precisely. 

As a result of work carried out by Oliphant with Harteck, on the bombardment 
of the nuclei of heavy hydrogen with like nuclei, two new light isotopes have 
been discovered, one of hydrogen and one of helium, both of mass number 3. The 
nuclear reactions of beryllium and of boron have also been carefully investigated. 

In the published accounts of the work Oliphant’s name has often been associated 
with that of others, including Rutherford, but there is no doubt that he was 
responsible for the very specialized experimental technique, as well as for other 
contributions to the collaborative enterprise. 

Oliphant has been particularly successful in the design of apparatus. Besides 
that required for the researches to which reference has been made, he has been 
responsible for the development of the two-million volt installation at Cambridge 
During the war he has successfully carried out work of great importance. Hih 
fine record of achievement is fittingly recognized by tho award of the Hughes 
Medal for ‘original discovery in tho Physical Sciences, particularly electricity 
and magnetism or their applications ’. 


The Council’s Report, covering the period of a year ending 30 September, makes 
mention of the scientific mission to Australia now completed by our Foreign 
Secretary, Sir Henry Tizard, whom we are glad to welcome on his return. The 
Report does not extend, however, to the later departure for India of our Secretary, 
Professor A. V. Hill The (Government of India, through the Secretary of State, 
asked the Royal Society to depute a distinguished scientist to visit India for con- 
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sultation on scientific matters, and in particular to advise on scientific and in¬ 
dustrial research in relation to measures of post-war reconstruction, and on the 
co-ordination of such plans in India with corresponding activities here and else¬ 
where. We felt that our proper response to such an invitation was to let India have 
a man of the highest qualification from our own Fellowship, and I feel confident 
that the Fellows will approve of our action in releasing for the necessary period our 
Senior Secretary, who is also one of our Research Professors, to enable him to 
acoept this important mission. I ask you, further, to send from this meeting a 
message to Professor Hill of good wishes for the full suooess of his undertaking, and 
of hope that one of its results will be to strengthen the bonds of understanding and 
true comradeship between our Indian colleagues and the men of scienoe of this 
country. In that connexion I ought further to report to you a stop which I have 
taken, with the approval of the Council, and for which I have not found any 
precedent in our records. It was brought to my notice that, of the six distinguished 
Indian men of science who are at presont on the roll of our Fellows, only two have 
hitherto been able to present themselves hero in order to subscribe the obligation 
in our Charter Book and to be admitted according to the statute. It seems certain 
that the war will create still further difficulty and delay for the attendance here of 
the other four, and I have accordingly commissioned Profossor Hill to take with 
him to India a sheet of suitable parchment on which the Fellows’ obligation is 
inscribed, and on which signatures can be taken for eventual incorporation in the 
appropriate page of tho Charter Book, unless opportunity should earlier present 
itself for our colleagues to visit us here and sign directly in the book itself. I have 
nominated Professor Hill as a Vice-President and, under Statute 42, have deputed 
him to perform on my liehalf our simple ceremony of admission. We hope that he 
may be able to do this at the meeting of the Indian Science Congress. It seems 
fitting to take this unusual opportunity thus to complete the reception into the 
circle of our Fellowship of all tho Indian men of science whom the Society has 
elected. During Professor Hill’s absence the ('ouncil have invited Dr Salisbury to 
act as Biological Secretary, and we are grateful to him for consenting to give us this 
help in the emergency. 

Last year we devoted this Anniversary Meeting to a simple celebration such as 
the war conditions allowed of tho three hundredth anniversary of the birth of Isaac 
Newton. Wo have noted with appreciative interest that other countries also marked 
tho tercentenary year by paying homage to our Newton’s memory. Particular 
mention is due to tho commemorative meetings held, under tho tremendous stress 
of war, not only by the Moscow Academy of Sciences, but also in a number of other 
scientific centres of Soviot Russia, ono as tar away as Novo-Sibirsk. The Council's 
Report mentions the gift which we have sent to the Soviot Aeademy of Sciences of 
Moscow, in recognition of this union with our colleagues of Soviet Russia in 
commemorating one of the greatest scientific achievements of all time, as in tho 
present devotion of all that scienoe can give, in both our countries, to the winning 
of this war for freedom. 
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Not since 1941 have I addressed the Sooiety from this Chair, at its Anniversary 
Meeting, according to regular custom. Only a week after we met here in 1941, the 
United States of America had become our ally; less than a year later came a turning- 
point of the war, with Stalingrad and El Alamein; and now the end seems no longer 
to be in doubt, though we cannot tell how long it may be in coming. I think that it 
is proper now to claim for science its due share in the achievements which have 
created the present prospect, in such vivid contrast with that of two years ago. 
Science in the countries of our great alhanoe has been devoted without reserve 
during these two years to the winning of the war, in this country it had been so 
already for the two years which preceded them. No longer are the allies straining 
now to overtake a lead gained by the enemy m years of stealthy preparation; the 
lead is rather on our side. If such thmgs could be weighed and measured, I believe 
that we should find the alliance to bo as far ahead of our enemy in the present 
volume of our united war researches, and m the brain power of the highest class 
now concentrated upon them, as in the more readily ponderablo output of war 
material by our industries. And no more than our armed forces or our factories can 
soienoe afford to relax or to divide its effort until the total victory has been won, 
without which we oan have no faith in the world’s future. The increasing certainty 
of the end, however, imposes upon us with a growing urgency the duty of looking 
also to that future, and to the part which science must play in the nation and the 
world when peace returns. 

From different influential quarters, as from the Parliamentary and Scientific 
Committee and from the Federation of British Industries, we have had important 
pronouncements on the urgent need for national enterprise and national spending 
on higher education in science and technology, and on the encouragement of 
research in the applications of science to industry. No body of scientific men will 
need arguments to oonvince them that we must thmk in such matters on a scale, 
not merely larger, but of a higher order than any with which we have hitherto been 
familiar. Before the last war Germany hod led the world in such development, and 
between the wars we Baw the United States of America move swiftly into the lead. 
Soviet Russia, starting with a background almost bare of such organization, and 
with a population largely illiterate, but with leaders having a clear vision of what 
science was to moan for the modem world, has now shown us what a miracle of 
scientific education and technical development oan be wrought in a quarter of 
a century. Can it be doubted that another great ally, China, when freed from 
her long agony of war, will rapidly establish her claim also to high rank among 
the great nations of the world now in the making 1 Surely it is clear that, if 
we are to hold our proper place alongside such great new civilizations, built right 
from their foundations on modem science, we must ourselves face the problem 
of giving to science its proper place in the fabric of our own, without grudging or 
hesitation. 

We of the Royal Society shall certainly give enthusiastic endorsement to any 
movement in that direction. From its beginning to the present day our Society has 
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always taken a lively interest in the applications of science to the general enrich¬ 
ment of human life, and the enlargement of tho means of human happiness. One 
of the expressed objects of the extension, in recent years, of the number annually 
elected into our Fellowship, was the maintenance of that interest, under the grow¬ 
ing pressure for recognition of achievements in the more fundamental and academic 
ranges of science. We shall certainly welcome, then, and join in advocating a great 
expansion of the nation’s support of applied science, whether through the Govern¬ 
ment’s Research Councils concerned with researches bearing on industry, medicine 
and agriculture, or through departments concemod with the uses of science lor 
defensive preparations in peace time and for othor national interests, or with the 
training of recruits for research by grants of public money to the Universities. 
I think that it can properly be claimed that wo knew here, even before the belief 
attracted a wider support and conviction, that a modem nation, as certainly as a 
well-organized modem industry, depends for success upon generous and far-seeing 
expenditure on scientific research and on tho recruitment of first-rate ability to its 
service, and risks failure and disaster by parsimony and a narrow vision of its 
responsibilities in these directions 

The response of our national scientific reserves to the demands of war might 
suggest that our national deficiency hitherto has beon chiefly in provision for the 
applications of science, and that fundamental researches in this country have 
lacked less in opportunity and encouragement. Here too, however, if we make 
comparison with other countries, 1 think that we shall be obliged to conclude that 
our discoverers, as great as any, in a world era of groat discovery, have often had 
to do their work in spite of a paucity of equipment and accommodation which 
would hardly have been oonoeivable elsewhere. That is a difficulty and a disparity 
which, unless some action is taken, will certainly increase with the growing demands 
of fundamental researches for elaborate and costly items of equipment. Recent dis¬ 
coveries have made such itemB available and necessary, at a rate which the war-time 
concentration of research will even have accelerated. Money to procure and to 
instal them will become ever more essential to work on the general front of scientific 
progress. The {Society’s Council, having considered a Memorandum by oertain of its 
Follows on the prospective needs ol fundamental researches in physics, have 
already appointed a Committee to consider the position in detail. It seems unlikely 
that other departments of fundamental science, when news of this decision reaches 
their representatives, will wish tho Society to assume that the needs of physics, 
even if more obvious than some others, are unique in their importance and urgenoy. 
With so many interests and authorities now directly concerned for applied science, 
we can hardly doubt, indeed, that it is to-day a primary duty and mission oi the 
Royal Society, as of tho related {Societies having more special and restricted aims 
in scienoe, to aid and to encourage researches which seek the advancement ol 
knowledge without immediate reference to its use, though with a dear conviction 
that such progress is often a necessary condition of practical advance, or even the 
most direct way towards it. Care for the practical fruits of tho tree of knowledge 
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was never, indeed, so Urgent as to-day; but the tree will wither unless we take care 
also that the roots have nourishment and room for spreading. 

The mention of this last necessity brings me to the problem of the need of the 
Royal Society, and the more pressing need of .one, at least, of our neighbour 
societies here, for accommodation more worthy of their national importance. The 
matter has more than once been under discussion in the past, and has recently been 
a matter of renewed concern to the Society’s officers. With the efficient help of our 
Assistant Secretary, Mr Griffith Davies, we have been making, in this connexion, 
a survey of the records dealing with the different homes of the Royal Society, from 
its foundation down to recent years. I think that on another occasion, when more 
time is available, the Society may like to hear a review in greater detail of this 
aspect of our history, which has many points of interest. To-day tho mention of a 
few of these must suffice 



The meeting room of the Royul Society in Somerset House 


Early in our career the interest of the Oown in the Society, and perhaps a 
recognition of a duty to provide accommodation for it, were signified by King 
Charles the Second’s grant of Chelsea College and its estates, as set forth in our 
third Charter of 1660 The property proved, alas, for various reasons, to be much 
more a burden than an asset, and Christopher Wren, in 1682, with the Council’s 
approval and recorded gratitude, sold it back to the King for £1300. Meanwhile an 
opportunity for the Society to acquire a house of its own, built to the designs of 
Hooke and Wren, on a piece of land granted by Henry Howard from the grounds 
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of Arundel House, had not becomo effective. The Society, therefore, save for 
interruptions due to the plague and the fire of London, remained for fifty 
years from its foundation a tenant of rooms in Gresham College, till in 1710, 
when Isaao Newton was President, it acquired the house in (Vane Court, off Fleet 
Street, which was its home for another sixty-eight years. In 1778, thanks to the 
personal interest in our affairs of King George III, the friend of our great President 
of those days, Sir Joseph Banks, the Society was granted quarters in Somerset 
House. Therewith the obligation of the state to provide us with housing was for the 
first time definitely accepted, *in generous recognition by the Sovereign of the 
services which science had rendered to the state’, as Banks stated in his address of 
1780. The records show that the accommodation in Somerset House was regarded 
from the first as inadequate, evon though our requirements had been reduced by 
the transfer of our ‘ Repository of Rarities ’ to the British Museum The rooms, on 
the other hand, can bo Been from prints of the period to have had a pleasant 
dignity (see page 236), and the Society remained in them for nearly eighty years. 

Towards tho middle of the nineteenth century, a movement arose to seouro new 
and better accommodation for tho Royal Society, and at the same time for tho 
other principal scientific societies then existing—the Linnaean, Geological, Astro¬ 
nomical and Chemical Societies. As early as 1847 a memorandum was under 
consideration by the newly founded Philosophical Club, a more seriously minded 
secession from, or rival to, the Royal Society Club of those days, formed under the 
same influences as those which had just earned the revised method of electing our 
Fellows. The Club presented proposals for bnnging the major scientific societies 
under one roof, centralizing and co-ordinating their libraries without any attempt 
at fusion, providing three or four meeting rooms of different sizes, for use by the 
Societies in common and in turn, and, in general, making better provision for the 
interests common to all without any impairment of their independence m rules, 
traditions, procedures or property. When those of us who have been considering 
present-day needs look at this memorandum, as finally presented in 1862, we 
cannot but admire the foresight and wisdom of our mid-Victorian predecessors. 

An opportunity of housing the scientific societies thus, as a community of co¬ 
operative but substantially independent units, was actually presented in the same 
year, 1862, by the offer of accommodat ion in now buildings then being planned on 
the estate at Kensington Gore, acquired with tho proceeds of the 1861 Exhibition. 
Wo begin to see tho benevolent interest of tho Prince Consort in our conoems. 
Kensington Gore, wo must remember, in those days of horse transport, was still on 
the rural margin of the suburbs, and, in gratefully declining the offer, the Royal 
Society and its associates urged upon the Government the desirability of housing 
the scientific societies centrally and, if possible, under a single roof. The acquisition 
by the Government, some years earlier, of Burlington House and its grounds, ex¬ 
tending from the Piccadilly frontage through to the street which is now named 
Burlington Gardens, seemed, indeed, to have provided the ideal opportunity for 
giving effect to such a plan. The Prince Consort, with a vision of the future moaning 
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of science far in advance of his time, privately urged the five scientific societies to 
press their claim to the site. It had been understood, indeed, that the primary 
intention of the Government in buying Burlington House had been to provide 
accommodation for the learned societies. Lord Wrottesley, then our President, 
personally canvassed the Government, making it clear ‘that the desire of the 
chartered societies for juxtaposition and for the Burlington House site was 
unabated’. Failing that, he indicated, they would be glad to be lodged in the 
buildings then occupied by the Royal Academy, that is, in what is now the National 
Gallery. The existence of a rival claim had become clear, and had, indeed, been men¬ 
tioned to the Royal Society by the Prince Consort It appears that the Government 
had already made some kind of commitment to the Royal Academy, so far as the 
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mansion of Burlington House was concerned. It would take much too long to 
discuss even what is known of the rival lobbyings of those days. It must suffice for 
this occasion to recall the results, and to lament the fact that a magnificent oppor¬ 
tunity was lost, which would have given London a scientific centre worthy of the 
nation’s achievement. Wo cannot blame our predecessors, who probably did all 
that was possible, nor can we grudgo their success to our friends of the Royal 
Academy, who are in no way to blame for taking what was offered to them. If the 
Government, mdeed, had thon used Burlington House and its grounds to discharge 
only these two of the obligations to which they were to some degree committed, 
the needs both of the scientific societies and of the Royal Academy could still have 
been handsomely met, and adequate scope for future development could have been 
ensured to both. The mansion itself with the wings of this front courtyard, already 
scheduled for rebuilding, could, for example, have been allotted to one, while the 
other of the two claimants could have had a new building, with frontage at the 
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north end of the gardens, and ample space for extension southwards over them, to 
meet increasing needs and new developments (see plan, page 240). Tho Government, 
however, used Burlington House first to satisfy a third obligation whioh it had 
accepted, to house the University of London, then only a degree-giving body requiring 
space chiefly for the periodical examination of largo numbers of candidates. Then m 
1858, the continued pressure of the scientific societies and the Government’s own 
desire to recover the rooms in Somerset House, led them to offer the use of Burlington 
House to the Royal Society, subject to the condition that for the time, and pending 
rebuilding on the sites round this courtyard, the Linnaean and Chemical Societies 
should be accommodated with us m the mansion, and that the University of 
London should still be able to use the large rooms in it for examinations. It is 
curious to reflect that this temporary arrangement gave to the Royal Society and 
its associates their only opportunity, to this day, even to share the use of a room 
suitable for a meeting of more than very modest dimensions. 

In old Burlington House, then, we were established, and were to remain there 
with the Chemical and Linnaean Societies for some fifteen years; and an appearance 
of stability had at first been given to our occupancy by the mention of planB to 
build a new examination hall for the University of London on the western side of 
this quadrangle, and to allow the Royal Society to use this also for large meetings 
and for its gallery of portraits. Two later developments, however, dispelled any 
such hopes. In 1867 ovidence came to the Society, first through a statement in The 
Times, that the Government had decided, after all, to give the Royal Academy a 
permanent lease of Burlington House and tho right to extend northwards by 
building over its gardens. At about the same time, and presumably in fulfilment of 
another commitment, the large building which now fronts on to Burlington 
Gardens was begun, to accommodate the University of London and its examina¬ 
tions, and was opened by Queen Victoria in 1870. 

The scientific societies wore not, indeed, to be homeless, but the only possibility 
now left was to accommodate them in the buildings planned to be ereotod round 
this front oourtyard, where they have been ever since. The total space thus offered 
did, indeed, allow more room to each of tho societies thon it had previously en¬ 
joyed, even after the Society of Antiquaries, at the Royal Society’s instance, had 
been included in the scheme. But the space now available could not easily be 
planned for the sharing of meeting rooms and general facilities, or for a oentral 
federation of the libraries, or for any of the features of the earlier plan which would 
have enablod the societies to funotion as independent members of a real scientific 
community. The scheme had an even more fatal defect. The plans were made on the 
assumption that the societies existing in the 1860’s, with their respective dimensions 
and requirements at that date, would provide a pattern of the needs of soience for 
all time, or at least for the life of buildings designed to mid-Victorian standards of 
permanence. Each of these societies, therefore, with the approval of our own we 
must admit, presented its separate claim and had it embodied in the solidity of the 
buildings we still inhabit, filling the available space completely and precluding any 
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later expansion, rearrangement, or new admission to the circle thus finally closed. 
Societies which have changed but little in numbers or activities may have had little 
reason, even yet, to oomplain of the accommodation which they then acquired. 
For others the allotment, which had been regarded then as satisfying future needs 
for half a oentury at least, became obviously inadequate very much earlier. 

In 1900 came news that the large building on the Burlington Gardens frontage 
was to be vacated by London University, and tentative inquiry was immediately 
made as to the possibility of allotting it to the Royal Sooiety, on the ground that 



Plan of Hurlmirton House in 17IM) 


‘the present rooms occupied by the Society were rapidly becoming inadequate’. 
The Government, however, had already decided to transfer the building to their 
Civil Service Commissioners, and it has continued to be dedicated to its original use 
for large-scale examinations, save for the later assignment of certain rooms m it to 
our much younger sister, the British Academy. It will be noted that the Royal 
Society was finding its quarters here inadequate as early as 1900, twenty-seven 
years after it entered them, and before there was even any prospect of the great 
expansion of its responsibilities and activities in recent years. Our accommodation 
is still the same to-day, after seventy years. Our walls cannot find room to hang our 
important collection of scientific portraits, and our great library is badly over¬ 
crowded, even though we have partod with some of it to give better housing, for a 
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tune, to the remainder; and it continue*, of oourse, to grow. Library pressure, m 
fact, is felt to varying degrees by all the societies here; and I think that it is still 
true, as some of our predecessors saw already in the I850’s, that no soheme will 
be able to deal with this problem efficiently, and to meet modem needs without 
disturbing histone associations, which does not include some kind of central 
co-ordination of libraries. The lack of a lecture or conference room, available m 
common for larger meetings, and well equipped with modem resources for projec¬ 
tion and demonstration, is another acutely felt need. There are greater needs and 
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anomalies, however, than any of these common ones Of all the societies hero the 
(’hemical Society, which was originally satisfied with tho poorest allotment of 
rooms, has undergone the greatest expansion In tho 1800’s it had a membership 
of some 460, it now has about 5000. Its library, of great importance to all workers 
m chemistry, whether fundamental or applied, has so burst tho bounds of its 
accommodation, that a part ot it is deposited m tho crypt of a neighbouring church, 
and tho Chemical Society’s meeting room is in every way unsuitable, and inadequate 
to the meanest conception of the regular needs of a society of its standing and 
numbers. Apparently our predecessors of the 1870’s did not see much future for 
chemistry. On the same evidence, they did not foresee any future for physics at all. 
The Physical Society dul not then exist; by the time it was bom there was no room 
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for its admission, and the State has never offered it a home. The same is true of 
other sooieties formed later to deal -with functional aspects of biology and other new 
fields of knowledge. For most of their meetings these newer societies use and need 
the facilities available in aoademio and research institutions. A national centre of 
science, however, should be capable of progressive adjustment to changing needs, 
and we ought to be able to make now admissions, on a varying Beale of allotment, 
to the central community of societies. 

What then should we be doing to deal with the situation * Actions and decisions 
long past have imposed it upon us, and regrets and repinings- over an opportunity 
lost more than seventy years ago will not help us to-day. We must admit, too, that 
our present quarters, with all their defects of elasticity, have provided a combina¬ 
tion of central position with freedom from noise of traffic which might be hard to 
find again. Let me say, then, that the Royal Society’s officers, having oonsulted 
with the officers of other societies here, and particularly of those whose needs are 
urgent or whose interests might bo directly concerned, have not yet abandoned the 
attempt to find a solution which would not involve the removal of any from the 
Burlington House estate. If we fail in that direction—and there is no ground for 
optimism—the problem will remain, and the time is not one for neglect or post¬ 
ponement of action. On all hands we hear talk of reconstruction and see plans for 
the rebuilding of London. We cannot expect another Christopher Wren—-one of our 
original Fellows and a leader in the science of his day, before he becamo its greatest 
architect; London missed that opportunity. It is natural and proper for the plans 
now being presented to make spacious and impressive provision in tho new London 
for opera, drama, music and all the fine arts, and we shall surely join in a general 
welcome to any practicable scheme which can open the doors more widely to such 
cultural privileges, and enhance their dignity and worth in the eyes of London and 
of the nation. But I do not think that we must stand by and allow the claims of science 
again to go by default. A fear of overstatement, a passion for critical accuracy which 
is a part of the vory spirit of science, may make us reluctant advocates. If necessary, 
however, we must be ready to remind all who may be concerned of tho part which 
the British scientific effort has played, in making it possible now to plan at all, with 
confidence, for our own civic and national reconstruction. But for science, wo may 
remind them, the very different plans which our enemies were so recently making 
for our future might already be taking effect. I have no doubt that the claim will 
be handsomely admitted, but we ought not to be too easily appeased with compli¬ 
ments and oratorical bouquets. Tho nation’s opportunity, when peace returns, of 
enjoying the arts and the amenities of life will be dependent on its standards of 
health and prosperity, and these, in turn, ever more directly on science and its 
applications, as certainly as these are still needed to secure our national survival 
and victory in this war. 

This ancient Royal Society of London, and those societies which have grown 
from it and round it in later years, constitute a scientific organism which is a 
national and imperial heritage, second to none in the world’s esteem. Here are the 
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roots of the spreading tree of science and technology, which should form a major 
component of our national contribution to the new world now in the making. Seventy 
years ago these roots were given only enough soil for the replanting then undertaken; 
they have long been badly pot-bound, and some parts of the root system are 
threatened with strangulation, while others have appeared outside the pot. We can 
properly claim, 1 think, that the progressive needs of our scientific societies shall be 
given early consideration in any now allotment which plans for reconstruction may 
allow. We ought to have a scientific centre permitting them to co-ordinate thoir acti¬ 
vities with economy, and giving room for change, expansion and organic growth by 
budding and division, in accordance with nature’s law. I think that we have the 
further right to expect that the home of science, in this capital city, will havea dignity 
symbolizing its value to the nation and the empire, and enabling us to hold up our 
heads in the oompany of other countries, whose scientific academies, not more famous 
than ours, have so long been housed more worthily, and with a more generous recog¬ 
nition of their due place in an enlightened people’s scale of cultural values 
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The statistical raonhamos of some crystalline systems may be reduoed to statistical correla¬ 
tions between objects which are the unit oells of a fiotitiowi lattioe. The correlations are 
deduced from postulates according to which some configurations of the colls are incompatible 
with some configurations of the neighbouring colls, if, on the other liand, configurations of 
neighbours are compatible with each other, their probabilities are to combine by multiplica¬ 
tion By these postulates matrices arc implicitly defined such that the probability distribu¬ 
tion for a chain of colls is found by forming the powers of a matrix A similar approach to tho 
statistics of a lattioe involves infinite raatnoes. It does not seem practicable to give exphoit 
expressions for these matrices If appropriate conditions are complied with, the correlations 
m a chain are accounted for liy adjusting the mean probability coefficients of tho noils and 
for tho rest regarding the oells as statistically independent. In this case the infinite matrices 
may lie roplacod by tho outer power of finite matrices As result an equation is given by means 
of which the thermodynamical energy may he calculated as function of temperature. 


GEN Kit AT. INTRODUCTION 

The statistical mechanics of systems involving correlations becomes increasingly 
important in tho theory of solids and liquids The rigorous treatment of the theory 
presents considerable difficulties. It scorns advisable to troat tho matter in such a 
way as to separate the mathematical formalism from an application of the theory 
to a concrete physical system. This is the course adopted here. 

Part I of tho paper deals with the mathematical aspoot and in Part II the theory 
is given for a physical system. 


1 Introduction to Part I 

The present paper deals with the statistical mechanics of crystals. The forces in 
tho crystal are assumed to bo of such a kind that one atom interacts with only a 
finite number of other atoms in the lattice. A further assumption is made on the 
number of configurations of the crystal; while this number is infinite in an infinite 
crystal, it is assumed that its ratio to tho number of lattice points is finite. 

These assumptions are in fact never strictly realizod; they are, however, frequently 
used as approximations. In mixed crystals, for instance, the partition function may 
adequately be separated into a vibrational and configurational factor, and the energy 
of configuration may be assumed as equal to the sum of bond energies (these are not 
necessarily restricted to bonds of pairs or interaction of nearest neighbours). Some 
fair approximation may be expected in crystals with rotating molecules by sub¬ 
stituting a finite number for the infinity of molecular orientations. In ferromagnetism 
a rough approximation may be obtained by considering the spin interaction of 
E 244 ] 



Matrix theory of correlations in a lattice. 245 

nearest neighbours and neglecting the resonance of states with equal magnetic 
moment. 

The theory of the above systems involves statistical correlations between different 
atoms in the lattice which may extend over long distances. 

In this paper a theory is given which applies to a largo section of these correlation 
problems It is presented without reference to any special physical system Lassettre 
& Hove ( 1941 ) and Montroll ( 1941 ) have made important contributions to the theory 
The main result of this paper is to show how the statistics of tho crystal can be 
reduced to a statistics of independent systems This has apparently not yet been 
anticipated generally but has been recognized by the author ( 1941 ) in a special case. 

2. Mathkmatical groundwork 

A few results of the theory of probability required in this investigation are 
obtained separately in this section of the paper. 

Consider now objects which may occupy configurations c, ...c A .. c A with the 
(not necessarily normalized) probability coefficients p,... p A . ,p A In a collection 
of these objects configurations are specified by the configurations c A of the particular 
objects. In a configuration of the collection the ‘populations of the configurations 
e A ’ are defined as the number of objects which occupy the configurations c A . The 
objects are said to be statistically independent if they occupy their configurations 
with a probability that is independent of the configurations wluch the other 
objects of the collection may occupy Otherwise there are ‘statistical correlations’ 
m the collection A collection of statistically independent objects will be called 
an ‘assembly’; a collection of statistically dependent objects is to be spoken of 
as an ‘aggregate’. 

Thore are well-known theorems on ptobability which hold for any assembly but 
not generally for aggregates. In an assembly of independent aggregates relations 
may be expocted to hold which are m some way independent of the special kind of 
correlation within the aggregates Some lcsults of this kind will be obtained m the 
following. 

(«) First consider the statistics of independent objects In an assembly of n 
objects let the populations of the configurations lie denoted by nr l nr A nr ,, r A are 
positive fractions subject to the condition 2 r A => 1 All configurations of the assembly 

A 

which are not distinct by their imputations nr A have equal probability. The total 
probability of the configurations with assigned populations is equal to a term in 
the expansion of 

F(n, P) = (P1+P1+ ■ -+Pa) h ( la ) 

Regarding F(n, p) as a function of p x , p 2 , .., p A , it will be spoken of as ‘function of 
distribution’ Denoting the terms in the expansion by 

w(nr x ,nr t , ...,nr A , p x ,p t , ..,p A ) = a>{nr v nr t . nr A )p?'pl r > 
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briefly by w(nr, p ) = o)(nr)H A p% r a, 

it is seen that ai(nr) = n\jII A (nr A \). 

In the limit »->-oo the polynomial (la) has a greatest term 
n\n A pr^in A (nr,l), 

where r A = p A /£ p A , in comparison with which the remaining terms may be neglected. 

In this limit . . / \ 

xv(nr, p) = exp 1 - - i, (r A - r A )*/r A I - 

(b) In an aggregate of k objects the function of distribution does no more comply 
witli equation (la) but is to be written 

F(k, p) = £ £ -22 0> T (k»v • • fau) pf*‘pj** • • • (1 b) 

•i *t » A r 

where ks A is the population of the configuration c A , the suffix r refers to all possible 
permutations of objects occupying different configurations, and <o r (£A], ks t ,...,ka A ) 
are arbitrary non-negative numbers. Of course 2« A = 1 . The average populations 
Jcs A are A 

ks A ^p A ?logF(k,p)/dp A . ( 2 ) 

The mean probability with which one objoct in the aggregate occupies the con¬ 
figuration e A is different from p A and equal to p' A and 

#a = Pa/2 Pa- (3) 


Now consider an assembly of m independent aggregates containing ink = n 
objects. The populations in the assembly are denoted by nr A , the coefficients of total 
probability for the configurations with assigned populations are denoted by 
M’lwrj . vr A , Px . p A ). 

In the limit in -*-oo these probabilities are given by the same expression as apply 
to an assembly of independent objects, namely, 



uinr, p) =exp| —"2 (r A -r A ) a /r A j, 

(4) 

where obviously 

f A = *A- 

(5) 

In order to prove this, the function of distribution for the aggregate is written 

F{k, p) = 2-P*>* = 

I . K , where the configurations of the aggregate ai 

■e enumer- 

ated by the suffix k. 

The populations are denoted by ks KA . 2 s„ A = 1. 


The function of distribution of the assembly is 



F(n, p) = [F(k, p)r 

( 8 ) 

and 

F(n, p) = 2 ~ • 2 m ! 77, PTty/7, ( ml K !), 

it 

(6 a) 
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where 2^ =« 1 In the limit m~> oo 

= 2- .gexp(-|sd«-W<) («fr) 

The numbers r A and ^ are connected by the equations 

»a = 2W- (7) 

The sums m equation (H6) may be divided into partial sums in each of which all 
terms have equal populations »r„ nr 3 , . ., nr A , every partial sum is the function of 
distribution for the configurations having theso populations. This function of 
distribution may be alternatively expressed by means of A parameters ff v y? 2 , 

2 2 2 exp ( 2 {[(l«-0*/U + 2*2 l c * rt A}) • 

Rearranging this expression into 

22 - p*p ( - ™ 2 (k - M i - * 2 +*>(2 - K * s (2 *<*&)*)) . 

it is seen to approach asymptotically its greatest term in which 1 K ~ l K and where 

r, = C(l-*2^^). (8) 

It is accordingly allowed to substitute on the right of (06) the greatest term for each 
partial huh* so that 

(2 l\) m « 2 2 exp( -Ij 2 A ■ -• 

In the latter sum every term is equal to the total probability of the configurations 
of the assembly with assigned values of the numbers l K . 

By putting f, = l r in equations (7) and noting that 

2/>*a/?a = <> 

a.A 

—which equation is derived from (8 )—A independent linear equations are provided 
for calculating the parameters It follows that these parameters and aceordinely 
the numbers l K are linear functions of the numbers r A and 

(2PJ m H22-2exp(-|(?(r A )), 

where Q(r A ) is a polynomial of second degree in the variables r A The summation is 

carried out over those systems of values of r lt r % . r A to which a non-negligible 

probability corresponds. 

Any function of distribution of this type contains no other constants than those 
which are functions of the moments of the first and second order, namely, r A , rf, 
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(r A r A .). The linear moments are proportional to the mean probability coefficients 
of one object as given in equations (5) and (3). The moments of the second order depend 
similarly upon the mean probability coefficients of pairs of objects. Denoting by 
p' xx the mean probability coefficient for two objects to occupy simultaneously the 
configuration c A) then 

Denoting by p AA - the mean probability coefficient for one object to occupy the con¬ 
figuration c x and another object to ocoupy simultaneously the configuration c A ., then 

Pnv = 2«(r A r A .)/(»-1). 

The probabilities p\ x and p\ X ’ are averages over all pairs of objects. There are 
m(»- l)/2 pairs The number of those pairs the objects of which are contained in 
different aggregates is m(m- l)Jfc*/2 which is asymptotically equal to the former 
number. The overwhelming majority are accordingly pairs of statistically indepen¬ 
dent objects. The momenta of the second order and the function Q(r x ) are therefore 
equal to the corresponding quantities in an assembly of independent objects which 
occupy the configurations c x with the probability p' x \ Q(r x ) = £ (r A — r A )*/r A such as 
asserted in equation (4). 

(c) The configurations c x may be divided into classes to be denoted by 6^; popula¬ 
tions of the classes C may be defined by the sum of populations of all those con¬ 
figurations c x which belong to the class G’ /t . The populations of the classes C h are 
denoted by kSy, S M is the sum of some * A and thus 

«,= (9) 

*00 

where the suffix in brackets indicates the class to which the corresponding con¬ 
figuration c A lielongs to 

The total probability for (ho configurations of the aggregate with assigned values 
of the i Sp and the function of distribution for these configurations is denoted by 
W(klip p) and 

s s .. .,H V ). 

"i(,)*ao.) 

The sum is to be taken over all those values of s 1(/1 ), .whioh satisfy equa¬ 

tion (9) for the assigned values of the S^. 

Tn an assembly of m independent aggregates tho populations of the classes are 
denoted by nR„, n — mk\ The function of distribution for the configurations with 
assigned populations of the classes C f is denoted by W^nR^, p ). 

Ob.iou.ly 
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and according to equation ( 6 ) 

S W{nR p , P) = [s W(k8 p , p)J". UO) 

One term on the left of ( 10 ) is equal to a partial sum of terms on the right. By sub¬ 
stituting for the partial sum its greatest term, W(nR pt p) is obtained as a product 
of powers of functions W(kS p ,p) multiplied by a factor which is independent of 
Pv Pt> Pa but may depend upon R v R t , .... R p , .... If there is in W(kS p , p) one 
term in comparison with which the remaining terms may be neglected, the product 
of powers is reduced to [W(k8 p , p)] m with 8 p = R p . 

(d) By assigning to every object in an aggregate a class C p such that the object 
may occupy no other configuration than those belonging to G p , a set of configurations 
of the aggregate is selected In this set all configurations have the same populations 
of the classes C x , C t , ..., C p , . and therefore arc specified by the same values of the 
numbers S v S t , .. , 8 p , ... By permuting the objects to which different classes C p 
are assigned, another set of configurations is obtained in which the numbers S p 
necessarily have the same values as in the first sot. There are kl/II p (k8 p l) different 
sets in which the numbers 8 lt 8 t , ., S p , .. have the same values. 

The function of distribution of a set depends necessarily upon the numbers 
Ri, 8 t ,..., S p , ... and possibly varies with the permutations. It is accordingly denoted 
by vJJeS p , p), the suffix <r ranging from I to k'lfl p (k8 p !). There may be sets for which 
this function is equal to 0. Obviously 

S v.(kS ll ,p)=WlkS l ,,p). (II a) 

In an assembly of independent aggregates similar sets of configurations are 
selected by assigning a class C p to every object. Their function of distribution is 
denoted by v p (nR p , p), the suffix p ranging from 1 to n } ITI p (nR^). Obviously 

Z«V( M */->/») - H'(n«„. p) (11 b) 

Given the values of R lt R % , .., R p , . , then those corresponding functions v p (nR p , p), 
which are different from 0 and not negligibly small, approach asymptotically 
(Umm->oo) equality among themselves and with their average which is propor¬ 
tional to H r (nR^, p). 

In proving this I assume for sake of argument that given the values of j8„ S t , ., 
8 p , ..., the functions v p {kS p , p) are distinct from each other, otherwise the assertion 
would be trivial. 

It follows from equations ( 10 ), ( 11 a), (116) that every function v p (nR p , p) is a 
sum of products of powers of functions v a {kS p , p) In order to prove the assertion 
it is sufficient to show that the sum of power products is asymptotically reduced to 
one term. Assuming at first that 

W(nR p .p) = y[W(kS /t .p)r, (12) 
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where y does not depend upon the p x but possibly upon the R^ and where R^ » 8 f , 
the “ W{nR,, p) - p)]*. (13) 

Every term in the expansion of the right is equal to a sum of equal functions 
v^nRp p), and on the other hand a product of high powers of functions v„(k8^, p). 
The expansion is asymptotically equal to one of its terms. A similar argument 
applies if the right of equation (12) is a product of powers of the IF (&$,,, p). 

The factor y depends upon the number of functions which deviate appreciably 
from the average, y is to be regarded as an unknown continuous function of the 
numbers R^. 

With regard to those functions v^nR^, p) which are not negligibly small, it is 
found finally that W(nR„,p), (14) 

where a' is an unknown continuous function of the R^ Equations (4) and (14) are 
part of the necessary foundations of the subsequent calculations. 

3. Formulation of the statistical problem 
Since overy atom interacts with only a finite number of other atomB, it is possible 
to divide the lattice into equal domains of such a kind that every atom interacts 
only with those atoms which are contained in the same domain. These domains 
overlap, so that a lattice point is generally contained in more than one domain. 
From a geometrical point of view the lattice may be said to be generated by a group 
of three displacements of the unit cells or of the domains 

In a lattice in which there is interaction between nearest neighbours only, the 
number of atoms divided by the number of domains in the crystal is equal to the 
number of atoms in the unit cell; the atoms which are sited on the boundary of the 
unit cells belong to at least two domains between which they are shared. If atomic 
interaction extends further, the above ratio is larger than the number of atoms m 
the unit cell and the domains overlap to greater depth. 

The configurations of the domain are specified by the configurations of the lattice 
points. The latter are specified by the kind of atom which occupies the lattice point, 
the internal state of the atom, its displacement from equilibrium position, etc. 
Since the configuration of every lattice point enters into the specification of the 
configuration of the domain, I shall speak of the ' contribution’ of the lattice point 
to the configuration of the domain, although no quantity expressible in numbers is 
contributed. The energy of the domain is, on the other hand, equal to the sum of 
contributions of energy made by atoms and bonds between atoms. In defining the 
energy of the domain each of these contributions » divided by the number of domains 
between whioh the atoms or bonds, respectively, are shared. The energy of the lattice 
is consequently obtained as the sum of energies of domains. 

Mutually overlapping domains may not ocoupy their configurations independently 
of each other, for each lattice point which is shared by the domains makes the same 
contribution whether it is regarded to belong to one domain or the other. 
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In any pair of domains there are lattioe points corresponding to each other, such 
that the set of distanoe vectors from one point in one domain to the remaining 
points of the same domain is equal to the set of distance vectors from the corre¬ 
sponding point in the other domain to the remaining points of the other domain. 
The distanoe between corresponding points in different domains defines the distanoe 
between the domains. It is possible to select from those domains, with which one 
particular domain overlaps, six distinct domains in three non-coplanar directions 
with the three smallest distances. These six domains are said to be ‘neighbours’ of 
the original domain. A frame of rectilinear co-ordinates x, y, z is defined such that 
the axes are parallel to the three vectors joining neighbours. To every domain three 
integer co-ordinates are assigned in relation to these axes 

In an isolated domain a probability coefficient is assigned to every configuration. 
In neighbouring domains some configurations of one neighbour are incompatible 
with some configurations of the other If two configurations oombine, the probability 
coefficient of the combination is equal to the product of the two probability coeffi¬ 
cients corresponding to either domain, this follows from the additivity of domain 
energy. 

It is possible to link any pair of two domains in the crystal by a senes of neigh¬ 
bouring domains. There are accordingly statistical correlations between all domains 
of the lattice. 

The probability coefficients of the configurations of the lattice may accordingly 
lie derived from the probability coefficients of the domains provided the correlations 
between neighbours are correctly taken into account. In the terminology of § 2 
the lattice may be regarded as an aggregate of domains, the statistics of which is 
determined by correlations between neighbouring domains. The objects of this 
aggregate are]spocified by enumerating their configurations individually (i.e. the con¬ 
figurations of the domains) and by establishing which of the objects are neighbours. 
The correlations between neighbours ha ve to be formulated as ‘ rules of composition ’ 

The configurations of the domains may obviously be distinguished from each 
other and their number is finite, therefore a symbol may be assigned to each of 
them, namely, c t , c t , ... e A , ... c A Let K A be the energy of the configuration 
c ji> The corresponding probability coefficient is p A = exp ( — EJkT) — t s i. 

Excluding absolute zero of temperature it is assumed that 0 < t < 1. 

Every object of which the aggregate is composed represents one particular 
domain. The object is accordingly labelled by means of the co-ordinates of this 
domain. The objects are abstractions to which no position in spare is assigned. It is 
nevertheless possible and convenient to speak of ‘neighbouring’ objects, which 
represent neighbouring domains, and to consider accordingly the totality of objects 
as forming a fictitious lattice. This expression is used in the following. The objects 
of the aggregate are considered to be the unit cells of the fictitious lattice. In order 
to distinguish them from the unit cells of the crystal lattioe, these unit cells are 
spoken of as ‘cells’. In relation to the co-ordinates of the domains we shall use 
expressions snch as ‘ar-neighbours’, '2-chains’, ‘ay-layers’, etc. 
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In order to formulate the rules of composition we consider first a pair of neigh¬ 
bouring domains which are represented by cells with the oo-ordinates x, y, z and 
x + l,y, z. Whether or not configurations of these cells may combine depends upon 
the contribution of those lattice points which are shared by the domains. According 
to the contribution of theqe lattice points, the configurations are partitioned into 
classes such that either all configurations or no configurations of the class may 
combine with any arbitrary configuration of the neighbouring domain. All those 
configurations of the first domain to which the above lattice points make the same 

contribution are assembled in a class to be denoted by B(x) h \ h = 1. r. All 

those configurations of the second domain to which the above lattice points make 
the same contribution are assembled in a class A{x) g \g = 1..... f. The configurations 
of the first domain which are contained in one particular class combine with those 
configurations of the second domain contained m one particular class. The suffices 
g and h are chosen such that their values are equal for the classes of combining 
configurations. 

Similarly, classes of combining configurations are defined for y-neighbours and 
z-neighbours. 

The configurations c A are accordingly partitioned in six different ways into classes 
which are denoted by A(x) g , B(x) k , A(y) { , B{y) jt A(z) k , B(z) t . g,h = 1, ... 7 1 , i,j = 1, 

. ,,A; k, l = 1, ...,©. Every c A is contained in one and only one of the classes A(x) g 
and B(x) h and A(y) t , etc. Considering a cell with the co-ordinates x, y, z, those con¬ 
figurations which are contained in the class B(x) g {B(y) t \ B(z) k } combine with all 
those and no other configurations of the cell at x -)-1, y, z [x, y + 1, z; X, y, z + 1} which 
are contained in the class A{x) g {A(y\\ A(z) fc }. 

If c A and c A . are combining configurations of a pair of neighbouring cells, the corre¬ 
sponding configuration of the pair (denoted by r A e A >) has the relative probability p x p A - 

These are the premisses from which the probability coefficients of the aggregate 
of domains are to be deduced. 

In dealing with this problem I employ ‘ functions of distribution ’ whioh are sums 
of relative probabilities taken over all configurations of a cell, chain, layer or the 
entire fictitious lattice. These functions are distinct from the corresponding partition 
functions for two reasons, (a) They are functions of the variables p x ,.p A , whereas 
the partition function is the function of one variable, namely, the temperature. 
Similarly, as the partition function provides the mean energy, these functions provide 
a more detailed information, namely, the mean probabilities with which the domains 
within a chain, etc., occupy their different configurations. Information of this kind 
is necessary for calculating the correlations between different chains and layers. 
The thermodynamic energy is obtained as average energy of the configurations of 
the domains. (6) The numerical values of the functions of distribution are generally 
distinct from the numencal values of the partition functions and their ratio may 
depend upon temperature. The thermodynamic energy cannot be obtained from 
the function of distribution by applying the usual formula by which that energy is 
related to the partition function. 
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4. Application op matrices 

The above rule of composition for ^-neighbours is readily expressed in terms of 
matrioes. A matrix D(x) of r rows and columns can be defined such that the matrix 
element D(x) gh contains the (symbolic) sum of all those c A which are simultaneously 
contained in the classes A(x) g and B(x ) h ; if there is no c A which corresponds to a pair 
of suffices g and h, the matrix element D(x) gh is 0. According to the matrix law of 
multiplication, the matrix elements of D(x) % are sums of products e A c A .; all products 
of combining configurations and no other produots appear in these matrix elements. 
By substituting p A for c A in D(x), a matrix G(x) is obtained, the elements of which 
are sums of probability coefficients. The sum of the matrix elements of G(x )' is 
equal to the sum of probability coefficients taken over all configurations of a pair 
of x-neighbours. 

Similarly, matrices D(y), G(y) and D(z), G(z) can be defined, in terms of which the 
rules of composition for ^-neighbours and z-neighbours are formulated. 

The configurations of an x-chain and their probability coefficients are obviously 
found by calculating the nth power of the matrices D(x) and Q(x) respectively. 
2 <7(x) n <* is equal to the partition function (function of distribution respectively) of 
e.h 

an x-ohain. 

An xy-layer is composed of neighbouring x-chains the cells of which combine 
according to the rule for y-neighboura. The layer may be regarded as a chain the 
cells of which are x-chains. The rule of composition for y-noighbours implies a rule 
of composition for neighbouring x-chains by which a matrix L is implicitly defined. 
As the number of configurations increases with the length of an x-chain, it may be 
impracticable to enumerate the individual configurations and to find expressions 
for the matrix elements of L. Actually it is not these matrix elements but the sum 
2 L™*) which is required. The evaluation of the sum—which is the function of dis- 

tribution of the xy-layer—is the central problem of this paper and will be given in 
§§5 and 0. The lattice may similarly be regarded as composed of neighbouring 
xy-Iayers; a matrix L + is implicitly defined by the rule of composition for two 
neighbouring xy-layers. 

In order to employ the powerful methods of matrix algebra it will be assumed 
that the matrioes comply with certain conditions This involves a restriction of the 
scope of the theory. 

At first it is assumed that the matrices G(x), G(y), Q{z) are symmetric matrices. 
If this condition holds, it may be shown that the matrices L and L + are also sym¬ 
metric. There exists accordingly a real orthogonal transformation by which these 
matrices are transformed to diagonal form. 

The significance of this symmetry is conveniently demonstrated by considering 
those lattioe points of a domain which are shared by the right neighbour and those 
which are Bhared by the left neighbour (for instance, those represented by the two 
x-neighbours of a cell). Every lattice point of the first kind is geometrically equi- 
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valent to one lattice point of the second kind. By permuting the contributions of 
geometrically equivalent lattioe points any configuration of the domain is trans¬ 
formed into another of its configurations. These two configurations have equal 
probability coefficients if and only if the corresponding matrix—in this instance 
the matrix 0(x )—is symmetric. The symmetry of these matrices is accordingly not 
derived from crystal symmetry. ¥ 

It will be assumed that some matrices have the following properties: Their 
highest proper value and the highest proper value of their matrix square are single 
and the latter is the square of the former. Matrices of this kind will be said to be 
‘ (7-matrices ’ and the proper vector corresponding to the highest proper value will 
be spoken of as ‘ first proper vector ’. 

Every real symmetric matrix M may be represented in terms of its proper values* 
M ik = (IB) 

where M' } are the proper values and £, ft , & the components of the proper vectors. 
If If is a high power of a (7-matrix, the sura in equation (15) is reduced to one term. 
In this case M is equal to a number (i e. the power of the highest proper value) 
multiplied by an idempotent matrix. 

A matrix in which the sum of matrix elements is equal for all rows is a O-matrix 
and the components of the first proper vector are equal to each other. (The proof 
is simple and may be omitted ) If it is assumed that the number of configurations 
<;* is equal in every row of D(x), it follows that at high temperatures (t =* 1) the 
matrix 0(x) is a O-matnx and £< the components of the first proper vector are equal 
to each other. There is accordingly a range t 1 where 0(x) and the matrix 0(x) gk ^ h 
are O-matrices 

The assumption that there are equal numbers of c A in every row of D(x) is not 
necessary for the validity of the following calculations. The assumption may hold 
for special systems of physical importance. It will, however, be assumed that the 
matrices 0(x), 0(y), G(z), and some other matricos to bo defined m the course of 
calculations, are (7-matrices. By this condition the scope of the theory is once 
more restricted. In applying the theory to any special system it is necessary to 
prove that the above conditions are complied with 

5. Thk statistics ok a chain 

As far os the energy is concerned, the probability distribution of an x-chain is 
determined by its partition function - ) - which is equal to £ Q(x)*t*. The configurations 

of the x-chain have, however, to be specified not only by their energy but also with 
regard to those configurations of a neighbouring x-ehain with which they combine. 

* Cf. Temple (1934, p. 18). 

f In the case of a chain a function of distribution will be defined whioh is numerically equal 
to the partition function at all temperatures. 
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It is, on the other hand, impracticable to enumerate the individual configurations 
of an x-chain. 

If the x-ohain was replaced by a collection of independent cells, the problem 
would be considerably simplified. It would be sufficient to specify every configura¬ 
tion of the collection by the appropriate populations of cell configurations irrespec¬ 
tive of the position of the cells In a collection of independent cells no distinction is 
made between two different configurations in which nr v nr t , ...,nr A cells occupy the 
configurations ...,c A respectively. The two configurations combine with two 
different sets of configurations of their y-neighbours, but these sots have equal 
functions of distribution. 

It will be seen that there is a close similarity between the statistics of an x-chain 
and of a collection of statistically independent cells so that it is sufficient to specify 
the configurations of an x-chain by their populations of cell configurations. 

In the terminology of § 2, an x-cham is an aggregate of cells. In applying equation 
{16) it is noticed that all configurations with the same set of populations c A have the 
same probability. The function of distribution may accordingly be written without 
the suffix r 

p) = £ £ • 

= w(ks v ks % , , ks A ; p v p % . p A ), 

*. *,i 

where the probability coefficients a> are unknown functions of the populations. 

The function of distribution is, on the other hand, equal to £ (?(*)*»* provided 

or.* 

that the matrix elements are regarded as functions of p,, p s , ...,p A . Since G{x) is 
supposed to be a (7-matrix 

F(k, p) = (f7') k £g 0 g*, (16) 

a.h 

where O’ is the highest proper value of G(x) and £ k are the components of the first 
proper vector. In this function of distribution it is admissible to regard ^ ££„£*j as 
virtually constant. 

The function of distribution for an assembly of m independent chains is 

and for a chain of tern cells (G') km £ 

g.h 

The difference between these functions divided by thpir average approaches 0 if 
k is large enough. For the purpose of calculating probabilities we may therefore put 


lim ZQ*™* = lira [2Y7(x)V]"*. 


(17) 
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Comparing (17) with (6) the x-chain is seen to have the statistics of an assembly 
of independent aggregates.* 

According to equation (4) the probability coefficient for the configurations with 
assigned populations is oqual to 

w(nr v nr t ,.... nr A ; p v p . ,p A ) = exp|-?2 (r A -? A ) a /r A j, 

where »is the number of cells and nr A are the populations of cell configurations. The 
values of r A oould be found according to equation (2) by differentiation, but it is 
more convenient to consider a chain with a ‘ central ’ cell to which » and »' cells are 
joined to the loft and right respectively. The function of distribution 

f.i f.io.h 

= (<n n+ "'[g£,&] • Z i a L 

is expanded in terms of the matrix elements of G(x) gh representing the central cell. 
The mean probability of the configuration c A is accordingly 

P\ = P*Z a Zk> ( 18 ) 

where the suffices g, h correspond to the matrix element D(x) oh in which e A is con¬ 
tained. According to (tf) 

h = P'JZPx 

• A 

Consider next the functions of distribution of certain classes or sets of configura¬ 
tions which have a similar significance for the combination of chains as the classes 
A(x) t , etc. have for the combination of cells. 

In a chain of domains a set of configurations is selected when all lattice points 
vary their configurations with exception of those lattice points which are shared by 
a neighbouring chain. Any arbitrary configuration of the latter chain combines 
either with all configurations or with no configuration of the set. 

Let the ohain be represented by x-chains in the fictitious lattice which have the 
co-ordinates y and y +1 respectively, and c A be a configuration of the cell in the first 

* It might be objected that O' is an irrational function of the p A and accordingly (O')** 1 
cannot bo the distribution function of an assembly of aggregates which necessarily is a high 
power of a polynomial. (O')*" approaches actually a high power of a polynomial. Proof: The 
diagonal sum of a matrix is equal to the sum of its proper values so that 

(«')*= [SQ , (*)*“](1+« 1 ). 

where | | Vk < 1 and | k8 l | is Bmaller than any given positive number if k is large enough. For 

any integer m, 0<m<ifc, 

(0')»*= (?(*)***] "(1 + 4,), 

where 1 +1 8% | < (1 +1 | )* and accordingly | <f, | < SDW, may be held below any given positive 

number and m boyond any other given positive number if k is large enough. 
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chain. The contributions of those lattice points which are shared by the chains may 
be specified by the particular class B(y) i where the e A belongs to. The representative 
of the above set of configurations is accordingly selected by assigning to every cell 
of the first chain one of the classes B(y)j such that the cell may ocoupy no other c A 
than those belonging to B(y) } . Let nR^ be the number of cells to which the class 
B{y)j is assigned; £ R' } = 1. If the numbers R' 1 ...ff r are given, there are many 

possible positions for the cells to which a oertain class B{y) } is assigned so that 
there are n'/FfjinR'^) different sets with assigned numbers R } . 

The function of distribution of each set, a function of ... p A , may depend on the 
numbers R[ ... R r and also on the positions of the cells with assigned classes B(y) } . 
These functions are denoted by v p (nR' jt p) where the suffix p accounts for the 
position of the cells and ranges from 1 to n^/II^nBj !) and where 

?) = v) 

is the function of distribution of the configurations with assigned numbers R' f . 

Since the sets of configurations are specified by assigning to every cell a class of 
configurations, and since the x-cham may lie regarded as an assembly of independent 
aggregates, equation (14) applies to the present problem The functions v p (nR), p) 
approach accordingly independence of the suffix and proportionality to W(nR' it p). 
The factor of proportionality remains undetermined and may depend on the 
numbers R). Those functions v p (nR' } , p) which deviate appreciably from the average 
are negligibly small or identically 0. 

If alternatively the neighbouring a;-chains have the co-ordinates y and y— 1, 
similar sets of configurations of the first chain are defined by assigning to every cell 
one particular class A{y) t . The function of distribution of the set approaches asymp¬ 
totically proportionality to the function W{nR t , p), where nR t is the number of 
cells to which the class A(y) t is assigned. 

Finally, oonsider those sets of configurations of a chain in which a class A{y) ( and 
a class B(y) } , in other words a matrix element D(y) 1jt are assigned to every cell. In 
sots of this kind either all configurations or no configuration oombine with any 
arbitrary pair of configurations of the two neighbouring x-chains. The corresponding 
funotion of distribution depends upon the numbers of cells nRfi to which simul¬ 
taneously the classes A(y) { and B(y) } are assigned and is—similarly as the functions 
W(nR' jt p) and W(nR x , p) —independent of the position of the cells with assigned 
classes. It is denoted by U(nRf } , p). 


6. The statistics of a laybr and thb lattice 

In § 4 it is shown that the function of distribution of an xy-layer is equal to 2 

a 

where L is a symmetric matrix the elements of which contain all configurations of 
the x-chain. 
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The z-chains which are to be joined may be tentatively replaced by assemblies of 
independent cells which occupy the configurations c A with the probabilities^. For 
this problem the matrix H{yf ni is appropriate where H(y) is a matrix obtained from 
0(y) by substituting p\ for p A and H{yf n] is the nth outer power of H(y). An *y-layer 
consisting of m 2-chains should according to this tentative approach have the 
function of distribution 2 [(ff(y) w )"*]y. Since outer multiplication oommutes with 


matrix multiplication the latter expression is equal to 




which is 


obviously the function of distribution of an assembly of n independent y-chains. 

The matrix H(yf n] may be partitioned into (square or rectangular) submatrioes 
in each of which all configurations with assigned numbers Rf } are contained. All 
matrix elements within a submatrix are equal to each other and proportional to the 
function of distribution for the configurations of this submatrix which is obviously 
equal to U(nRft, p). 

The matrix L is defined in the same space as the matrix H(y) w and its structure 
is similar. In each submatrix the function of distribution is equal to U{nR^,p); 
the matrix elements are no longer equal; the sums of subrows and subcolumns, 
however, are oither equal to each other or negligibly small, possibly equal to 0. 

The sums of those subrows and subcolumns which give an appreciable contribu¬ 
tion to the function of distribution are proportional to U(nR^, p). The factor of 
proportionality differs for the various submatrices, i.e. depends upon the numbers 
Rfi. For a given temperature it is sufficient to consider only a small range of these 
numbers where the factor of proportionality may be regarded as constant or rather 
as an unknown function of temperature. 

In calculating the powers of L two results of matrix algebra are required. They 
are given without proof since they may readily be verified by meanB of the matrix 
law of multiplication. 


(a) If a square matrix is partitioned into submatrices such that the partitioning 
lines are symmetric about the leading diagonal, the powers of this matrix may be 
calculated by regarding the submatrices as matrix elements. The product of two 
submatrices is defined as matrix product in the usual way. 


(6) Two square or rectangular matrices for which multiplication is defined and in 
each of which.the sum of elements is equal for each row and column have a product 
in which the sum of elements is equal for each row and column. If in either factor 
some rows and columns contain only elements equal to 0, while for the remaining 
rows and columns the sums of elements are equal, the product contains some rows 
and columns with all elements equal to 0 while for the remaining rows and oolumns 
the sums of elements are equal. 

In applying these theorems to the powers of L it is seen that instead of multi¬ 
plying a submatrix of L m with a submatrix of L, the corresponding submatrioes of 
(H(yf n] ) m and H(y) M may be multiplied. The resulting functions of distributions 
differ only by a factor which may depend upon t but not upon the p A . 
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The above tentative approach to the function of distribution of the ay-layer is 
therefore justified. The function of distribution of the ay-layer is equal to 


E £"*</ = a(t) 




(19) 


where x(t) is an unknown function of temperature. 

Provided that H{y) is a O-n latrix the statistics of an ay-layer may be shown to 
be the statistics of an assembly of independent aggregates, similarly as it is shown 
for an x-chain. The arguments which lead from the function of distribution of the 
x-chain to the function of distribution of the ay-layer may be applied to the latter 
and lead to the function of distribution of the lattice It is sufficient to give the result. 

The configurations c A are supposed to be contained in the matrix elements 
D(x) gh , D(y) tj , D(z) u . The mean probability coefficient of the configuration c A is 
denoted by p\, p’ x , p" when referring to a cell which is sited within a chain, a layer or 
the lattice respectively. K(z) is a matrix obtained by substituting p\ for p A in the 
matrix 0(2). 

A range of temperature is considered in which 0(x), H(y) and K(z) are O-matrices. 
The components of their first proper vectors are denoted by if t , C, k respectively. 

It has been shown that > „ r ? /lu v 

Pa = V\Zgih’ (* 8 ) 

and it may similarly be proved that 

Pa - PuZoZrtiVp Pi = P^hVtVM- ( 20 ) 

The function of distribution for a coll which is sited within the lattice is therefore 

equaito i*-S (2i) 


P is not equal to tho partition function since an unknown function of temperature 
enters into equation (19) and a similar function enters into tho function of dis¬ 
tribution of the lattice. In § 3 E K is defined as the energy of the configuration c A and 
f*A =s oxp [ — EJkT ]. In evaluatmg equation (21), we consider tho energies given as 
multiples of an arbitrary unit of energy which is denoted by e. Then t = exp [ — e/kT]. 
The thermodynamic energy per oell and also per domain of the crystal is obtained 
by taking an average of the cell energy 

E = eldlogP/dt (22) 

In carrying out the differentiation Zg^hViVi^k^i “ regarded as independent of t. 

By means of equations (21) and (22) the thermodynamic energy can be calcu¬ 
lated as function of temperature. If the theory is applied to a special system such as 
specified in the introduction, this relation between temperature and energy is capable 
of experimental verification. 
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Matrix theory of correlations in -a lattice. Part II 

By R. Eisensohitz 

(Communicated by Sir Robert Robertson, F.R.S.—Received 5 March 1942— 
Revised 25 May 1943) 

The apecific-heat curve corresponding to order-disorder equilibrium is derived from the 
nearest neighbour model by moans of the general theory of correlations in a lattice For a 
lattice in two dimensions the resulting thermodynamic energy is an algebraic expression; 
for a lattice in three dimensions the thermodynamic energy is found by numerical methods. 

The e. curve hag a broad maximum and has no resemblance whatever to the experimental 
c, curve. The reasons for this discrepancy are discussed. 

1. Introduction 

In this Part II the matrix theory of correlations as given in the preceding paper is 
applied to the order disorder equilibrium such as is known to exist in /J-brass. 

The system is represented by the nearest neighbour model which is recalled briefly 
in the following. A binary alloy is considered which forms a simple quadratic or 
cubic lattice. The ratio of atoms of either kind is assumed to be variable; the resulting 
speoifio heat curve applies also to an equimolecular alloy. The energies of vibration 
and arrangement are assumed to be independent and the latter only is taken into 
account. Every configuration has equal statistical weight. The energy is assumed 
to be equal to the sum of bond energies between nearest neighbours. Every bond 
between atoms of the same kind contributes the positive energy <j>, the other bonds 
contributing 0. 

From this model the specific heat at constant volume* will be derived without 
introducing additional assumptions or dubious approximations. In a preliminary 
note (Eisensohitz 1941) the result has been given for the lattice in two dimensions. 
In this paper the calculation is carried out for the lattice in two and three dimensions. 

2. The lattice in two dimensions 

In order to apply the general theory an appropriate domain has to be chosen. 
A square of four lattice points which are nearest neighbours is taken as domain. 
The bonds between these lattice points are denoted by a, b, r, d 
(figure 1). Since every bond is shared by two domains, it con¬ 
tributes to the energy of the domain the energies 0 or \<j> re¬ 
spectively. 

The configurations of the domain are found by distributing 
atoms of two kinds in all possible ways over the comers of the 
square. Sixteen different configurations are obtained in this way 
If, however, the configurations are specified in terms of bond 
energies, the number of configurations is reduced to eight. This specification i 
* The theory is not conoeraed with the stability of the superlattioe. 
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sufficient for calculating the thermodynamical energy. The eight configurations 
of the domain are shown in figure 2 in which a dot denotes the lattice point and a 
line denotes a bond, the energy of which is equal to 


c, C, r, c 4 c, e, c, <•» 

Fioitbk 2 

In figure 3 a configuration of a section of the lattice iB shown. Every square corre¬ 
sponds to one domain. The two adjacent sides of neighbouring squares correspond 
to one and the same bond; if one of these sides is marked by a line, the other is 
necessarily also marked. A pattern of this kind is a picture of the fictitious lattice 
which is introduced in Part I, § 3; one square is the ‘ cell ’ of the fictitious lattice. 


Fiolbe 3 

In order to specify the configurations of the cell without reference to the figure 
they are denoted by symbolic product of a, b, c, d to which every bond having the 
■energy \<j> contributes its symbol. 

Cj = abed, c g = ah, c 3 = ac, c 4 = ad, 
c 5 = be, c, = bd, c 7 = cd, e. n = 1. 

The configurations are referred to as ‘a-configurations’ and ‘non-o-configurations’, 
etc., if there is or is not an ‘a’ in the symbolic product by which they are denoted. 
The energies of the configurations (expressed as multiples of <f>) and their probability 
coefficients are 

E x = 2, E t = E a = E t = E 6 - E 9 = E 7 = 1, 

Pi - <*> Pt - Pi - Pt = Pi - Pi - Pi - *. 
where t = exp ( —$/kT). 


E a - 0 , 
Pi = 1. 
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Two cells with the oo-ordinates x and x +1 (‘x-neighbours’) are sharing one bond 
which is the e-bond of the first and the a-bond of the second oell. The seoond cell 
necessarily occupies an a-configuration when the first oocupies a e-configuration, 
and the second occupies a non-o-configuration when the first occupies a non-e- 
configuration. Two cells with the co-ordinates y and y +1 are sharing one bond which 
is the d-bond of the first and the 6-bond of the second cell. The latter occupies a 
6-configuration when the first occupies a (/-configuration and the latter oocupies a 
non-6-configuration when the first occupies a non-d-configuration. The probability 
coefficient of any configuration of a pair of neighbouring (tells is obtained by multi¬ 
plying the corresponding probability coefficients of the two cells. 

These are the rules of composition, from which the configurations of the lattice 
and their probability coefficients are subsequently derived In the terminology as 
used m Part I, § 3 the configurations c A are in four different ways divided into classes: 


A(x)i c lt c t , c 3 , c 4 
A(x) t : c 4 , c 4 , c 7 , c 8 
My)i Ci, c„ c s , c, 
My ) t : eg, c 4 , c 7 , c g 
B( x )i c j, Cg, c 8 , c 7 
B(x) 2 : c„ c* c„ e, 
■®(y)i c i, c 4 , Cg, c 7 

H(y)i Cg, Cg, Cg, Cg 


a-configurations 
non-a-oonfigurations 
6-configu rations 
non-6-configurations 
c-configurations 
non-c-configurations 
(/-configurations 
non-d - configurations 


The matrices D(x), D(y), G(x), G(y) are defined in Part I, §3: 


D(x) 


jjfj + Cg Cg + C 4 || 
||c 5 4-c 7 c,+Cg|| 


D(y) 


jjc,-lcg rg + cgj^ 
||c 7 + C 4 Cg + Cg ||‘ 


«(x) - <7(y) 


1 t*+< 2 1 | 

2/ f+lj‘ 


The matrix D(x) n contains obviously all those power products of a, 6, c, d which 
correspond to the possible configurations of an x-chain of n cells and the matrix 
G{x) n contains the corresponding probability coefficients 
It is readily verified that G(x) is a G-matnx as defined in Part I, § 3 Its proper 
values are denoted by O' and Q“ and, writing G gh for G(x) ah , equal to 

(l/2)tGrgg + G 1J ±V{(0„-fl'u) > -40 1 ,*jJ ^ |[(1 + t)* ±yi i{l + Ut* + t*)], 

G'>0 and O'>G" and G'*> Q”* for 0</<l. The components of the first proper 
vector are 


£i - OMG lt * + (G'-G n n l t = (G’-GMG^+iG'-GM 
So far the references to the general theory are readily verified from the model. 
In the following such verification would be possible only by an almost word by word 
repetition of the general theory. As examples for the main notions of the theory we 
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give expressions for the numbers Rfi, the mean probability coefficients p\ and the 
matrix H(y). Only the latter enter into the result. 

The configurations of the x-chain may be specified by the populations of the con¬ 
figurations c t . .. c 8 which are denoted by nr x ... nr s . r x + r, +... + r g *= 1. The numbers 
Rfj which are introduced m Part I, § 5 are expressed in terms of the numbers r x . 

Rn = r i+ r «> -Rii = r a + r s> 

= r 4 + r 7> 

Tlie function of distribution of the chain configurations with assigned values of 
Rii, Rfi, Ril, R& is denoted by U(nRf it p). Tn Part I, § 5, it is shown that this func¬ 
tion is independent of the position of those cells which may occupy the con¬ 
figurations c, or c t and in a similar way independent of the positions of the other 
cells. On this fact the result is based winch is given in Part I, equations (21) and (22). 
These equations are evaluated in the following. 

According to Part I. equation (18), the mean probability coefficients for a cell 
that is sited within an x-chain are 


P'x - Pi - P\ - P't = Pi - tiii „ 

pi = HI p^tgi 

By substituting p\ for p A in the matrix 0(y), the matrix H(y) is obtained: 


U(y) 


I 2 H\+H\[ 


By calculating the proper values of H{y) it may be readily verified that it is a 
ft-matrix, which fact is essential for the validity of the result. 

The function of distribution for a cell that is sited within the lattice is equal to H\ 
the higher proper value of the matrix H(y) H‘ depends explicitly on t and upon 
i x and Zt which are also functions of t By substituting m £, and a new variable 
<9 for t we obtain H’ as function of t and 0 According to Part I, equation (22), and 
putting the thermodynamic energy per cell (which is equal to the thermo¬ 

dynamic energy per atom), is found 

E = $ f(?lug/77&). 


H ' is calculated by solving the characteristic equation of the matrix H(y) and 
expressing £ x and £ t as functions of 6 

H’ = (1/2) |(1 -l-f) [{1 — 0»)* + 80*(l + t) + (l-ff*)J{l + \*0 t + 0*)] 

+ J2[{ l - 6*)* (l -«)*+ 320*( 1 + 1+1 4 ) + 80*( l - tf 3 ) 3 (2 - 3* + 8<* +1») 

+ {(1 - 0 *)* (1 - 1 )»+ 80 *( 1 - 0 *) (1 -1 + 71 * + t 3 )} 1 + 140 * + 0 *)]*) 

{(1 + 140* + 0*) + (1 - 0*) V( 1 + 140* -l- 0*)} - l 


The speoifio heat curve which follows from this equation is given in figure 5. It 
is discussed in §4 together with the specific heat curve of the lattice in three dimen¬ 
sions. 
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3. The lattice in threk dimensions 


The cell of the fictitious lattice is a cube the bonds of which are denoted by A ...A 
(figure 4). As every bond is shared by four cells, its energies 
per cell are 0 and ±<j>. There are 128 configurations c K which 
are represented by symbolic products. The matrices Z>(x), 

D(y), D(z), G(x), H(y), K(z) are given in tables 1-4; in these 
tables 1 — exp(—<fi/4kT). The matrices comply with the con¬ 
ditions of symmetry stated in Part I, § 4. The number of con¬ 
figurations is equal in all their rows. 

The function P is calculated in terms of the components of 
the first proper vectors. Denoting the product £ g £ h , £ A .^by a bracket (gh, ij, Id), 

it is found that 

P = (88, 88, 88) + 8<»(28,28,28) + <*[(33, 88, 33) + (33, 66, 88) + (88,33, 86) 

+ 4(38,38,22) + 4(22,68, 38) + 4(38, 22,88)] + 8<®[(23,28,23) 

+ (23,26, 28)+ (28, 23,28)] + 4<*[(22, 22,18) + (22,22,36) + (22,18,22) 

+ (22,36,22) + (18, 22,22) + (33,22,22) + 2(22, 22,22)] + 8<»[(23,23,12) 

+ (23,12,26) + (12,26,23)] +<*[(33, 33,11) + (33,11,66) + (11,66,33) 

+ 4(13,22,13) + 4(13,16,22) + 4(22,13,16)]+ 8< B (12,12,12) 

+ <“(11,11,11), 

and according to equation (22) of Part I with t = \<j>, 

E = (§S</4) d log P/H. 

The components of the proper vectors are calculated by a method of approxima¬ 
tion. 

As the cell, the x-chain and the xy-layer have at least digonal symmetry round 
the x-, y-, z-axis respectively the matrices 0(x), H{y), K{z) are transformed by an 
orthogonal matrix into a system of basic vectors forming subspaces that are in¬ 
variant towards digonal rotations By means of the matrix of transformation 
0 0 0 1 0 0 0 0 

0 0 0 0 |4}} 

0 0 1 0 0 0 0 0 

U' = 0 0 o 0 } -} -} } 

0000}-}}-}’ 

0 1 0 0 0 0 0 0 

0 0 0 0 4 4-}-} 

iooooooo| 

and writing G lk for G(x) {k , five rows of W~ l GU are obtained: 

G u G„ G n 2 G n I 

Gm G m G m G n 2 G n 

r = G w G m G n G n 2G„ | 

G m G u O n 2 G„ 

2 G u 2 G„ 2G„ 2G tl 3G u +G a j 



Figure 4 
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The remaining diagonal elements are equal to O n —O u while the non-diagonal 
elements are vanishing. 

If << 1, then r is approximately diagonal so that the required transformation is 
infinitesimal. The matrix of transformation is equal to 


U" 


l/N t 

-GeJGeeN* 

-Gu!G n N s 

-QexIGWe 

-2 QnJQssN, 

Gee/OeeN, 

We 

0 

0 

0 

Gn/GeeNi 

0 

We 

0 

0 


0 

0 

We 

0 

2 

0 

0 

0 

We 


where N 1 ...N b are factors of normalization which do not enter into the final result. 
If t =» 1, then U'-W is diagonal. V is used accordingly for all values of t as 


Tablk 1. »(x) 



abed 

ah 

ac 

ad 

be 

bd 

ad 

1 

ABCI) 

efgh 

e/h 

eh 

egh 

e/g 

~ ef 

~fgb 

Jb 


+ 

+ 


+ 

+ 

+ 

+ 



1 

JL _ 

fg 

f _ 

h 

gb 

« 

eg 

AB 

e/h 

'Jgb 

egh 

eh 

" ef ' 

e/g 

jb 

Jgb 


+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 


9 

i 

j _ 

Jg 

gb 

h 

eg 

e 

AC 

eh 

egh 

e/gh 

e/h 

Jgb ~ 

~ Jb 

ejg 

eJ 


+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 


/9 

J 

1 

g 

* 

eg 

h 

_gb 

AD 

egh 

eh 

~e/h ~~ 

e/gb 

"fb 

Jgb 

eJ 

ejg 


+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 


/_ 

Jg 

g 

1 

eg 

e 

gb 

h 

BC ! 

! e/g 

e/ 

~fgb ~ 

Jb 

e/gh 

e/h 

eh 

egh 



+ 

+ 

+ 

+ 

+ 

+ 

+ 


! J 

gb 

e 

eg 

1 

g 

fg 

/ 

BD 

: «/ 

e/g 

1 

/gb 

e/h 

e/gh 

egh 

eh 


i + 

+ 

+ 1 

+ 

+ 

+ 

+ • 

+ 

_ j 

gb 

h 

eg ! 

« 

g 

1 

/ J 

Jg 

CD ! 

1’ Jgb ~ 

fh ~ 

e/g \ 

e/ 

eh 

egh 

efgb 

e/h 


! + 

+ 

+ 

+ 

+• 

+ 

+ 

+ 



eg 

h 1 

gb 

fg J 

J 

1 

g 

1 

7* ~ _ 

/gb 

e J 

e/g 

egh 

eh 

e/h 

efgb 


+ 

+ 

+ | 

+ 

+ 

+ 

+ 

+ 


1 ** 

e 

gb 

h 

/ 

Jg 

9 

i 


Dig) and D{») are obtained from D(x) by means of the permutations: 
abode / ghABCD and abode/ g K A B C D 
eB/bACeahDgd AeahBbdDCJ eg 

respectively. 
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approximate matrix of transformation. Similarly the transformation of H(y) and 
K(z) is carried out. Omitting faotora of normalization, the components of the 
proper vectors are found to be 


u = W 


* = ZiZ\ 

Cx 

= ViVi 





, £* 

= ^aSg fafa + < 4 £a£s fa fa 



V a - 

& 

- ?5fa 





= £i£a 

£. 

= VtVa 



S.-1+* 4 


t. 

- e*s+*hs 


= 

= il =* it 

Vi = fa = fa = '/a 

£4 

= C 8 = £7 - 

£. 




Tablk 2. 

0{X) 




<»*+<• 

P + P 

2<» <• + <’ 

P + P 

21" 

P+P 

2P 

p+p 

P + P 

P+P 2P 

2P 

<' + <» 

2P 

P + P 

‘21* 

P + P 

P+P P+P 

P+P 

21" 

P+P 

2P 

P + P 

2P 

P+P P+P 

2P 

P+P 

2P 

P + P 

P + P 

2 P 

P + P 2P 

P + P 

P + P 

2P 

P + P 

2 P 

P+P 

2P P + P 

P + P 

P + P 

P + P 

2P 

P + P 

2 P 

P+P 2P 

2 P 

P + P 

P + P 

P + P 

2 P 

P+P 

2P P+P 

P+P 

2 P 

P+P 

P+l 


Tablk 3. H(y) 

(gh) = £,£» 


<>*(11) | 

P (12) 

P (22) 

! P (12) 

<• (12) 

P (13) 

<’(12) 

<•(22) 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

1* (33) 

P (23) 

P (22) 

P (23) 

P (23) 

P 03) 

P (23) 

P (22) 

P (12) 

P (13) 

P (23) 

P (22) 

P (13) 

P 02) 

<• (22) 

<* (23) 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

P (23) 

P (38) 

<» (28) 

<•(22) 

<•(33) 

P (23) 

<•(22) 

P (28) 

t" (22) 

P (23) 

P (33) 

P (23) 

P (23) 

<•(22) 

<» (23) 

<*(38) 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

1“ (22) 

t» (28) 

<* (88) 

P (28) 

<» (28) 

P (22) 

<* (28) 

<« (38) 

P (12) 

<•(22) 

P (23) 

<•(13) 

<•(22) 

1 <'(12) 

P (33) 

<•(23) 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

<*(28) 

.1 P (22) 

P (28) 

<• (38) 

P (22) 

<» (23) 

P (18) 

P (28) 

P (12) 

<•(18) 

P (23) 

<•(22) 

<« (13) 

P 02) 

P (22) 

<* (23) 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

P (23) 

<•(33) 

<*(28) 

<•(22) 

<• (38) 

<• (23) 

<•(22) 

<* (28) 

P (13) 

P (12) 

<* (22) 

< T (12) 

< T (12) 

P (H) 

<'(12) 

P~[22) 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

P (13) 

P (23) 

<• (22) 

<•(23) 

<• (23) 

<*(33) 

<*(23) 

<• (22) 

P (12)' “ 

<•(22) 

P (23) 

<•(33) 

<• (22) 

P (12) 

<» (13)' 

<• (23) 

+ 

+ 

+ 

+ 

+ 

+ * 

+ 

+ 

*M23) 

<•(22) 

P (28) 

<•(18) 

<•(22) 

<•(23) 

<•(38) 

P (28) 

P (22) 

<•(23) 

\~tm~ 

<•(23) 

<* (23) 

P (22) 

<• (23) 

' «M33) 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

** (22) 

<•(28) 

<•(38) 

P (28) 

<* (28) 

<* (22) 

P (28) 

(88) 
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By numerical calculation it was checked that Q{x)< H(y) and K(z) are ^-matrices. 
Aa example for the error due to the method of approximation the transformation 
of H(y) is given for t =» 0-83527, the temperature where the specific heat has its 
maximum. 

The symmetno matrix 


0-95281 

1-4090 

0-06477 

2-4974 

0-57059 

0-6(5477 

3-1332 

1-1643 


1-3005 

0-40379 

1-7424 



0-277742 

0-81232 


2-8555 

is transformed on the approximately diagonal form 


0-27326 

0 44954 

0-18605 

0-4089 

0-2050 

0-1352 

0-0679 

0-1883 


0 4361 

0-0072 

0-2748 



0 1058 

0-1354 




0-2780 


Tablk 4. K(z) 

ight o) = 


('*(11,11) 

(•(12, 12) 

(•(13. 22) 

(•(12. 12) 

(• (12, 12) 

(•(22, 13) 

(•(12, 12) 

(• (22, 22) 


+ 

+ 

+ 

+ 

+ 

+ 

+ 

(* (33, 33) 

t' (23, 23) 

('(13, 22) 

(’ (23, 23) 

( 7 (23, 23) 

(• (22, 13) 

( 7 (23, 23) 

f (22. 22) 

(•(12, 12) 

(* (13, 16) 

C (12, 20) 

(•(18, 22) 

(• (22, 18) 

( 7 (23, 12) 

(• (22, 22) 

t* (23, 26) 

+ 

4- 

+ 

4* 

+ 


+ 

4- 

( 7 (23, 23) 

(• (38, 38) 

(»(23, 28) 

(•(33, 22) 

(• (22, 30) 

(• (28, 23) 

(• (22, 22) 

O (28, 28) 

1® (13, 22) 

( 7 (12, 26) 

(•(11, 06) 

( 7 (12, 26) 

( 7 (12, 20) 

(• (22, 22) 

( 7 (12, 20) 

(*(22, 68) 

+ 

+ 

+ 

4- 

+ 

+ 


4- 

(•(13, 22) 

(• (23. 28) 

t* (33, 88) 

(• (23, 28) 

<» (23, 28) 

(• (22, 22) 

(• (23, 28) 

l* (22, 68) 

(•(12, 12) 

(•(18, 22) 

( 7 (12, 20) 

(*(13, 10) 

(« (22. 22) 

t 7 (23, 12) 

(* (22, 36) 
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The ratio of the largest non-diagonal elements to the difference of the two highest 
diagonal elements is about 7 %. This shows that the two highest proper values are 
distinct and that H(y) is a 6 -matrix. 

4. Discussion 

I have previously ( 1938 ) investigated the effect of thermal expansion on the 
specific heat of /9-brass. It was found that small volume changes appreciably affect 
the speoifio heat. The theory of Bragg & Williams ( 1934 ) was shown to agree with 
experiments if the volume change is taken into account. 

Special attention was given to the specific heat immediately beyond the A-point. 
It was shown generally that the nearest neighbour model cannot account for any 
singularity of the specific heat at constant volume. Since the theory of Bragg & 
Williams gives a discontinuity of the specific heat, I tentatively introduced a modi¬ 
fication of the theory. This part of the paper was criticized by Bethe & Kirkwood 
( 1939 ). Neither my modification of the theory of Bragg & Williams nor the argu¬ 
ments of Bethe & Kirkwood can claim to be the correct consequence of the nearest 
neighbour model. 

The correct specific heat at constant volume is obtained in this paper in §§ 2 and 3 
and given in figure 5 as function of temperature; in this figure the curves 1, 2, 3 
refer to the chain in one dimension and the lattice in 2 and 3 dimensions respectively 
These curves show no similarity to the A-form of the experimental c p curve. 



kTIf 
Figure 5 

This discrepancy may bo due to the effect of thermal expansion or, alternately, 
may indicate that the nearest neighbour model is inaccurate. 

Good ( 1941 ) has measured the elastic constants of /9-brass near the A-point. By 
using his compressibility and the experimental coefficient of thermal expansion a 
rough estimate of c p —c e has been made; the difference appears to be too small to 
account for the discrepancy. Good states, however, that the accuracy of his com¬ 
pressibility is not very great. A marked difference between the e p and c„ curve has 
been found for NH 4 C1 at the A-point by Lawson ( 1940 ). His c„ curve has a flat and 
broad maximum. 

The theory of the c p curve involves two functions whioh have to be introduced in 
addition to the general assumptions of the nearest neighbour model: the bond energy 
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of atoms of the same kind and of atoms of different kinds as function of volume. 
Without making artificial assumptions on these energy curves it can be shown that 
the specific heat may be very sensitive to volume changos; a broad maximum of 
the c„ curve is, however, transformed into a broad maximum of the c v curve which 
shows no similarity to the experimental A-curvos. 

If it is assumed that the two energy curves intersect at a certain volume the 
specific heat at constant pressure has a A-point even if the c v curve has a flat maxi¬ 
mum. This assumption seems to account for the discrepancy between theoretical 
and experimental specific heat; the experimental data as available are not sufficient 
to check it. 


I am greatly indebted to the managers of the Royal Institution and to the late 
Sir William Bragg for the opportunity given for carrying out this work at the Davy 
Faraday Laboratory. I also wish to thank Dr A. Mtiller for his help and interest. 
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The heat of adsorption of long-chain compounds and 
their effect on boundary lubrication 

By Joseph John Frewlng 

( i Communicated by E. K. Rideal, F.R.S.—Received 27 January 1943) 

Shell Refining and Marketing Company, Limited, Britannia Laboratory, Cambridge 

The frictional behaviour between mild steel surfaces lubricated with solutions m white oil of 
long-chain halides, acids, a-suhstitutod acids, esters, cyanide, thiocyanato and a mtro deri¬ 
vative has been investigated under high loads at low speeds In all cases a transition from 
smooth sliding to stick-shps occurs at a temperature characteristic of the particular solution 
employed For each substance the transition temperature increases with the concentration. 

Each solution builds up, and is in equilibrium with, on adsorbed and oriented film of the 
polar compound on tho surface. Assuming that the transition occurs when the surface con¬ 
centration of tins dim decreases to a certain value which, for any one material is mdopondent 
of temperature, nn equation has been deduced relating tho concentration, and transition 
temperature with the heat of adsorption U. All the experimental results are in good agree¬ 
ment with this equation. 

The values of V show that these long-chain polar compounds are adsorbed by the inter¬ 
action of their dipoles with the atoms in the metal surface, and not by any chemical reaction. 

The results also suggest that the esters are similarly oriented at metal and at aqueous 
surfaces. 

An investigation of tho effect of temperature on the boundary lubrication of mild 
steel surfaces, by a number of pure long-chain compounds, was recorded in a recent 
communication (Frewing 1942 ). The apparatus, which has already been fully 
described, consisted essentially of a hemispherical contact attached to a system of 
stiff restraint and low moment of inertia, for recording rapid fluctuations in friction 
The load was applied on the contact which rested on a flat plate driven at a uniform 
speed of ca. 0-005 cm./see., and lubricated with the material under examination. 
It was shown that when a polar compound was used to lubricate such a system, 
the motion was at first smooth, but changed, on heating the surface, to the irregular 
stick and slip motion characteristic of liquid non-polar lubricants. The temperature 
at which this transition occurred was found, within the limit of experimental error, 
to be characteristic of the lubricant employed. The results obtained both for an 
excess of the polar lubricant, and for monolayers and multilayers, built up by the 
Langmuir-Blodgett technique, indicated that the transition from smooth sliding 
to stick-slips occurred when the adsorbed film became disoriented. 

The investigation has now been extended to solutions of long-chain polar bodies 
in white oil,* a non-polar solvent. Each solution is found to have its characteristic 
transition temperature, and for each substance the transition temperature increases 
with the concentration. 

* A highly refined, practically colourless, mineral oil. Specific gravity at 00/60° F, 0-888. 
Kinematic viscosities at 70 and 140° F, 88-5 and 14 centistokee respectively. 

[ 270 ] 
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It is possible to explain these results by assuming that the polar body in the 
solution builds up, and is in equilibrium with, an adsorbed and oriented film on the 
surface. Smooth sliding occurs when a large proportion of the surface is covered 
with this film, but as the temperature rises the surface concentration of the adsorbed 
film decreases and the motion changes to stick-slips. If the transition occurs when 
the surface concentration decreases to a definite value which, for any one material, 
is independent of temperature, it is possible to deduoe an equation relating the 
concentration in the solution with the transition temperature and the heat of 
adsorption. This equation is shown to hold for a large number of different polar 
compounds. The values for the heat of adsorption have thrown some light on the 
mechanism by which the molecules are adsorbed, and on their orientation at the 
surface. 


Theoretical, 

Consider an adsorbed film on the surface in equilibrium with a solution con¬ 
taining the polar body, of which the film is composed, at a concentration G\ 

Lot a fraction x of the surface be covered with this adsorbed film. 

Now the molecules of the polar body will build up the adsorbed film at a rate 
proportional to the concentration C, and to the fraction of the surface not occupied 
by adsorbed molecules, i e. (1 —a). 

The rate at which the film builds up is therefore 

k t C(l-x), 

when fcj is constant at constant temperature. 

The molecules adsorbed on the surface will leave the surface and pass into the 
solution at a rate proportional to the fraction of the surface which they occupy. 
The rate at which the film breaks down will therefore be 


when k 2 is constant at constant temperature. 

When the film is in equilibrium with the solution the rate at which the film is 
being formed must equal the rate at which it is disintegrating. 

Therefore, at equilibrium 

*i_ *_ = K 

k, C(l-x) 


when K is the equilibrium constant. 

The variation of K with temperature is given by the Van’t Hoff isochore 

d\og r K__ U__ 
dT ~ RT *’ 

which on integration gives 

log, K = -JJp + integration constant, 
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where V is the heat of adsorption of the substance, from its state in the solution, 
on to the surface, R the gas constant and T the absolute temperature. This in¬ 
tegration assumes that U is independent of T, which is probably justifiable over 
the small range of temperature investigated. 

Assuming that the transition from smooth sliding to stick-slips occurs when the 
surface concentration of the adsorbed and oriented film decreases to a definite 
value—i.e. at x=*a—which for any one material is independent of temperature, 
we have 


log, . + integration constant, 

a) 


whence 


2-3 logm G= * - R f + constant, 


where T, is the value of the transition temperature on the absolute scale. 

A straight line should therefore be obtained on plotting log 10 C against 1 /T t , the 
slope of this line being — U/2-3R. 


Experimental 

The apparatus, technique and the mild steel contact and plate were the same as 
those used in the previous investigation 

Since log 10 C is plotted against 1/T ( in testing the theory developed above, any 
quantity which is proportional to the number of molecules in unit volume of the 
solution may be used for C, without affecting the slope of the logy, C— 1 jT t line. 
In all the following results the concentration is expressed as % wt. of solution. 
Since the densities of the long-chain compounds are very similar to that of white 
oil, and no appreciable change in volume occurs on solution, the error introduced 
in the slope of the log 10 C-ljT t line through using % wt. instead of wt. per unit 
volume is negligible. 

Some of the more concentrated solutions deposited crystals at room temperature, 
but in all oases the solutions were stable at temperatures below their transition 
temperatures so that it was possible to determine these values by taking care not 
to allow the plate to cool sufficiently for crystallization to occur. 

The values of the transition temperature of each solution varied somewhat from 
one point of the surface to another, due to the difficulty of obtaining a surfaoe of 
uniform activity. Each result given represents the mean of between ten and twenty 
determinations during the course of which the surface was cleaned and relapped 
several times. 

In all cases the transition was reversible with temperature and, within the limit 
of experimental error, was independent of the number of times the solution was 
heated through the transition temperature. This shows that none of these polar 
compounds attacked the surface ohemically. 
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The effect of had 

When an excess of oleic acid was UBed as lubricant it was found that the coeffi¬ 
cient of friotion, in the region of smooth sliding below the transition temperature, 
increased with the load from 0*09 at i kg. reaching a limiting value of 0*10 at 
ca. 3 kg. When the surfaces were coated with a monolayer of, for example, ethyl 
stearate, the coefficient of friction remained constant at ca. 0*18 over the range of 
loads of |-4 kg. This suggests that in the case of oleic acid orientation extends 
beyond the primary layer, and that the outer layers are able to carry some of the 
load. If the total load is sufficiently light an appreciable fraction of it is carried by 
these outer layers. With this apparatus it is necessary to use loads of 4 kg. or over 
in order to reduce, to negligible proportions, the load supported by the outer layers 
(Frewing 1942 ). Further support for the view that the high limiting value of the 
coefficient of friction is due to this cause, and not to the contact ploughing a track 
in the plate, is afforded by an experiment in which a second run was made over the 
same track, using pure oleic acid as lubricant. This resulted in a slight, but definite, 
increase in the coefficient of friction due presumably to the roughening of the 
surface by the first run. The ‘ ploughing term ’ proposed by Bowdon & Tabor ( 1942 ) 
is therefore negligible under these conditions. 

In order to ensure that conditions were those of true boundary lubrication, loads 
of 4-4 J kg. were used in all the experiments. The values of the coefficient of friction 
in the region of smooth sliding below the transition temperature usually varied 
between 0 *lfi and 0*22 for each solution, the mean value in each case being ca. 0*18. 
This agrees with that previously obtainod with monolayers of polar compounds of 
the same chain length, and shows that conditions of true boundary lubrication 
were attained in these experiments with white oil solutions. 

Some experiments were made on solutions of octadecyl chloride using loads of 
8 kg. to see whether the transition now occurred at a different value of ‘a in which 
case the \o% l0 C-l/T, line would have been displaced. The values obtained for the 
transition temperature are plotted against the concentration in figure I. It will 
be seen that the points for both loads lie on the same curve. In figure 2 the values 
of log 10 C are plotted against l/T t . The values both for loads of 4 and 8 kg lie on 
the same straight line. It might have been expected that doubling the load would 
displace the log 1# C—\jT l line, a higher surface concentration of adsorbed and 
oriented molecules now being necessary to give smooth sliding—in other words, 
the transition would occur at a higher valuo of ‘o’. The hemispherical contact, 
however, will be plastically deformed under the load, the area of contact being 
proportional to the load (Bowden & Tabor 1939 ). The average pressure over the 
area of contact will therefore be independent of the load. The transition would 
therefore occur at the same value of ‘a ’ irrespective of the load. This view is sup¬ 
ported by the experimental result that the transition temperature is the same both 
with loads of 4 and 8 kg. over the range of concentration from 2 to 80 %. Increasing 
the load, however, will affect the response of tho friction recorder, and it is possible 



concentration 



Kioubk 2. © octadecyl chloride, 4 kg. ; □ octadecyl ohloride, 8 kg.; 

A octadecyl iodide, 4 kg. , © octadecyl bromide, 4 kg. 
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that this may influence the transition temperature. Lower values for the transition 
temperature of oleic acid were obtained when a system of lower frequency was 
employed, but the low values of the coefficient of friction below the transition 
temperature suggested that the conditions were not those of true boundary 
lubrication (Frewing 1942). Hughes & Whittingham (19^2), who used a smaller 
apparatus of the type described by Bowden & Leben (1939), with a steel contact 
on a cast iron plate, have also reported lower values for the transition temperatures 
of the fatty acids. 

Octadecyl halides 

The transition temperature—concentration curves for solutions of octadecyl 
chloride and octadecyl iodide arc given in figure 1. The curve for solutions of 
octadecyl bromido might be expected to lie between those of the chloride and 
iodide, but a 77 % solution of this substance gave a transition temperature of 
only 20° 0. It was therefore not possible to determine the curve for the bromide. 

The values of log 10 C plotted against 1 jT t are given in figure 2. Straight lines 
are obtained for both compounds. In the ease of the chloride, where the con¬ 
centrations investigated vary by a factor of 40, the agreement with the theory is 
particularly satisfactory. The values of V, the heat of adsorption of the molecules 
from their state in the solution, on to the mild steel surface, determined from the 
slopes of the lines are 

octadecyl chloride, 14,600 cal /g. mol., octadecyl iodide, 7,600 cal /g. mol. 

The value for the iodide must be regarded as approximate only, Bince it was not 
possible to examine this substance over a wide range of concentrations. 

If the adsorption of the halides on to a steel surface is due to the interaction 
between the dipole of the carbon-halogen linkage and the surface, we should expect 
the chloride to be more strongly adsorbed than the iodide owing to the greater 
magnitude of the C-Cl dipole. The experimental values of the heat of adsorption 
support this view. 

Fatty acids 

The log 10 C — 1 /T t lines for capric, inynstic, stearic and oleic acids are shown in 
figure 3. 

The values of U determined from the slopes'of the linos in figure 3 are 

capric acid, 12,600 cal /g. mol , stearic acid, 13,000 cal./g. mol. 
myristic acid, 13,000 cal./g mol., oleic acid, 13,600 cal./g. mol. 

These values are, within the limits of experimental error, identical. The value of 
U iB therefore determined by the nature of the polar end group, and is not appre¬ 
ciably affected by the length of the hydrocarbon ohain or whether—as in the case 
of oleic acid—a double bond is present at some distance from the end group. 

It is interesting to note that the concentration of stearic, myristic and capnc 
acids required to give a common transition temperature are in the approximate 
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proportion of 1:4.40 respectively, while the hydrocarbon chains of these acids 
contain 17, 13 and 9 carbon atoms respectively Now the experimental evidenoe 
indicates that, in the region of smooth sliding, the surfaces are covered with 
oriented adsorbed monolayers of the long-chain polar bodies which enable the 
contact to slide over the surfaoe at a steady value of the friction. When the surfaoe 
concentration of this monolayer decreases to a certain value, the contact is able to 
stick to the surfaoe and travel forward with it until the limiting value of the static 
friction is reached. A rapid slip then occurs under the restoring force of the recording 
system, and the prooess is repeated, stick-slips occurring. If the acids are assumed 



Figure 3. 0 capnc acid; A mynstic acid, □ stearic acid; © oleic acid. 

to be oriented vertically or at an approximately constant angle to the surfaoe, it 
is possible that, on the average, the shorter the hydrocarbon chain the more 
closely the surfaces will be able to approach each other the attraction between 
them will consequently be greater. It is possible, therefore, that a higher surface 
concentration of the shorter adsorbed and oriented molecules would be required 
to support the load, in which case the transition would occur at a higher value of 
‘a* when the lower fatty acids are employed. The concentration of a fatty acid 
required to give a certain transition temperature would therefore decrease with 
increasing chain length. 

As a result of hydrogen bonding the fatty acids exist, in the crystal lattice and 
in solution in non-polar solvents, as double molecules. The value of V determined 
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from the slope of the log 10 C — 1 jT t line will therefore be the heat evolved when 
1 g.mol. of the double molecules is adsorbed giving 2 g.mol. of adsorbed single 
molecules: 

(adsorbed) + U. 

This process may be represented by two stages- 

M 2 -*2M (solution) — A, 
where A is the heat of association, and 

2M (solution)-* 2 (adsorbed) + 2^, 

where Q is the heat of adsorption of the single molecules. 

Hence it follows that 

Q=l(U + A) 

Taking the heat of association of the fatty acids as ca 14,000 cal./g.mol. (see 
Herman 1940 , for a review of the data), the heat of adsorption of the single mole¬ 
cules of the fatty acids therefore becomes ca. 13,500 cal./g.mol. 

a-substituted fatty acids 

It is well known that the introduction of a halogen atom into the a-position in 
a fatty acid increases the strength of the acid in aqueous solution. It is possible 
that the tendency for the proton to split off from the a-substituted acid is greater 
than in the case of the unsubstituted acid, even in non-aqueous media. If the 
adsorbed film were formed by some chemical union between the acid and the metal, 
it might therefore be supposed that the a-halogenated acid would form an adsorbed 
layer more readily than the simple acid. If the adsorbed film did result from a 
chemical reaction we should not expect the transition temperature to be in¬ 
dependent of the number of times the surface was heated and cooled m contact 
with the solution. The heat of adsorption would also be higher for chemi-sorption 
than for dipole adsorption. 

Solutions of a-bromo stearic acid anti a-iodo stearic acid, however, gave their 
characteristic transition temperatures irrespective of the number of times they were 
heated in contact with the surface. Unfortunately it was not possible to prepare 
a pure specimen of a-chloro stearic acid, but a-hydroxy stearic acid which was made 
in the course of an attempt to obtain the a-chloro derivative was examined. 

The results for these three a-substituted acids are given in figure 4. The results 
for stearic acid are included in figure 4 for comparison. The results for a-hydroxy 
stearic acid show excellent agreement with the theory down to the low concentra¬ 
tion of 0-09 %. 

The values of U for the a-substituted acids are: 

a-bromo stearic acid, 10,000 cal./g.mol.; a-iodo stearic acid, 10,000 cal./g.mol.; 
a-hydroxy stearic acid, 13,500 cal./g.mol. 
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The effect of these substituents in the a-position on the degree of association in 
white oil and on the heat of association is, unfortunately, not known, but it is 
evident that taking these factors into acoount the heat of adsorption of the 
a-halogenated acids will not be very different from that of the fatty acids. This 
further supports the view that the adsorption is due to dipole interaction and not 
to a chemical process. Owing to the possibility of free rotation about single bonds, 
and the uncertainty of the orientation of the carboxyl group with respect to the 
surface it is not possible to estimate the effect of the introduction of another dipole 
on the resultant dipole moment resolved perpendicular to the surface. 



Figure 4 © a-brorno stearic acid; (J «-«odo stearic acid; 

* A <*-hydroxy stearic acid, tjj stearic acid. 

Stearic esters of normal alcohols 

The results obtained with solutions of mothyl, ethyl, n-butyl, n-hexyl and 
n-octadecyl stearates are given m figure 5. 

The values of U obtained from the slopes of the lines in figure 6 are: 

methyl stearate, 8600 cal./g.mol., ethyl stearate, 3900 cal./g.mol.; n-butyl 
stearate, 3200 cal./g.mol.; n-hexyl stearate, 0900 cal./g.mol.; n-octadecyl 
stearate, 4900 cal./g.mol. 

Malkin ( 1931 ) has shown by X-ray measurements that in the crystal lattice 
methyl stearate exists as double molecules, but ethyl stearate is present as Bingle 
molecules. It is probable, therefore, that methyl stearate is associated in white oil, 
and that the esters of ethyl and higher alcohols are prosent in white oil solutions 
as single molecules. With the exception of methyl stearate, the above values of V 
may be taken as the heat of adsorption of single molecules on to the steel surface. 
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No information is available concerning the heat of association of the methyl esters, 
but this value is probably less than that of the acids so that the heat of adsorption 
of single molecules of methyl stearate will not be very different from the value of 
U given above. 

It is interesting to note the effect of increasing the ‘alcohol’ chain on the value 
of the heat of adsorption This is highest in the case of the methyl esters, and 
decreases to a minimum when the ‘alcohol’ chain contains four carbon atoms; it 
increases with further increases in the length of the ‘alcohol’ chain to six carbon 
atoms, and then gradually decreases again as the chain is further lengthened. 



Figure fi. O methyl stearate, U ethyl stearate; A n-butyl stearate; 

® n-hoxvl stearate; a-octadeoyl stearate. 

A similar series of palmitic esters has been studied on aqueous surfaces by Adam 
( 1929 ), and by Alexander & Scliulman ( 1937 ). If the ‘alcohol’ chain contains four 
or fewer carbon atoms it is forced under the surface and vertically opposes the 
‘acid’ chain in the condensed films. Whereas if the ‘alcohol’ chain contains more 
than four carbon atoms, the lateral adhesion between it and the ‘acidic’ chain is 
sufficient to bend the molecule up into the form of a hairpin. Alexander & Sohulman 
obtained additional evidence in support of these orientations from measurements 
of the rate of hydrolysis, and of the vertical component of the dipole moment of 
the molecules in the films. In the case of cetyl palmitate they showed that the 
configuration in space of the polar group is so altered by the molecule being bent 
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into the form of a hairpin, that the vertical component of the dipole moment is 
reduced to zero. 

The values of V suggest that the steario esters are similarly oriented at the steel 
surface. In the case of methyl Btearate, which has the smallest ‘alcohol’ radical 
attached to the —CO. 0 — group, the latter polar group would be able to approach 
most closely to the metal, which would acoount for the methyl ester having the 
greatest heat of adsorption. The larger ethyl and butyl radicals would hinder the 
close approach of the polar group to the surface, thus accounting for the low heats 
of adsorption of these esters. The rise in the heat of adsorption when the length of 
the ‘alcohol’ chain is increased to six carbon atoms suggests that, as in the case of 
the films on aqueous surfaces, the lateral adhesion between the ‘alcohol’ and 
‘ acidic ’ chains is now bending the molecules into the form of a hairpin, bringing the 
polar group nearer to the surface again. If this were the case the heat of adsorption 
might not be as high as for the methyl ester since there might be some distortion 
of the polar group which would alter the component of its dipole moment resolved 
vertically to the surface. Also in taking up a position in which the least strain 
occurs, the orientation of the polar group with respect to the surface may be 
altered. Any reduction in the vertical component of the dipole moment due to 
these causes would be greater in the case of octadecyl stearate, in which the 
‘alcohol’ and ‘acidic’ chains are almost equally long, which would account for the 
heat of adsorption of this substance being lower than that of the hexyl ester. 

Olycol and glycerol stearate# 

Adam (1929) has shown that when films of the glycol esters on aqueous surfaces 
are compressed, the molecules become bent into the form of a hairpin with the 
hydrocarbon chains tightly packed together. The glycerol esters behave similarly 
on aqueous surfaces (Adam 1922). This must involve considerable Btrain in the 
molecule, since in the crystal lattice the glycerol esters exist as ‘prong’ shaped 
molecules, the middle hydrocarbon chain opposing the other two (Clarkson & 
Malkin 1934). If glycol and glycerol stearates are similarly oriented at a steel 
surface it might be expected that the heat of adsorption per —CO.O— group 
would be less for these esters than m the case of methyl stearate. 

The results obtained for solutions of these esters are given in figure 0. 

The values of the heats of adsorption are 

glycol distearate, 10,600 cal./g.mol.; glyoerol tristearate, 7,800 oal./g.mol. 
The heat of adsorption per —CO.O— group is therefore 6300 cal. for glycol 
distearate and 2600 cal. for glycerol tristearate, compared with 8600 cal. in the 
case of methyl stearate. These results suggest that the glyoerol and glyool esters 
are similarly oriented at aqueous and metal surfaces. 

Octadecyl acetate 

This ester differs from methyl stearate in having a long-chain ‘alcohol’ radical 
and a small ‘ acid ’ group. Since rotation is possible about single linkages it does not 
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neoesaarily follow that the resultant dipole moments of these two esters per¬ 
pendicular to the surfaoe will be very different due to this interchange of radicals. 
The results for solutions of octadecyl acetate are given in figure 6 . The heat of 
adsorption is 7600 cal./g.mol. compared with 8600 cal./g.mol, in the case of methyl 
stearate. 

1 -nitro-ociadecane 

The results obtained for solutions of this substance are shown in figure 7 . 

The heat of adsorption is: 

13,000 cal./g mol., 

a high value which would bo exacted in view of the highly polar nitro group 
(Hunter & Partington 1933 ). 



Figure 0 . O glycol distearate; A glycerol 
trw tear ate; (] octadecyl acetate. 



Fiottre 7. fc) 1-nitru-octadecane; A octa¬ 
decyl cyiuudo; □ octadecyl thiocyanate. 


Octadecyl cyanide and thiocyanate 

The results for solutions of these substances are also plotted in figure 7. 

The heats of adsorption are 

octadecyl cyamde, 4300 cal./g.mol.; octadecyl thiocyanate, 4700 cal./g.mol. 
These values are unexpectedly low in view of the high dipole moments; 
3-9 x 10~ 18 e.s.u. for the —CN group and ca. 3-6 x 10~ 18 e.s.u. for the —SCN group 
(Hunter & Partington 1932 ), compared with ca. 3-2 x 10 -18 for the —NO, group 


VoL 18 a. A. 
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(Hunter & Partington 1933 ). Parachor and surfaoe measurements (of. Alexander 
1941 ) show that the —CN group occupies a much greater volume than would be 
expected from the atoms composing it. It is possible, therefore, that the negative 
charge on the nitrogen atom is unable to approach the metal surfaoe closely enough 
for the attraction between this negative charge and the positive field of the metal 
to give rise to a strong adsorption. 


Preparation of materials 

Octadecyl alcohol 

This material, from which all the derivatives of normal octadecane were pre¬ 
pared, was obtained by reduction of ethyl stearate (from stearic acid m.p. 69° C) 
as described by Adam & Dyer ( 1925 ). After recrystallization from ether it molted 
at 58° C. 

Octadecyl chloride 

Octadecyl alcohol was warmed with an excess of phosphorus pentachloride for 
2 hr. on the water bath. The product was then poured into water and the octadecyl 
chloride extracted with 40/60 petroleum other. The extract was washed with water 
and then shaken with concentrated sulphuric acid to convert any unchanged 
octadecyl alcohol into the sulphate, which was subsequently removed by shaking 
with a mixture of equal volumes of methyl alcohol and water. This mixture dis¬ 
solves the sulphato, but not the chloride, and the presence of the methyl alcohol 
prevents the formation of troublesome emulsions. The petroleum ether solution 
was then dried over calcium chloride, the solvent removed and the residue distilled 
in vacuo. The fraction distilling between 180 and 190° C at 12 mm. was collected 
and redistilled. The product was a waxy substance melting sharply at 21 ° C. 

Octadecyl bromide 

This substance was prepared by passing dry hydrogen bromide into octadecyl 
aloohol at 110° C (cf Organic syntheses, 15, 24). After fractionation in vacuo it 
melted at 28° C. 

Octadecyl iodide 

This material was prepared by the action of iodine on octadecyl alcohol in the 
presence of red phosphorus as described by Smith ( 1932 ) It was crystallized several 
times from a mixture of methyl alcohol and ethyl ether and melted at 33° C. 

a-bromoateanc acid 

Stearic acid (m.p. 69° C) was treated with an excess of bromine in the presence 
of red phosphorus as described by Hell & Sadomsky ( 1891 ). After two crystalliza¬ 
tions from 60/80 petroleum ether followed by four from benzene it melted sharply 
at 60° C. Hell & Sadomsky ( 1891 ) gave 60° C; and Le Sueur ( 1904 ) gave 60-61° C. 
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a-hydroxysiearic acid 

a-bromosteario acid was hydrolysed by refluxing for 24 hr. with a slight excess 
of dilute aqueous potash as recommended by Le Sueur ( 1904 ). After crystallization 
from ether followed by recrystallization from chloroform the product melted at 
91° C. Le Sueur gave 91-92° C. 


a-chlorosteanc acid 

Since direct chlorination would almost certainly result in the introduction of 
more than one chlorine atom in the a-position and probably others further up the 
hydrocarbon chain, it was decided to attempt the preparation of this substance 
from a-hydroxystearic acid. Several attempts were made by treating this substance 
with phosphorus pentachloride under various conditions: none was successful. 

a-wdoatmric acid 

This material was readily obtained by refluxing a-bromostearic acid with an 
excess of potassium iodide in alcohol (Ponzio 1904 , 1911 ) After recrystallization 
from benzene it melted at 67° C. Ponzio gave 0(1° C. 

Stearic, enters of n-alcohols, glycol and glycerol 

The preparation, purification and prof>erties of theso esters have been described 
in a previous communication (Frewing 1942 ). 

1-nttro octadecane 

Freshly prepared and finely powdered dry silver nitrite was allowed to stand 
in contact with a solution of oetadecyl iodide in 40/00 petroleum ether for 24 hr. 
After removal of the solvent tho product was crystallized three times from methyl 
alcohol: it melted at 43-5° C. 

Oetadecyl cyanide 

This substance was prepared by tho action of alcoholic potassium cyanide on 
oetadecyl iodide, as described by l-evene & Taylor ( 1924 ). Tho product was re- 
crystallized from methyl alcohol, and from a mixture of methyl alcohol and 
ethyl ether: it melted at 42° C. Levene & Taylor gave 42-6-43-5° C. 

Oetadecyl thiocyanate 

The method UBed by Wheeler & Merriam ( 1901 ) in tho preparation of cetyl 
thiocyanate was employed. This consisted in refluxing oetadecyl iodide with 
alcoholic potassium thiocyanate and yielded a product with a melting point of 
27° C, which was unchanged by recrystallization from methyl alcohol. 
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Discussion 

Although the pure long-chain compounds which have been investigated contain 
polar groups of widely different structure and chemical activity, the frictional 
behaviour of the solutions of all these compounds in the neighbourhood of the 
transition temperature is essentially the same. The motion is at first smooth and 
then, as the transition temperature is reached, changes to stick-slips which increase 
in size with further nse of temperature. On cooling, this process is reversed. The 
temperature at which the transition occurs is independent of the number of times 
the surface is heated and cooled, provided that the temperature does not rise 
sufficiently to cause some chemical change—such as oxidation—in the oil or the 
solute. This general behaviour makes it very unlikely that the polar body is ad¬ 
sorbed by forming—as is sometimes supposed—a salt or other chemical compound 
with the steel surface. 

The fact that the values of the coefficient of friction are the same as those 
previously obtained for monolayers of some of these long-chain compounds 
(Frewing 1942 ) suggests that the lubrication iB under true boundary conditions 
and is effected by an adsorbed monolayer. It must be emphasized that the steel 
surfaces used in this investigation were prepared m air, and were therefore covered 
with the usual thin oxide and moisture films. Bowden & Hughes ( 1938 , 1939 ) 
showed that when metal surfaces were thoroughly outgassed in a high vacuum, a 
unimolecular adsorbed layer of caproic acid was not sufficient to reduce the 
coefficient of friction to the low values usually associated with boundary lubrica¬ 
tion, and these low values were not attained until a comparatively thick layer had 
condensed on the metal surfaces. The presence of the thin oxide film evidently 
reduces the field of force of the metal atoms in the Burf&ce, enabling boundary 
lubrication to lie effected by unimolecular adsorbed films of long-cham compounds. 
It is possible that, with really clean surfaces, such as those studied by Bowden & 
Hughes, the fatty acids may be adsorbed by some chemical mechanism, since the 
forces of the metal atoms will not be partially saturated by an oxide film. 

The variation of the transition temperature with concentration for all the com¬ 
pounds examined agrees well with the hypothesis that the adsorbed film is in 
equilibrium with the solution. When the plot of log 10 V against l/T t did not give a 
straight hne this discrepancy was traced to the presence of an impurity. For 
example, an old specimen of butyl stearate gave a curve which became steeper as 
the concentration decreased. This was due to the presence of a trace of free stearic 
acid resulting from slight hydrolysis of the ester. A freshly prepared specimen 
which was carefully purified to remove all trace of stearic acid gave the normal 
results recorded in figure 5. 

Further support for the view that these long-chain compounds are adsorbed by 
the interaction of the dipoles in their polar groups with the metal atoms in the 
surface is afforded by the values of the heats of adsorption. Thus it is difficult to 
see how octadecyl chloride and 1 -nitro octadecane could react chemically with the 
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surface, yet their heats of adsorption are as high as that of the fatty acids. And 
octadecyl chloride, which has a greater dipole moment, has also a greater heat of 
adsorption than octadecyl iodide. The values for the a-substituted stearic acids 
and the esters give further support for this iriech&nism of adsorption. 

Although a fairly largo concentration is necessary, m many cases, if the polar 
body is to build up a sufficiently complete film for Bmooth sliding to occur at 
temperatures such as would be obtained, even in the cooler parts of an engine, it 
does not necessarily follow that the addition of smaller amounts of these com¬ 
pounds, to the lubricating oil, would not be beneficial. The greater part of lubrica¬ 
tion in practice occurs under conditions of ‘ fluid ’ or * viscous ’ lubrication, that is 
to say, by comparatively thick films which are maintained between the moving 
parts by hydrodynamic forces. Becck, (livens & Smith ( 1940 ) have shown that 
the addition to white oil of 1 % of oleic acid enabled conditions of fluid lubrication 
to be attained, on their apparatus, at a lower critical speed, although the transition 
temperature of a solution of this concentration is below room temperature. 

The author wishes to express his thanks to the Shell Refining and Marketing 
Company, Limited, for permission to publish this work, which was carried out in 
their laboratories. 
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The band spectrum of nitrogen: new singlet systems 

By A. G. Gaydon, D.So. 

Chemical Engineering Department, Imperial College, London, 8.W. 7 
(Communicated by Sir Alfred Egerton, Sec.R.S.—Received 20 May 1943) 
[Plates 6, 7] 

Five new systems due to N, have been observed m a mildly condensed discharge through 
nitrogen. Hotational analyses of some of the bands have been made, and it is shown that all 
correspond to transitions to the a l ll u upper level of tho Lyman-Birge-Hopfield System. An 
additional progression of tho system studied by Van der Ziel, here referred to as the Fifth 
Positive System, has been found, necessitating a revision of the upper vibrational quantum 
numbers. Some of Kaplan's systems have also been examined, and the rotations 7analysis 
of one shows that it corresjionds to a transition to the lower level of tho Fifth Positive 
System. This level very probably bee a little below a l ll u and must therefore be motastable; 
it may play an important part m the formation of active nitrogen. The rotational and vibra¬ 
tional constants for the singlet electronic states of N, are tabulated 

Introductory and experimental 

The investigation of the nitrogen spectrum described hero was commenced with the 
object of obtaining further information about the heat of dissociation of N g , the 
accepted value for which has recently been doubted by the author and Dr Penney 
( 1942 ). Although this object has not, so far, been achieved, five new band systems 
of nitrogen have been discovered and analysed, and additional data and information 
has been obtained for other singlet systems of N, previously reported by Van der 
Ziel and by Kaplan. 

The main singlet system of nitrogen, the Lyman-Birgo-Hopfield System, lies down 
in the vacuum ultra-violet below 2000 A, while the two strong triplet systems, known 
as the First and Second Positive Systems, occupy the visible and near ultra-violet 
as far as about 2000 A. The region from 2000 to 2900 A is free from any really strong 
systems of N a , and is therefore suitable for tho study of weaker bands which lie in 
this region. With fairly vigorous conditions of excitation the single progression of 
bands discovered by Fowler and Rayleigh and known as the Fourth Positive System, 
a system of bands studiod by Van der Ziel, which will later be referred to as the Fifth 
Positive System, and many weaker bands, degraded in either direction, can be 
observed. The chief difficulty in obtaining these bands is to eliminate the very 
strong y system of NO which is very persistent, and was formerly known as the 
Third Positive System of N 2 . With an uncondensed discharge at low pressure it 
seems almost impossible entirely to eliminate these bands; with a mildly condensed 
discharge, however, these NO bands are, as pointed out by Fowler and Rayleigh, 
less troublesome. 

The discharge tube usod for these experiments was about 30 cm. long, the central 
portion, about 20 cm. long, consisting of a capillary tube of 2 mm. bore. The dis- 
[ 280 ] , 
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charge was viewed end-on through a hollow cylindrical steel electrode and a thin 
fused quartz window. The discharge was maintained by an ordinary 10 in. induction 
coil with a small condenser and $ in. spark gap. A slow flow of chemically dry, 
oxygen-free nitrogen as supplied by the British Oxygon Co. was maintained through 
the tube at a pressure of a few mm. of mercury. All rubber tubing apart from one 
length of about 2 in. to the gas cylinder was eliminated, as it was found that intro¬ 
duction of rubber tended to bring up the NO bands. Under these conditions the 
spectrum was quite clean, only a trace of the strongest NO y bands and the carbon 
line at 2478 A being observed as impurity. Most of the spectrograms were taken 
with a large Littrow-typo quartz instrument (Hilger E. 1), but a few plates to cover 
the region between 2100 and 2240 A were taken with a medium-size (E. 2) quartz 
spectrograph. Details of the spectrograms reproduced in the plates are given at the 
end of the paper. 

As may be seen from the plates, the region studied shows a very large number of 
bands of widely assorted types. In addition to the Fourth Positive bands, which are 
due to a *27-> 3 /7 transition, and the Fifth Positive bands, some of which have been 
studied in detail by Van der Ziel, many of these bands have been reported by 
Kaplan (1934, 1935). whose measurements are, however, only quoted to the 
nearest angstrom and aro not sufficiently precise for certain identification or 
analysis. 

Examination of the wave-number intervals betwoen the heads of bands of similar 
type revealed a number of intervals of about 1066 cm. -1 . This agrees with the vibra¬ 
tional interval for the a 1 IJ U state, the upper level of the main Lyman-Birge-Hopfield 
bands. More detailed examination and rotational analysis of the bands showing this 
1066 interval has revealed five now systems all having the a i TI u state as their final 
level. The value of B 0 for the a 1 TI U state from the analysis of the now bands comes 
out at betwoen 1-615 and 1-60 This compares with tho rather higher value of 1-632 
obtained by Watson & Koontz (1934) from their analysis of bands of the mam 
Lyman-Birge-Hopfield System. Watson & Koontz claim a fairly high accuracy for 
their value, but examination of their measurements shows that the value depends 
on the (0,1) and (0,4) bands, for tho (0, 1) band the P and Q branches are superposed 
all the way; this is surprising, as tho P branch would be expected to show a greater 
spacing than the Q branch and so should run through it; for the (0,4) band the analysis 
is only fragmentary, and from such combinations of linos as can, be made the values 
of B 0 so derived show a rather big scatter, ranging from 1-61 to 1-07. Watson & 
Koontz note that tho B v —v curve obtained by combining their values of B 0 and B x 
with those for higher vibrational levels obtained by Apployard (1932) showB a marked 
departure from linearity. It is probable that Watson & Koontz’s value is less 
accurate than formerly supposed, and the most probable value for B a seems to be 
about 1-61 as obtained from the larger wave-number dispersion used in the present 
experiments 

The detailed analysis of tho five new systems is presented in the next five sections. 
The systems have been named the P, Q, B, 8 and T systems, and their upper 
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electronic states will be denoted by the letters p, q, r, s and t, these middle letters of 
the alphabet being selected to avoid confusion with other electronic states reported 
by Watson & Koontz. Later sections deal with the Fifth Positive System, with 
Kaplan’s systems, and other bands, and finally the molecular constants for the 
known singlet states of N s are summarized and discussed. 


Systkm P, p l E~ to a x n u 

This system, although the last to be analysed and the least completely observed 
because of overlapping by the very strong iSecond Positive bands, is described first 
because its upper level is the lowest of the new states found Also it is probably the 
strongest of the new systems, although less obvious because of overlapping. The 
three bands of this system wore first observed in a hollow cathode discharge through 
nitrogen and were provisionally assigned to NJ on experimental grounds. Analysis 
of the (0,0) band, the head of which is clear of overlapping structure, showed, 
however, that the band was due to a transition between singlet states and must 
therefore be ascribed to the unionized molecule 

Three bands forming a single progression have been observed Their intervals 
agree with those for the a 1 IJ v state, and assuming that the initial vibrational 
quantum number is 0, the bands are therefore the (0,0), (0,1) and (0,2). They are 
degraded to shorter wave-lengths and Bhow a sharp P head and less marked Q head. 
The (0,1) and (0,2) bands are too overlapped by Second Positive structure to permit 
of detailed analysis, but the head of the (0,0) band is resolved into rotational fine 
structure and measurements are given in table 2. The analysis shows that the lines 
have the alternating intensities characteristic of homo-nuclear molecules, the 
members of the Q branch with odd J values and the R branch with even J values 
being the stronger. Since the band corresponds to a transition to a T1 state and shows 
P, Q and R branches, the initial level must bo E Since N s obeys Bose-Einstoin 
statistics and it is the odd levels of the upper state which have the greater statistical 
weight, the initial state could be either or X E~. The fact that the transition is to 
l II M shows that it must be l E~. 

For the (0,0) band the lines of the P branch are crowded together into the strong 
first head and are unresolved. The R branch can be followed from 'R (4) to R(9), 
after which the structure is masked by the Second Positive band. The strongest 
branch is the Q branch which proceeds normally up to Q(10) after which there 


Table 1 . Vibrational scheme for system P 

v’, v" o, o o, l • o, 2 

Ahead 2827 1 2067 0 3118-6 

v head 35361-4 33694 32056 

v origin 35371-3 1667 163H 

B’ 1-93 

B’ 1-61, 
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appears to be a perturbation, and assignments of lines to this branch lieyond this 
point are uncertain. The vibrational scheme and constants are given in tablo 1, and 
the rotational analysis in tablo 2. 


Table) 2. Individual lines in the neighbourhood of the (0, 0) band ok 
system P. Wave-numbers of the lines ark given in cm. -1 followed by 

VISUAL ESTIMATE OF INTENSITY AND CLASSIFICATION TO P, Q, OR R BRANCH 
WITH J NUMBER WHERE POSSIBLE 


V 

I 

Classi¬ 

fication 

V 

I 

Classi¬ 

fication 

V 

I 

Classi¬ 

fication 

36361-4 

8 H 

P6 

36388-9 

6 

Q7 

36416-4 

4 

?Q 11 

372-0 

3 H 

Ql 

303-8 

4 

Q8 

419-8 

3 

R7 

373-0 

2 

Q2 

397-0 

3 

K4 

422-2 

3 

TQ 12 

376-1 

4 

Q3 

399-3 

7 

Q9 

428-6 

66 

R8 

377-5 

3 

Q4 

403-9 

4 

H5 

431-6 

2 


380-8 

5 

Q6 

405 8 

3 

Q10 

436-8 

56 


383-9 

1 


411 5 

4 

H6 

437-4 

66 

Rfl 

384-4 

4 

Q6 




445-0 

2 



H — head, 6 — broad, possibly double. 


System Q, q x TI a to a l fl u 

Three bands in a single progression having heads at 2746 (0,0), 2878 (0,1) and 
3020 A (0,2) have been observed The last is strongly overlapped by other structure, 
and the (0,1) has its ‘tail’ rather confused by lines of a Second Positive bund, but 
a rotational analysis of this and the (0,0) band has been made. Each band consists 
of two branches without alternating intensities, and the structure is consistent with 
a 1 fl-*■ 1 II transition with unresolved A doubling. For both bands the lines of the 
R branch, which close up to form a sharp head, are only partially resolved, but the 
P branches are well resolved and run smoothly up to P (12) after which there is some 
indication of a perturbation (presumably in the upper levels) and resolution into 
two A components, but overlapping by other structure and limited resolving power 
have prevented definite confirmation of tho existence of this perturbation. 

The vibrational scheme and molecular constants are set out in table 3, and the 
classification of linos of the (0,0) and (0,1) bands in table 4. 


Table 3. Vibrational scheme for system Q 


v\ v" o, o 

A head 2746 16 

v head 3640.7-8 

v origin 36394-6 

B' l-36 § 

BT 1-60, 


0 , 1 

2877-93 

34737-0 

34727-8 

1-36, 

1 - 68 , 


0 . 2 

3020-42 


1666-8 

1666-7 


1638-7 
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Tables 4. Individual links of tiik (0, 0) and (0, 1) bands of system Q. 
Wave-numbehs in cm. -1 . Intensities ark visual estimates 


v I 

30403-8 5 H 

401-9 2T 

400-3 2? 

397-4 2 

3950 3 

393 8 IT 

387-9 2 

383-6 2 

378-8 3 

34737-0 SU 

727-3 3 

724-1 3 

720 8 3 

717-0 3 

712-5 3 

707-5 3 

702-3 5 

095-9 3 

089-7 3 

683-0 3 


( 0 , 0 ) 

Classification 
R5, R6 
R8 
R9 
RIO 
TR1I 

P2 

P3 

P4 

( 0 , 1 ) 

R12 
R13 
P 2, R14 
P3. Rl« 

P4 

P5 

P6 

P7 

P8 

P9 


36373 9 
368-1 
362-1 
355-0 
348-3 
340-0 
332-3 
323-2 
314-5 


34075-7 

007-8 


051 0 
044-4 
642-2 
635-2 
632-8 
022-7 
012 2 


I Classification 


4 P5 

4 P6 

4 P7 

4 P8 

4 P9 

4 P10 

4 d Pll 

3 d P12 

2d TP 13 


3 P10 

3 Pll 

3 P12 

2 

3 TP 13 

2 

2 P14 

3d 

3d P16 

2d P16 

3d P17 


H — head consisting of several unresolved lines, d = diffuso line. 


System ft, r l E~ to a l II u 

The (0,0) band of thiB system at 2071 A is the most outstanding of the new bands. 
The band is very slightly degraded to shorter wave-lengths, the strong Q branch 
being piled up into a single very broad line with edges at 2071-2 and 2671-7 A. The 
P and R branches are well resolved and Bhow clearly alternating intensities. Details 
of the rotational analysis of this band are given in table 6. The lower state is again 
found to be a x IJ u , and since it is the members of the P and R branches with even J 
(that is odd J') which are stronger it follows that the initial state is 

It will be observed that both the P and R branches show an abrupt decreaso in 
intensity at high J value. This might be due to underlying weaker band structure 
but more probably indicates predissociation in the upper state, an explanation 
which would also account for the failure to observe any bands from higher vibra¬ 
tional levels 

Other bands of this system which might be present are masked by the stronger 
Second Positive bands, but the piled up Q branch of the (0,1) band at 2796 A is 
clearly visible among the line structure of the tail of the (4,1) Second Positive band 
and serves to give additional proof that the final state is a x /7 u . The heads and 
molecular constants are given in table 5. 
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TABLE 5. VlBRATIONAL SCHEME FOR SYSTEM R 
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v', v ' 

0,0 



0, 1 





A Q head 

2071-07 



2796-0 





v Q head 

37417-7 


1664 

35754 





v origin 

37410-9 







B’ 

1-67 








B" 

1-60 






Table 6. Individual lines of the (0, 0) band of system 

R 




Classi¬ 



Classi¬ 



Classi¬ 

V 

I 

fication 

V 

I 

fication 

V 

I 

fication 

37470 7 

4 


37439-2 

3 

R5 

37402-5 

3 

P5 

469-8 

4 


435 5 

4 

R4 

400-2 

5 

P 6 

407-0 

4 

R12 

431-1 

2 

R3 

398-0 

3 

P7 

403-9 

2 

Rll 

427 3 

2 

R2 

395-7 

5 

P8 

400-8 

4 

R10 

425 21 


Q branch 

393-0 

2 

P9 

450-6 

2 

R9 

417 7/ 


391-5 

4 

P10 

452-0 

4 

R8 

410 1 

4 

P2 

390 0 

2 


447-7 

2 

R7 

407 0 

2 

P3 

389-0 

2 

?P 11 

443-7 

5 

R0 

! 404 9 

5 

P4 

1 387-1 

3 

TP 12 


System 8, s'Z~ to a l II u 

The bands of this system aro very similar to thoso of the R system, but are slightly 
degraded to the red. The (0,0) band is most clearly developed and shows a weak R 
head at 2395-12 A and a sharp Q head at 2397-08. The P and R branches show cloar 
alternation of intensities It may be noted that for this, and also for the T system, 
the lines of the P branch are considerably stronger than the lines of the R branch, 
it is to bo expected that for a 2’ to 77 transition the R lines should be slightly woakor 
than the P lines, but for these systems the difference appears qualitatively rather 
larger than would be expected; a similar effect has been observod for NiH (Gaydon 
& Pearse 1935). 

The rotational analysis of the (0,0) band, for which data are presented in table 8, 
shows that the transition is again from a x l'g state to a l II u , the value for 71J coming 
out at about 1-605. The (0,1) band shows a strong Q head, but the band is overlapped 
by other structure and has not been analysed. The (0,2) band shows a line-like Q 
head at 2603-3 A with a P branch showing good alternation of intensities. The R 


A Q head 
v Q head 
v origin 
B' 

B" 


Table 7. Vibrational scheme for system S 


0,0 

2397-08 
41704 6 
41705-4 
1-58, 
1-60, 


1666-2 


0 , 1 

2490-78 

40039-4 


mss 


0 , 2 

2603-34 

38400-8 

38399-9 

1-58, 

1-56, 
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branch is so weak that it is probably invisible on the enlargement and although just 
visible on the negative is too weak to measure. The head of this band falls very near 
that of the strongest Vegard-Kaplan band (0,5) at 2603-8, but the two bands are 
quite definitely not the same, the Vegard-Kaplan bands do not appear under the 
conditions of these experiments. 

For the (0,0) band the usual P, Q, R relationshipg check up fairly well, indicating 
that the A doubling in the a 1 /7 U state is small, although there is evidence that it is 
perhaps not quite negligible at higher J values, the Q lines probably going to the A 
component with the lower energy. For the upper state the rotational energy obeys 
the usual formula B. J(J+ 1) quite well with a value for B of about 1-585 up to 
J = 8, but at higher J values the apparent value of B falls off rapidly. This may be 
seen readily in the P branch of the (0,2) band for which the spacing increases rapidly 
at higher J values. It is probably better to regard this as due to a perturbation 
than to endeavour to represent it by an abnormally large constant D. 


Table 8. Individual lines ok the (0, 0) and (0, 2) bands of system S 


0, 0 hand 0, 2 band 




Classi¬ 



Classi¬ 



Classi¬ 

V 

1 

fication 

V 

I 

fication 

V 

I 

fication 

41738-8 

3 

R head 

41692-2 

4 

P4 

38400 8 

101 

Q branch 

737-4 

3 


889-4 

4 

P6.Q15 

400 0 

10/ 

737-1 

3 


685-5 

5 

P0 

393-0 

3 

P2 

734-2 

IT 

B9 

682-1 

3 

P7 

387-2 

3 

P4 

732-2 

3 

II8 

078-3 

5 

P8 

384-7 

1 

P5 

729-7 

2 

R7 

075-1 

3 

P9 

381-3 

3 

P0 

727-1 

3 

R8 

071-1 

5 

P10 

379 1 

1 

P7 

724-3 

1 

K5 

867-2 

3 

Pll 

370-0 

3 

P8 

720-6 

2 

K4 

662-0 

5 

P12 

372 8 

1 

P9 

718-2 

1 

K3 

657-8 

4 

P13 

369-7 

3 

P10 

714-5 

0T 

K2 

052-1 

5 

P14 

366-2 

1 

Pll 

704-0 

10 

Q head 

645 0 

4 

P 15 

362-8 

2 

P12 

703-3 

3? 

Q9 

638-2 

4 

P10 

358 8 

1 

P13 

701-4 

3 

Q H 

631 0 

3 


354-3 

2 

P14 

699-1 

3 

Q12 

629 4 

3 


348 9 

1 

P15 

697-2 

3 

P2.Q13 

619-2 

3 


342-0 

2 

P10 

693-6 

IT 

Q14 








System T, t l E~ to a l IJ u 

This system closely resembles the two previous systems, and the rotational 
analysis of two of the bands indicates that the transition is again from a l Z~ state 
to The band at 2281 A, which will provisionally be referred to as the (0,0), 

has not been analysed although its structure is quite clear. Details of the (0,1) and 
(0,3) bands are given in table 10. The (0,2) band, if present at all, is weak and masked 
by a Fifth Positive band. The Q head of the (0,4) band is faintly discernible among 
the structure of a fairly strong Fifth Positive band. 
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The vibrational scheme and molecular constants are sot out in table 9. The in¬ 
tensity distribution of the single progression, showing Btrong (0,0), (0,1) and (0,3) 
but no (0,2) band is unusual. There can be no doubt about the assignment of the 
values of t>*, but the value of v' is loss cortain. If, as assumed here, v' — 0, then it 
must be presumed that the wave-functions for v' = 0 and v" = 2 are so placed 
relatively that they integrate to practically zero. 

This system, as given, has its initial state 2111 cm. -1 above that of the S system. 
This at first sight appears to be a possible value for a vibrational separation The 
assumption that the T system was the (1, v") progression of the & system would have 
the additional advantage that the combined system would have a normal intensity 
distribution. However, the value of 2111 seems rather large for for a state with 
B around 1-6, and moreover the T system has a B' of 1-63 against 1-585 for S, this 
giving a large negative value for the constant a. It does not seem possible with 
existing knowledge to say whether S and T are really one or two systems. It seems 
perhaps best to treat the two progressions separately 


Table 9 Vibrational scheme for system T The Q heads of the bands 

ARE GIVEN, THE LETTERS R AND V INDICATING THAT THE EDGE REFERRED TO 
IS DEGRADED TO LONGER OR SHORTER WAVE-LENGTHS 


A head 

R 22NI 48 
v head «43817 6 
v origin 
B' 

B’ 


R 2371-59 
V 2371-72 
K42150-6 
42150-3 
1 63 
1 685 


R 2569 40 

V 2569 79 V 2678-7 

V 38902 1 V 37320-4 

38901-4 7 

1 63 

1 55 


Table 10. Individual links of the (0, 1) and (0, 3) bands of system T 


(0, 1) band (0, 3) band 


„ 

1 

Clussi- 1 
flcation ! 


l 

Classi¬ 

fication 

V 

I 

Classi¬ 

fication 

42181-7 

1 

R8 

42141-4 

2 

P 3 

38907-0 

6 1 

Q branch 

178 5 

2 

K7 , 

138-4 

2 

P 4 

902 1 

6/ 

175-2 

1 

R6 1 

135 9 

1 

P5 

898-4 

0 

PI 

171-6 

0 

R5 J 

132-9 

3 

P6 

895 3 

2 

P2 

188-1 

2 

R4 

130-4 

1 

P 7 

893-0 

0 

P3 

164-6 

I 

R3 

127-6 

3 

P 8 

890 1 

2 

P4 

180-4 

0 

R2 

124 6 

1 

P9 

888-0 

or 

P5 

152-9 

101 

Q branch 

121-5 

3 

P10 

885-5 

2 

P6 

150-8 

101 

! 117 5 

Id 

Pll 

880-7 

2 

P8 

147-0 

1 

PI 

112-4 

2d 

P 12 

878 9 

2d 

P9 

144-4 

2 

P2 

105-9 

Id 

P13 

876-1 

2 

P10 




097-3 

Id 

P14 

872-9 

868-0 

0 

l 

Pll 

P12 


d — diffuse. 
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As with the other two systems of similar structure, the rotational levels of the 
upper state behave normally at low J values, but at high J values the apparent 
value of B' falls off rapidly. This is very clearly seen in the plates on examination of 
the P branches of the (0,0) and (0, 1 ) bands in which the spacing increases sharply 
at high J values There is also some signs that lines of high J value are diffuse, 
perhaps indicating predissociation. 


Thk Fifth Positive or Van dkr Ziel’h System 

The first record of these bands of which the author is aware is that by Duncan 
(1925), who recorded several apparently now band systems of nitrogen in a controlled 
electron source. Duncan’s experiments were, however, marred by the inclusion of 
bands due to impurities (CO and CO*), and his paper has been largely neglected. 
Nevertheless, one of his systems is undoubtedly identical with this Fifth Positive 
System and includes, in addition to nearly all the bands listed by Van der Ziel, 
several bands of the new progression reported here. Appleyard (1932) independently 
reported two bands degraded to the violet at 2112*1 and 2033-0 A showing alter¬ 
nating intensities and therefore presumably due to N,. The first detailed Btudy of 
the bands was made by Van der Ziel (1934) by whoso name the system has since 
frequently been referred. In view of the lack of priority in the discovery and the 
modification to the analysis proposed here it seems perhaps fairer to refer to the 
bands impartially as the Fifth Positive System of nitrogen, a namo which aptly 
describes their condition of occurrence, the bands coming up under very similar 
excitation conditions to the Fourth Positive System, but loss strongly. 

Van der Ziel arranged the bands into two progressions and made a rotational 
analysis of three bands from which he found that the transition was between two 
E states, the odd J levels of the upper state and the even J values of the lower state 
having the greater statistical weight, so that the transition was oither -*■ 1 , 3 E+ 
or l ’ 3 E~ ~* 1 ' 3 E~. The present work on one of Kaplan’s systems (see next section) 
shows that the transition is between singlet, not triplet states, and the transition 
must therefore be either l E± -* *EJ or l E~ -+ l E~. 

The vibrational intensity distribution of the two v' progressions observed by 
Van der Ziel is far from normal and the bands cannot be made to conform to the 
usual type of Franck-Condon parabola, a fact which was very difficult to explain 
and which had been commented on by Kaplan. Examination of the new bands 
observed in the present investigations revealed another progression of bands 
showing the same intervals as the lower state of Van der Ziel’s bands. This progres¬ 
sion obviously forms part of the system and is indeed the v' = 0 progression, those 
recorded by Van der Ziel being the 1/ = 1 and v' = 2 progressions. The complete 
system now has a normal intensity distribution and the vibrational scheme is set 
out fully in table 11, the wave-lengths with visual estimates of intensity in paren¬ 
theses, wave-numbers to the nearest cm. -1 and wave-number intervals (in italics) 
being given. In addition to the new progression the table includes measurements of 
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two new bands of the old progressions. It should be noted that, for convenience of 
presentation, the v' and v" axes are not set the conventional way round. 

In order to confirm the analysis of the new bands and to find the rotational 
constants it seemed desirable to make a rotational analysis of at least one band of 


Table 11 . The Fifth Positive System of N t 


V «' 

v'V 

0 


1 


2 

0 

2198-9 (4) 
46463 

1506 

1867 

2112 1 (6) 
£47330 

1504 

1828 

2033-6 (-] 
£49158 

1509 

1 

2274-2 (6) 
43967 

1483 

I860 

2181-5 (4) 
46826 

1823 

2098 (2) 

47049 

1477 

2 

2363-6 (4) 
42474 


m 


2165-1 (5) 
40172 

1459 

3 

TO 


2331 0(2) 
42888 

1435 

1827 

2235-8 (3) 
44713 

4 

2626-6 (2) 
39682 

1415 

I860 

2411-7 (7) 
£41461 

1413 



5 

2619-3 (4) 
38167 

1871 

2490 9(3) 
£40038 

1388 



6 



2588 5 (7) 
£3805(1 

1364 

1828 

2469 7 (4) 
£40478 

1367 

7 



2081 2(6) 
£37280 

1346 

1825 

2556 0 (1) 
£39111 

1344 

8 



2781 6 (3) 
£35940 

1827 

2647 0(2) 
£ 37767 

1321 

2743-0 (1) 


£36440 

Z preceding the wave-number indicates measurement from Van der Ziel, not remeasured 
by author. 

m indicates band masked by Fourth Positive band. 

* indicates present, but head masked by other structure. 


the new o' = 0 progression. Unfortunately, most of these bands are rather confused 
by overlapping structure from other bands. However, the (0,1) band has been 
measured and although the measurements include some additional structure due 
to other bands the analysis proves quite convincingly that the band is of the ex¬ 
pected type, the values of B' and B" coming out at 1-735 and 1*45, and it is clear 
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that the R lines with even J numbering are the stronger, in agreement with ex¬ 
pectation. The measurements and assignments are given in table 12. 


Table 12. Wave-numbers and intensities of structure between 43950 
AND 44040 CM." 1 WITH ASSIGNMENT OF LINES TO THE (0, 1) FIFTH POSITIVE 


band. Unresolved structure is bracketed together 





Classi¬ 



Classi¬ 



Classi¬ 

V 

I 

fication 

V 

I 

fication 

V 

I 

fication 

43906-9] 

1 6 

P0, 1*6 

43973-1 

1 

TR1 

44001-7 

3b 

R6 

907-71 

i 6 

P7, P8. P4 

977-7 

4 

R2 

006-1 

1 


960-11 

[ 3 

P9, P2 

982 9 

2 

R3 

010-0 

3b 

R7 

962 lj 

I 3 

P10 

986-9 

1 


016-01 

3b 


964-3 

1 

TP 11 

988-8 

4 

R4 

i 017-3/ 

3b 

R8 

967-9 

3 

P12 

992-0 

10 


020-8 

2 

R9 

970-8 

1 


995-2 

2b 

R0 

1 036-2 

3 

R10 



i 

l» = line broad 

or diffuse. 





Kaplan’s systems 

Kaplan (1934, 1935) has reported three rather weak band systems of N, in 
emission. He has published wave-lengths (to the nearest angstrom) and provisional 
vibrational analyses for these systems which indicates that their final electronic 
level may be identical with that of what we are now calling the Fifth Positive 
System. He also tentatively identified the wave-number interval between the 
upper levels of his bands and Van der Ziel’s bands with intervals in Hopfield and 
Birge’s Rydberg series ofN, Van der Ziel (1937) expressed doubts about the analysis 
and identification. Some, although not all, of these bands observed by Kaplan have 
now been obtained by the author, and the much greater dispersion usod has enabled 
rather more definite conclusions to be reached. While the identification with the 
Rydberg series interval is ruled out by the discovery of the new Fifth Positive 
progression, and can also be dismissed for the reasons given by Van der Ziel, it has 
been shown that certainly one system, and very probably two, do correspond to 
transitions to the lower state of the Fifth Positive bands. 

Kaplan'8 First System. The (0,1) and (0,2) bands of this Bystem are fairly well 
developed and the latter has boon photographed on the E. 1 and a rotational analysis 
has been made There is a weaker head at 2153-6 A which fits quite well into the 
scheme, but this band is largely masked by a much stronger band of unknown origin 
lying to slightly shorter wave-lengths. The (0,3) band is definitely present and the 
alternating intensities of the lines of the Q branch are visible, but the head is masked 
by other structure and cannot be measured. The bands of this v' = 0'progression 
are set out in table 13. Kaplan also records the bands (1,3) at 2288 and (1,4) at 
2366 A. It is difficult to confirm or deny the presence of these bands on the author’s 
plates. There is certainly a sort of head at 2366*9 A but it is partly obscured by NO 
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and it is difficult to say if it is of the right type. It would lead to a value of about 
1705 cm. -1 for u>\ which seems of the right magnitude. 


Table 13. Kaplan’s First System 


v\ vT 

A head 
v head 
v origin 
B' 


0 , 0 
2153-6 
46420-0 


1506 0 


0 , 1 
2225-8 
44914-0 


0 . 2 
2301-9 
43428-4 
43435-6 
1-80 
1-44 


The rotational analysis of the (0,2) band, for which details are given in table 14, 
reveals that the band has P, Q and R brandies with alternating intensities, the 
lines with even J having the greater strength The vibrational separations, the value 
for B\ and the fact that it is the even J levels which have the greater statistical weight 
all prove that the final state is the same as that involved in the Fifth Positive bands, 
so that the transition must bo either l ff H -*• *2.y or 1 fT a -*- l 2T“ 


Table 14. Individual lines of the (0, 2) band of Kaplan’s First System 


V 

r 

Classi¬ 

fication 

| 

j 

ClllHHl- ! 
filiation j 

V 

I 

Classi¬ 

fication 

43428-4 

‘AH 

F4, P5 

43445 0 

1 


43476 2 

2 

RB 

429 4 

3 

1*3, P6 

446-5 

2 

Q5 

482 4 

2 

QH 

431-1 

3 

T*2, P7 

448 9 

2 

K2 1 

484-0 

1 

R7 

433-5 

1 

?P8 

450 7 

3 

Q0 

489-1 

1 


436-7 

2 H 

Q l 

454-7 

2 

R3 1 

491 4 

2 

Q12 

437-7 

1 

Q2 

455-3 

2 

Q7 

! 500 6 

lb 

Q 13 

439-0 

1 

R(( 

460 8 

56 

Q8, R4 1 

610 9 

2 

Q 14 

439-9 

2 

Q3 

467-1 

2 b 

Q9 

522-0 

lb 

Q15 

442-9 

2 

Q4 

474-5 

5 

Q 10 

533-2 

1 

Q 16 


b = brood or diffuse line; H = head with lines in neighbourhood barely resolved. 


Kaplan's Second System The (0,1), (0,2) and (0,3) bonds of this system have 
been observed. The (0,0) band is obscurod by a Fourth Positive band. The (1,3) 
band given as 2620 A falls exactly on the new (0,5) Fifth Positive band, whioh it 
may possibly serve to strengthen. The only other band of the several reported by 
Kaplan is a head at 2522-3 A which may be the (1,2) band. The vibrational Bcheme 
for the four bandswhich have been observed is set out in table 15. Although the (0,2) 
band is free from overlapping bands, the rotational analysis has proved too difficult 
with the dispersion used, and although some sort of fit to a V7 -> 1 2T transition has 
been obtained it seems risky to comment on the nature of this band system, except 
to point out that the vibrational intervals agree as well as may be expected with 
those for the lower state of the Fifth Positive bands. 


VoL 18*. a 
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Table 16. Banos of Kaplan’s Second System 



0 2536*6 * 2636 2 

39410 .... 37023 

I4S7 1711 

1 2522-3 

39634 


1464 


3 

2742*0 

36459 


Kaplan’s other systems. Of Kaplan’s Third System consisting of bands at AA 2472, 
2392, 2316 and 2242 there is no very obvious sign. Kaplan also reported four pro¬ 
gressions AA 2428, 2360, 2297, 2236, AA 2450, 2367, 2280, 2198, AA2272, 2204, 2139, 
and AA2477, 2391, 2309. Some of these bands coincide within the accuracy of hk 
measurements with bands now definitely assigned to the Fifth Positive System or 
the new systems, and other bands may be present, but the present author is unable 
to oonfirm the reality of any one of these progressions. The conditions of excitation 
used by the author differ somewhat, of course, from those under which Kaplan 
observed his various systems. 


Other bands 

As oan be seen from the plates, there is still a lot of band structure which is un¬ 
accounted for. It is not proposed to discuss this structure in detail as this would take 
up a lot of space and would give little more information than that obtainable from 
a careful study of the plates Some of the bands show fairly definite alternation of 
intensities, and the comparative freedom from impurities suggests that most if not 
all of this additional structure is to be attributed to N 2 . 

Among the more outstanding features are bands degraded to the rod at 2424,2498, 
2524 and 2828 A, these being different in character but all showing fairly open rota¬ 
tional structure suggesting that singlet states are involved. Some of the bands 
degraded to the red in the shorter wave-length region may be an extension of 
Watson & Koontz’s (1934) system. It also seems possible that a weak second 
progression to the Fourth Positive System might account for some of the heads 
degraded to shorter wave-lengths. 

Attempts to analyse various parts of this unaccounted for structure have not 
given any convincing analyses. Long exposures with a rather more intense source 
on greater dispersion seem called for, and it is unlikely that further work on the 
singlet systems will be undertaken by the author. The work should not, however, 
prove very difficult, given time and adequate dispersion, and might well be of con¬ 
siderable value as it might settle the relative positions of the levels involved in the 
Fifth Positive bands and the fixed singlet states and might (see later) thus assist 
in the interpretation of the nitrogen afterglow. 
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Two new systems of higher multiplicity (probably triplet) due to N, have recently 
been reported by the author ( 1943 ) using discharges at high gas pressure. Improved 
plates of these systems have now been taken and it is hoped to describe them more 
fully in due course. 


Discussion and conclusions 

The analyses of the five new systems have given details about the nature and 
energy of five new electronic states of N t . Four of the new states are of the type 
'Eg, and it was at first thought these states might form an approximate Rydberg 
series. Attempts to fit them to such a series have, however, not been successful. The 
upper three states can readily be forced to fit approximately to a series, but as the 
series limit lies well below the ionization potential of N a it cannot be real. 

Hitherto little has been known about the amount of energy required to excite 
the Fifth Positive bands. It may be noted that Duncan ( 1925 ) found bands, now 
shown to be identical with the Fifth Positivo System, appearing in his controlled 
electron source at 15*5 V (125,000 cm. -1 ); this probably represents an upper limit 
rather than the actual excitation potential From the present experiments and a 
study of the conditions used by Van der Ziel and by Kaplan, it seems that the Fifth 
Positive bands appear rather more easily, that is, with lower excitation, than the 
new systems. This seems to indicate fairly definitely that the upper level of the 
Fifth Positive System is not so very high, probably lying rather below 105,000 cm. -1 . 
This brings the lower stato definitely below a 'll . If this is so, as seems fairly certain, 
then this state must be metastable. 

Attempts to explain the nitrogen afterglow have usually taken account of the 
motastability of the A 3 E* state of N # and of the 2 D and *P states of the nitrogen 
atom There are several difficulties to l>o met in these explanations Absorption of 
the First Positivo bands by active nitrogen has never been observed. The fact that 
the Vegard-Kaplan bands (A 3 E > X l E) appear in emission at atmospheric pressuro 
in an ozonizor discharge does not seem in agreement with the A 3 E state having the 
very long life required for its participation in the afterglow. The afterglow itself 
does not emit the Vegard-Kaplan bands. The strength of the afterglow bears little 
relation to the strength of the First Positive bands, ending on A 3 E, in the exciting 
discharge. Also Herbert, Herzberg & Mills ( 1937 ) have failed to detect the presence 
of *D or 8 P nitrogen atoms by absorption through active nitrogen If, as now seems 
fairly certain, the v 'X lower state of the Fifth Positive bands is metastable, then 
this might play an important role in active nitrogen. At least it can be said that the 
conditions for the production of the afterglow and the Fifth Positive System, 
namely, a mildly condensed discharge, are very similar. 

As already Btated, the Fifth Positive bands correspond either to the transition 
'E£-*'Ef or to 'E~->'E~. Tt is possible to put forward arguments in favour of 
either alternative, but at present a clear decision does not seem possible. In either 
case some transitions linking the levels involved in the Fifth Positive or Kaplan’s 
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Systems with levels of known energy should occur in accessible regions of the 
spectrum. Some of the unassigned band structure visible on the plates may be of 
this type, and it is unfortunate that analyses of these bands do not at present appear 
possible. 

In table 16 the molecular constants for the singlot levels of N, are collected. The 
lower level of the Fifth Positive is denoted as v, and the upper levels of this system 
and Kaplan’s First and Second Systems &ay,w and * respectively. 


Table 16. Summary of constants for singlet states of N, 



State 

v t 


7?„ 

a. 

W, (0 J 

x.o. 

t 

*27 

112774-2 


1-83 




9 

*2,' 

110662-0 


1 68, 




r 

*27, 

106373 6 


1-67 




q 

*77, 

106361-1 


1-36, 




p 

*27 

104327-9 


1-93 






/1043946 






c 


(104318-7 


1-169 




6' 

*27 

103077-7 

1 146 

1-144 

0-002 

w, = 768-8 

4-16 

b 

?. 

101460 2 






y 

*77, or 1 I1, 

v +46420 


1 80 


(1706) 


X 

‘27 or *27 

r + 46403 

1-74 

1-73, 

0 01 , 

1910 1869 

20-5 

w 

r 

v + 40914 




(1711) 


a 

>77. 

08968 6 

1 82 

1 -fll 

0-018 

1694-7 1668-7 

14 0 

v 

*27 or *27 

00000 

1 48 

1-47 

0 - 01 , 

1627 1504 

11 5 

X 

‘27 

0 


1-998 

(0 018) 

2369-6 2330 7 

14 44 


In the table the more directly observable quantities R 0 (the rotational constant 
for the lowest vibrational levol) and (o t (the energy difference between the v = 0 
and the v = 1 IovoIb) are probably more accurate than the extrapolated values B f 
and <i) e for zero vibrational energy. Data for the levels <• and X have been taken from 
Sponev (1935). The b' state has boen examined by C’hulanovskii (1935). In Addition 
to the levels givon in the table, Watson & Koontz (1934) have reported normal state 
progressions in emission which suggest levels known as g, / and h at about 108937, 
110192 and 1127GO cm. -1 , their progressions d and c are believed by Chulanovskii 
to be part of the 6' -»-X system. Hopfiold (1930) and Worley & Jenkins (1938) have 
also reported Rydberg series. 


In conclusion 1 wish to express my thanks to Sir Alfred Egerton for his keen 
interest in the work, to Dr R. W. B. Pearse for much helpful discussion and to the 
Council of the Royal Society for financial assistance. 
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Description of Plates 6 and 7 

(а) Spectrum of mildly condensed discharge through N, Large quartz (E. 1) spectrograph 

Ilford Q II plate Exposure 11J hr. 

(б) , (c) and (d) Mildly condensed discharge (E. 1). Zenith plate. 1} hr. 

(«) Mildly condensed discharge (K 1) Zenith plate i hr. 

(/) Hollow cathode discharge in N, at low pressure (E 1). Zenith plate. J hr 
(1 g) Mildly condensed discharge. Medium quart* spectrograph (E.2). Ilford Q II plate. 
Exposure 6 hr. 

An iron arc comparison spectrum is shown below each N, spectrum, and an approximate 
wave-length scale is marked below. 

All banils definitely assigned to N, are marked abovo with an abbreviation for the system 
and the vibrational quantum numbers (o', v"). The following are the abbreviations 
P, Q, R, 8, and T for the new systems. 

2 + , 4+ and 5+ for the Second Positivo, Fourth Positive and Fifth Positive (Van der Ziel) 
Systems. 

K. 1 and K. 2 for Kaplan’s First and Socond Systems. 



The impulse-energy tensor of material particles 


By T. S. Chang, Department of Physics, National Central University, 
Chungking, China 

(Communicated by P A. M. Dirac, FR.S.—Received 7 June 1943) 
PART I. MESONS AND ELECTRONS 


The following w a direct and general construction, from tho Add quantities of the electrons 
and mesons and their derivatives, of a real, symmetrical and gauge-invariant tonsor T kl whose 
divergence to 1 is — 1 times the four-force f k experienced by the matter. Interpreting T it as 
the impulse-energy tensor of tho material particles, for tho case of no electromagnetic field the 
onergy-momentum density obtained from T tt is compared with that obtained from treating 
(S/t) (3/3x t ) as the energy-momentum operator Further, in the general case the Hamiltonian 

of the matter is compared with JT u dxdydz. Both tlinen, the two quantities compared agree 
apart from small modifications. 


Introduction 

As is well known, the conservation of tho combined energy and momentum of matter 
and the electromagnetic field follows if (l) there exists a tensor T u satisfying 

0 ) 

/* being the four-force experienced by the matter and (li) T u is interpreted as the 
impulse-energy tensor belonging to matter. For a Dirac electron, Tetrode ( 1928 ) 
has found a symmetrical T u satisfying ( 1 ), which was later expressed in spinor form 
by Laporte & Uhlenbeok ( 1932 ). The search for T u was nearly completed by Heisen¬ 
berg & Pauli ( 1929 ) who found in a general way an expression for T u satisfying ( 1 ) 
for all sorts of particles whose wave equations are deducible from varying a Lagran- 
gian, but their expression is not symmetrical between k and l. 

In Part I of the present paper, an attempt is made to obtain the most general 
symmetrical T u belonging to scalar and vector mesons and electrons. § I deals with 
scalar mesons interacting with electrons and neutrinos and §11 with vector mesons 
interacting with the same light particlos. The cases in which we have a single kind 
of particle only are obviously special cases. Owing to the significance of T u as the 
impulse-energy tensor of matter, such an attempt is certainly worth while. 

Two things are to be observed regarding this impulse-energy tensor of matter. 
Let us take the case of electrons for definiteness. First, in the case of no electro¬ 
magnetic field, where a possible solution for the wave functions of the electrons con¬ 
tains x r only through the faotor exp (ic T x r ) ( c r being a constant four-vector), the 
[ 302 ] 
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usual concept of treating (hji) (3/3* r ) as the momentum operator leads one to expect 
pc T h to be the energy-momentum density (p being the probability density of elec¬ 
trons) and thus to be equal to ( i/c) T M . That this is nearly the case will be shown later. 
Secondly, one expects the integral of T u over all spaoe to be that of the Hamiltonian 
H for matter, whioh has the property that, from the rules of quantizing the field 
quantities i/r and from equations of the type 

^ = dV = dxdydz , 

one can obtain the wave equations for \jr. This is also found to be true apart from an 
unimportant modification. These results are certainly satisfactory. 


I. Scalar mesons and electrons 

Let x r be the four-vector x, y, z, id, <f> T bo the electromagnetic four-potential 
A x , A y , A„, i(j> (A x , A y , A t boing the vector potential and <j> the scalar potential), and 

TI„ 77ft be 

and (2) 

respectively. Before writing out the wave equations for A, A* (the wave functions 
of scalar mesons), x%, (those for electrons) and x%, , •$*, ifr?* 

(those for neutrinos), their Lagrangians will be written out. With 8, standing for 
3/3(whioh, it is assumed, does not operate through a bracket), 8^ for the spinor 
of 8 ( , riyi for the spinor of IJ ( , oto., and with k 8 , k e and k s as throo constants connected 

f In tins paper, a tensor with a * symbol suoh as is defined by 

T& . = (-1)» (5\7T. 

where n is the number of suffices among t, k, . which equal 4 and y the complex conjugate 
of y. (It is understood that by 'complex conjugate’ is not meant numerically complex con¬ 
jugate. This is evident since and T, t are different kinds of g-numbers.) For look of 
better names, the tensor T£ is also called the complex conjugate of , and thus the 
eomplex conjugate of T it may mean either or T ihi . For a spinor suoh as ^ , one 
can introduce a complex conjugate spinor defined by 


= (l*-- ). 

where J denotes the complex conjugate of y as before. When t has an equal number of dotted 
and undotted suffloes, the tensors corresponding to t and t* are conjugate tensors. In the 
following the complex conjugate of a component a of a s pinor t w ith on equal number of 
dotted and undotted suffices may moan /£* instead of ^ It is hoped that no 
confusion will arise from this double usage of the term ‘complex conjugate’. 
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to the mass of scalar mesons, electrons and neutrinos by k s X = m 8 e, K s h 
and K N h = m N c, the Lagrangians aret 

= m B c 


L* = Wv**) + \^n„ x EK 

+ lx h ' x nt A x EA + + \f E >mrf EX l 

(3-1) 



(3-2) 


{(**)* (AA* + F,Ff)~ g t g* M,Mf - *%, NA * + jf.VM)}, 

(3-3) 

where 

iFF^iI^A+g^, | 

M l ~'r lt sW»>t li > + l 1 X E >'X m )] 

N = l a ^ X f +X ffA 't'f. J 

(4) 

the <r t/li 

’s being the usual Pauli matrices and g x , g t , l lt l t being arbitrary complex 

constants.J Varying J(// , + IF ±L N )dVdt to A*, \jr kB , x Xff , one finds 


-iJ/,F,+K li A-g 1 N = 0, 

15-1) 


^Xk+ntk^+^WlA'W^-gxA'Xk = o, 

(5-2) 



(5-3) 


**X?-U* ^ ffi +^(n*,A*)^+g l l i A^ - 0, 

(5-4) 


+tS^x*'- { ^VIZ\A*)x"' , -giA*i/ri; - 0. 

(5-5) 


For convenience of future description, the left-hand sides of the above equations 
will be referred to as h{A), h(xf), A(^®), h(x£) and h(r/r%). If every term in the above 
equations is replaced by its complex conjugate, then equations whose left-hand 
sides will be referred to as h[A*), h(x ?), h(ftf), Mx&) an d A(^)are obtained. It is 
hoped that the common usage of the same notation ‘A’ to denote the left-hand 
sides of the different wave equations will not lead to misunderstandings. 

Varying the combined Lagrangian of the matter and the electromagnetic field 
subject to d l <j> l = 0, one finds 

= - ( 4jr /c)i/. 

where 

j, -c(d/dh)(L» + LB + L«) = ec[iAFr-iA*F l -<r l/a (x*»X B * + iW®)! (0) 


t The *’s are dropped from %**, fit*, xj*> &?*• since this will not cause confusion, 
t In current literature g x arul g t are real and l x and l, are unity, which is less general. 
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and satisfies SJ, = 0 on account of equations (B-I-fi-5) The problem now is to find 
T u satisfying , 

8lTu+-{&k$l~&l$k)jl — °> ( 7 ) 

when the right-hand side of ( 6 ) is substituted for j,. 

Now im{>o 8 e the following conditions on T H \ 

(i) that it is gauge-invariant, 

(ii) that the terms in T u involving A and A* only do not contain symbolically 
more than two A’s and the terms involving xf, ftf, xf an d frf only (or x%, A^, 

only) do not contain symbolically more than ono A, and 

(lii) that T u is real and symmetrical between k and l. T u can now be written down 
as a sum of terms such as 

A*u k n l A, d kl n*A*n,A, ( 8 ) 

etc., each with an unknown coefficient y Now split the coefficients of all terms con¬ 
taining A and A* only nito some power of k** times some quantities so that the 
latter are of the same dimensions as the coefficient of A*IJ k TI t A. It is at once found 
that the terms with some power of X s appearing in the coefficient can lie eliminated 
with the help of the wave oquations. Then assume that this elimination is carried out 
so that the coefficients of different terms containing A and A* only contain no at 8 
as a factor and are of tho same dimensions. Let similar Bteps be taken toward the 
terms containing the wave functions of electrons (or neutrinos) only. After carrying 
out such manipulations, our assumed form for T u is substituted into (7), giving 
a long equation ( 8 ) which it is hoped can be made identically zero by properly 
choosing the value of the constants y The different torms in ( 8 ) are not all indepen¬ 
dent; relations between them will be given below. Following the method of unknown 
multipliers, multiply tho relations by unknown constants A, add them to ( 8 ), sot 
the coefficients of different terms in the resulting equation to zero and solve con¬ 
currently for tho A’s and the y’s If in so doing no relation betwoen terms in ( 8 ) has 
been left out, the result of solving for A and y gives tho most general T u satisfying our 
conditions. All the algebra will bo left out except for writing out for future reference 
the various relations between terms in ( 8 ) with their proper multiplying constants, 


\he. {-tA 17% A(A*) + *(/7j? A*) A(A)} =0, (9) 

**««**{ h( X *) -*(//„**£) = (10-1) 

i\Jr“ IJP A h(Xp) H^m)} = <>» (iO’ 2 ) 

ihc<rV*{-ix* + =0, (10-3) 

Hx?)] =o, (i<M) 

ihc<rt*{ HX%) - (*„* A&) m sp )} - 0, (1M) 

HxZ) - (** X?) W)}=0, (H-2) 

{ xZtp* W) - (U r*)M£ S» =0, (11-8) 

h(W) - (*»* h(x?)} -o, (11-4) 

together with the conjugate complex equations. 
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The replacement of 77 and 77* by -t£ and iS in equations (10) and the reverse 
replacement in (11) give in fact a number of other relations, but their multiplying 
constants are all zero.f 

In giving the result for T u , it is convenient to put it as 

r w +7 tt +r£+y,**. ( 12 ) 

and write out Y u . It falls into four parts: 

(i) The part that concerns A and A* only, 

y ii) {fT£A*n l A—A*n k n l A + i u A*n,n t A-s M n*A*n t A) 

- tthc/K 3 ) {ntA*n,A + A*lI k n,A }, (13) 

where yW is an arbitrary real constant. This will be denoted by Tjy and the corre¬ 


sponding T u by T&. 

(ii) The part that concerns electrons only, 

i^T l ^{y<V^si+y <8, ^+...+/%«+*&*}. (14) 

where y®, y <3) , . are arbitrary real constants, 

Am = - to. (15-2) 

Am = (15-3) 

. Am = - ts +x$ i7ux£)> ( 15 - 4 ) 


( e i«a> e H* being the well-known antisymmotrical Bpinors), and the y<®\ t/< 6) , y< 7> are 
spinors obtained from y (i) , »/ 8) , i/ 4) by replacing \jr by x and 77* by 77 with all suffices 
remaining unchanged. This Y will be denoted by Y K , and the corresponding T by T K 

(iii) The part that concerns neutrinos only, this can be obtained from (ii) by putting 
e to be zero. This Y will be denoted by Y N , and its T by T N . 

(iv) The part that contains the g' s, 

\fic | \S M g x A*N+tfJ£A ^ M t ntA*^ (16) 

This will be denoted by Y 1 (the index ‘I' signifying interaction), and its T by T 1 . 
This completes the answer for T n . 

t Strictly speaking, the whole set of relations between terms in (8) is not completed yet. 
By permuting in a proper way the spinor suffices m, ri, etc., in (10) and (11) (either with 77, 
77* replaced by —iS,tS or not), new equations are derived, but these can also be obtained 
from the already existing ones by employing the rules 

a x b* = —o*b^, a A !Ac m +a m c* -f a*b m c A = 0, 

and are henoe not independent equations. Further, there are equations with one side zero 
and the other side times some expressions, which obviously may form part of the 

relations between terms in (8). Relations of such lands will not be written out here. 
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Now see what happens to T kt for the special case in which <j> = 0, x% and ijrf? contain 
x r through the factor oxp ( ic?x r ), x% and y tr? through the factor exp {ic?x T ) and A 
through the factor exp ( icfx r ). In the first place 

cf = cf- c», ( n,A) Mf = All?Mf, 
etc For electrons, on putting all the y 'g in (14) zero, it is found that 

Now cryc^xfx? = -^x^-^cSfxS^ 

= -(TmC&X^Xa + <T lmi iYx$X Rk +°ui cEXt )&)&- 
Hence T& is the sum of two parts, one with its T ki equal to - ihcc^fP (fP being the 
probability density of the electrons £ (xf?(f + ^aVjD) ftn( ^ other given by 

- ^ + ^ Bi l'f)-a lmA cf(xSx EX + ( 18 ) 

Similarly, Tj^ is the sum of two parts, one with its T k < equal to — ihccgfP and the 
other given by something similar to (18) Eliminating from the latter and (18) 
c «a^> c a*X KX ’ cf 4 y!f EA , etc., by means of the wave equations, so that tho 

resulting expressions contain no other derivatives than that of A, and noting that 
each must be antisymmetrical lietween it and /, it is found that their sum reduces to 

Mkn * A * +M t n * A *'< h coni P- con i 

Finally, for any value of yWin (13), it is observed that 

T^ + %{g % iM t TJtA*-e,tiM*II k A) = -t/iccfp* 


fp being the probability density of the scalar mesons, and thus 

T ki - - ihc(c k fj s + c%p B +p N ) - \hcAfi ki , (10) 

where A is short for 

-g l A*N-(g i t/K s )M,ITfA* + oomp.oonj. (20-1) 

which in the present special case 0 = 0 reduces to 

+ xff Ki ) + (20*2) 

or 2k n (Xi + X* t™) + f NA ) (20-3) 

or -2(x s )- l [(x s )* + c®cf]^A4*. (20-4) 


Thug apart from the term - \hcAd M in (19), (i/e) T kt gives the expected value of 
momentum density. 
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It is impossible to compare T u with the Hamiltonian H of matter, since the 
former is gauge-invariant while the latter is not. Let P be the canonical variable to A , 
P* that to A*, and let H' be 

H + fa(AP -A*P*) + i (21) 

so that the wave equations take the gauge-invariant form 

n ‘ A ‘^[S HW ’ A } n * p ‘k\j H ' dV ’ p ]’ 

n ‘‘ A ' - h[\ ,, ’ dV ’ A '\- n ' p ' - 

= - *- QfTdF, rjr** J, 11* ~ , 

S**> ’ l\j wdv -^} l**' - IfjW,**]. 

etc. Then, adding to the above T u the term - S u times 

L K + L N -ftcA- ^ {[(**)* A A * + A *(n,n,A - g^N -g % iTT, M,)] + comp, conj.}, 

(23) 

which vanishes always, then by partial integrations over the space co-ordinates 

jH'dV = jr 44 dF, (24) 

showing that the modified Hamiltonian JV/'dF is the total energy. 

II. VECTOR MESONS AND ELECTRONS 

The Lagrangian of the vector mosons is 

-£{{*)'A t Ai + tWF v F$-to t tir u r$- l r<g l M t Al + rtMiAA}, (25) 
where k*'F {} - *(.17,4 f - II } A t ) + g a r i} , (26* 1 ) 

M, = < 7 ,^^ + ( 20 - 2 ) 

r i} = <Ti, n i<r i . m Al^W Nn X Km + i]r Nm x Rn )+t nm {ijr Ei x N t + ^^)], (20-3) 

9v 9a> h> h being again arbitrary real or complex constants. With L K and I/ 1 given in 
the previous section, it is easy to see by performing variations that 

k v A j -in i F tj -g l Mj = 0, 



(27-1) 
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**xf+nW*'‘+ff t AW»'+ 9 / £ U*%A* x )x»t = 0, (27-2) 

K*t*- n* xX Rk - 9, h AS A X* A - 9 ^ {n%A*i- II*} A%) = 0, (27-3) 

K x X?-M.X*" A + giA*rf**+^\n^A**-n*'Ai *)*«' = 0, (27-4) 

^^+*S AX ^-g 1 l l Atxx Ba -^mA*l-n*lA^)^ = 0. (27-5) 

As before, the left-hand sides of the above equations and their conjugates will be 
referred to as h(A } ) or h(x£), h(ft„), Hyff), etc Varying the combined Lagrangianof 

matter and field, one finds , 

. . . 4 it . 

= ~ c Ji’ 

where j, is given by 

c(3/30,)(Z^+L*+L*) = «e{iA t Ff t - iAfF n - <r t $** + X Kfl H*')}. (2«) 

and satisfies tt t j, = 0 on account of the wave equations 
The task is to substitute this,;/ into 

fyTu +- (S^t - &tf>k)Ji ~ 0 

and find the corresponding T kt . The same set of conditions will bo imposed on T kl 
as before and the same procedure employer! in finding it The only difference is that 
equation (0) is to be replacod by 

^{-tAJf/,A(A { ) + »(/7/A/)/i(AJ)} =-- 0,1 
{Hc{-iA'tU k h{A l ) + i(n k A i )h(All)} = «, - (29) 

\hc{ >AfH l h(A k )-i(II t A k )h(At)} = 0 .) 

and that the symbols h now denote entirely different functions. Writing T w as 
+ r,*. + TJ, + 7,*, tho result for Y u falls into four parts, of which that concerning 
electrons and that concerning neutrinos are exactly those given in the previous 
section. The other two parts are 1 

(i) That concerning vector mesons only, 

Y H) {Hf a t it, A t -ntA x u h A,-n*Af n f A s -Afii, u t A t 
+ax u^a, + a* n k n,A + tf u n*A*ii,,A r 
+ \d kl Ilf Af TI, A, - A? n r Il, A, - A * //, II r A „) 

+ Y 9) {n*Af n l A g -A*n k n,A l< + s k ,A? n,n t A r -$ M n*A* n r A„} 

- — {Ilf Af ll„ A , + 77jf A* II, A, - nt A* /7, A, 

-A*n a n,A k -\s u n*A*n r A H -\s u n*A*n,A„ 

+ \& u Af n r n.A.+ \s M A*n t ii,A r }, ( 30 ) 

where ■y <8) and y< #) are arbitrary real constants This is denoted by Y v and its T by T v . 
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(ii) That containing either g t or g t , 

- W A * - n * A V+ A t n ' r *} 

+ i*c &u\gi A*M t +A* n M r*J. (31) 

This is denoted by Y 1 and its T by T 1 . 

For the special case in which <f> = 0 and the solution for y®, and A { contains 
x T through the factors exp (tcj?x r ), exp (t c?x r ) and exp (icfx r ), it is noted in the same 
way that after setting all the y’s in (14) zero, Tjg can be reduced to two parts, one 
with its T k4 equal to — ihcc,^p s and the other given by (18). (18) and a similar expres¬ 
sion arising from T%, combine to give 

w a ;4 iram at - am ?)+wis a ? - 1 zmm 

+ £fo0i( — A f M k + .4J Mj) + comp. conj. 

Noting that 

^(r H ntAt+r, k n:AT)+g 1 (-A?M k +AtM l ) 

- ^(U k A a n*AT- n,A'n*At) + comp. conj. = 0 

and that 

~~p( c *A,AJ—cf A t Af)+^p I\ { Af + oomp.conj = -t p v , 

where p v is the probability density of the vector mesons, one obtains finally for 
any value of y< 8) and y< 9) 

T ki = -ihc(c%p v + c%p R + c%p N )~ hfic/sS ki , (32) 

where A =» — ~ Af 11,^+ comp, conj , (33-1) 

which, expressed in the wave functions of electrons (or neutrinos) for the present 
special cas6, reduces exactly to the expression (20-2) or (20-3), and expressed in the 
wave functions of the vector mesons, to 

— -p. \(k v )* A t Af + cf c\ AjAf — cY c r A t Af] + comp. conj. (33-2) 

Before concluding this section, consider the relation between the Hamiltonian 
of matter H and T u Let P t be the canonical variable to 4f (» =* 1,2,3) and P* that 
to Af (t = 1,2,3), and let 

H' - H + -PfAt) + ieU** x 1? k + **»**>)■ 


(34) 
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Then 77 t d< -llfPt = ~ [Jff'dK.iFiJ, (» = 1,2,3) 

mA, = i[) 'uav,a{\, n.Pt = 4[|mw]. 

equivalent to the wave equations for A it Af, 1\ and P* (» = 1, 2,3), and 

= - £ [Jz/'dK, , 

etc., equivalent to the wave equations for \J/ Klk , etc. It is satisfactory to see that if 
to the above T u is added — t u times 

LK + LK-hc .A . {[(*»')» A t Af + AHriflljA, - 77,77, 

-y sl t77,7y,-» 1 <c K if,)] + comp.conj.}, (36) 

which vanishes always, hy partial integrations over the space coordinates 

jll'dV = jT u dV 

is obtained. Thus the Hamiltonian is again the total energy. 

It is perhaps needless to add that the above calculations and conclusions can be 
extended to include protons and noutrons So long as there is no direct interaction 
between the heavy and the light particles, the extension can bo easily made. For 
this reason, it will be loft out here 


PART II. PARTICLES OF SPIN 2 OR 3/2 

Calculations of a general impulse-energy tensor T kt for mesons and electrons are here ex¬ 
tended to particles of spin 2 or 3 / 2 , whoso wave equations were given by Flora A Pauli. 
Results are generally similar, though expressions for T kl are now much morn complicated 

Introductiox 

In part I of this paper, it is pointed out that for voctor or scalar mesons and electrons, 
there exists a real and symmetrical tensor T w satisfying 

Wu+fk = «. ( 1 ) 

where f k is the four-force and S, denotes differentiation to x,, (x, being the vector 
x, y, z, id). On interpreting T kl (k = 1,2,3) as - tc times the momentum density of 
matter, T u as the energy density of matter, the conservation law for the total energy 
and momentum of the matter and the electromagnetic field in any region of space 
is obtained, account being taken for their flow across the surface bounding the 
region. Needless to say, in constructing expressions for the energy or momentum of 
matter, suoh a conservation must be constantly kept in sight and thus the correct 
construction must start from determining T u from (1), obtaining the density expres¬ 
sions from T u and performing a final integration over space. 
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In this part of the paper the investigation of T u will be extended to particles of 
Bpin 2 and 3/2. Expressions for T u for such partioles in a force-free field have been 
given by Fierz ( 1939 ), and thus here attention will be concentrated on T u for 
particles in a general electromagnetic field. Throughout the entire calculations, the 
wave equations given by Fierz & Pauli ( 1939 ) for such particles will be employed. 

I. Particles of spin 2 

Following Fierz, let the wave functions be a symmetrical tensor A u together with 
a scalar C and obtain the wave equations by varying a Lagrangian L t * ) . They are 

2 + 2/7,77^ ik — 2{n i n„A llk + H k TJ a A^ — ~ (<j> H A a + <pi k A ti ) 

+ un i n k +n k n i )C- tf ik (- m r n„A„+\n t n,c) = o, ( 21 ) 
2 K*C + n i n,C-$lI r II a A rl , = 0, (2-2) 

whore <f> u denotes 8,^—9^ and all the other symbols have the same meaning as in 
part I. As before, the left-hand sides of the above equations will be called h(A ik ) and 
h(C) and those of the conjugate equations h{Af k ) and h(C*). 

Fierz has not given an expression for the current, but one can be obtained from 
varying the Lagrangian to <}>,. Varying the combined Lagrangian of field and matter 
subject to 8,<f>, = 0 , one finds 

where 0 is a scalar to bo determined later by 8,<f> t = 0 , and j, the vector 

^ “ {A* ik n t A ik - Ai k n { A lk - At k U a A tk 

+ ^A^ l IJ k C' + i C* Il k A kl - f ( 7 * II t C + comp, conj}. (3) 
It is easy to verify from the wave equations that 8,j, — 0 , thus we tako it as the current 
vector. At the same time, since 8,j, = 0 , then 9^,0 = 0 or 0 = 0 , and thus 

( 4 ) 

as usual. Incidentally, it may be pointed out that the condition 8 l j l = 0 is not 
sufficient to determine j t . An example is provided by the vector 
Ajj'IliAto— A£Il i A ik + comp, conj., 
whose divergence is zero under all conditions. 

As before the method is to substitute the right side of (3) for jf, into 

&iTu+ l -{8k<f>i-&i$k)ji =* 0 

and solve for T u . The procedure of finding T kl is exactly the same as before, and its 
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description will therefore be omitted here. The equations playing the part of (9), 
(10) and (11) in part 1 are 


i-i-xAulIt K(A$) + x(niA!l)HA a )\ = 0, 
-\^{~iA u nt A(^t)+ HAJ) = 0, 

l^{~tA lk n?h(A^)+i(n?AS)h(A lk )} = o, 

0{ - tA ik llfh(C*) + i{/7* C*) h(A ile )} = 0, 
0{-iCIir hiAfo + iU/tAM h(C)} = 0 , 
h(c*)+wtc*)HV)) =o, 

and their conjugates. Tlie result for T u is that, if it is written as 
i w+i»+ Y kl + Y*k> 

y»y$+y a > y$+.. + y & > y<» + y», 

where y iJ , y a) , . are arbitrary real constants and 

rfi = lifAi n T A M + ii*Atir r a^- m*A*u a A u 

- /I£.77, A7 r ^ M - Airll'IhAb + .4*7/,.7/ g ^ w + At,n r IJ H A r , 


Y u is given by 


(«) 


( 6 ) 


(7-1) 


yffl - ur Ain^r-urAiu k A lr ~niA^n t A ik 

- Atriin.A lr +Air n t ii,A rs +A*u,n a A Kr • 

+ kt u n*Aill r A rt + IfSulliAlll'Aj 

- WuAt'llrlTtA*- \S u A+lI t n r A M , (7-2) 

Y® = - r/; ,4 * 77* .4*+.4 r * 7/ fc 77, d r „ + 77* d J77 r d „ - d w d r * 77,77, A (7-3) 

y$ - 7/jf r;*7/,o- c* n k n,v-s a n*v* n,c+d M c* u,n t c, (7-4) 

y$ = /7* c*n,A u -ut c*n,A kH -n;c*ir l A kt +c*n k n r A lr 

- \c*n r ii r A u +A'f l n k ii,c ~ | Ayi'ii'C 

+i kl nic*n r A r ,-is k ,A*rr r n a c-^ kl c*n r n t A n , (7-s) 

~lic Y ® = l n t A t n iA,r-n? ^17^-2112 AlI7,A lr 

+ 27 /; d?* n a A u +n?Ai r n r A u + \A*ji k iiiA n 

+A*n r n a A kt -At l n r n ll A n +A*ii t n r A kl , 

- ZA*n r lI l A k '-S ki n*A* t n il A llt + & u A* t n r n t A ai 
+n?c*n,A ks -\n:c*n a A a -r ia^ii^c 

- \AtrnMc +i4j&77 r 77 r c+ i6 u c*n r n.A„ 

- \t a A*n r n t c - &nt c*n { c - &c*n k n t c. (7-a) 


VoL 18 *. A 
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Examining —e~ l j t c k h and T kt for the special case in which 0 = 0 , and A& and C 
contain x r through the factor oxp (t c r x r ), it is satisfactory to find that they are equal 
for any values of the constants y m ( 6 ). In proving the equality, the equations 

C -= C* = c r A„ = c r A* = 0 , 

are utilized, which can be proved from the wave equations for this special case. 

With regard to the Hamiltonian of such particles and T u , no attempt will be made 
to compare them in the present paper, for a theory of second quantization for such 
particles in an electromagnetic field is still lacking. For second quantization of Buch 
particles in a force-free field, reference should be made to Fierz’s paper ( 1939 ). 


II. Particles of spin 3/2 

Following Fierz & Pauli ( 1939 ) let the wave functions bec„, cfy, cty and bfo, of 
which the last two are symmetrical in a, ft and a, ft rcsjiectively The conjugate wave 
functions are c *, d*, and 6 *J. Whenever thoy have their suffices explicitly 
written out, the *’s are omitted, since this will not cause confusion 

The wave equations can bo deduced as usual from yarying a Lagrangian In the 
present case, the Lagrangian D W2) is 

- hc{K[ay^ + - [aljl + bfny a + c.c 1 


- X(d*ll afi dt + r a U^Cf) - Ox(d«c a f d*cj} ( 8 ) 

The wave equations are therefore 

2-t lt d >‘nt p ) + (/Zjrf- + U d dt) = O, (9-1) 

iKa l P ~"/ISO + i u ¥*+ U Vi^ = °> (»-2) 

•2KC a - l + ll^d* =0, (ft-3) 

2 Kd* -= 0 ( 9 - 4 ) 


According to the way the notation 'h’ has been used (see part I), the conjugate 
equations to the above arc simply 

Hbf) = h(urj « h(c d ) = h(d*) = 0 

At this juncture it may be pointed out that the numbers — 3 and - 0 in the Lagran¬ 
gian were given by Fierz & Pauli as 3 and 6 which are wrong. Using the numbers 
3 and 0 instead of - 3 and - 6 , the coefficients in (9-3) and (9-4) are all positive, thus 
c = d = 0 for the case 0 = 0 cannot be deduced. 
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To get the current, vary the combined Lagrangian of the particles and the field 
to subject to = 0. Tn this way 

is obtained, where <P is a scalar to be determined by = 0 and is the spinor 

a #3/2) 

~ 2c ^f = + b }iKy~ - a W } t' + b % C fi + K' ( '» 4 :W / / . + 3< /.oV ( 10 ) 

It is easy to verify from the wave equations that = 0, so that j fli , can l>e taken 
as the current spinor. At the same time from — » the equation — 0 or 

0 = 0 is derived, and thus 

-.w^'Vv = -^>. ( 11 ) 

as usual. 

The equation for the spinor < rtAmA of T kl is 

S**UnA+ - 0. (12) 


and the procedure of solving for is exactly the same as that for T u in the previous 

section or that in part 1. The equations playing the part of (9), (10) and (11) in part 1 
consist of 

(l) equations of the type 


a l/i ntihity) ~ h[av fl ) = 0,) 

KftJhAh(af)-(n M af)h(bl fl ) = 0,j 

(ii) equations of the typo 

d*niMbf)-{Tl%bf)h(d -) = o,j 

- c*n M h(aff) + (n M af) h(r*) = 0,j 

(iii) equations of the type 

of /7* A(c«)-(/7*c*)A(«^) = 0.) 

-IfflhMd*) 1 (ri x d*)h{hff) = 0 ,j 

(iv) equations of the type 

dinwcj-msaWo) = 0,1 

c d U M h(d A )-{I/ M d d )h(c 6 ) = 0,j 


(13) 


(14) 


(15) 


(16) 


and their conjugates. By putting one dotted and one undotted suffix to be n and m, 
raising or lowering some of tho suffices and fierforming some contractions, each of 
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their left-hand sides oan be made the nm component of aepinor. In this way, (13) 
and their conjugates provide sixteen independent equations , - ) 1 (14) and their con¬ 
jugates eight equations, (15) and the conjugates eight equations, and ( 10 ) and their 
conjugates eight equations. Needless to say, there are equations obtained from 
the above by replacing 77, 77* by - id, ti, and also equations with all terms con¬ 
taining Sutp* as a factor. Multiplying them by unknown quantities A t , A.. 

adding them to the equation obtained by substituting in ( 12 ) an assumed form for 
setting the coefficients of independent terms of the resulting equation to be 


zero and solving for the A’s and the constants in the assumed form of t, the required 
result is obtained. 

Putting t MmX as 

yrt*«A + ^<WAm + 2/*AmA+!/3rtAm> ( 17 ) 

the result is 



(18) 

where Y l) , Y 2) , ... aro arbitrary real constants and 


?/« = 


(19 l) 

»»-• 

~ e mA a i p n*fi a ip + k mX e tU 

(19-2) 

0 ® = 


(19-3) 

y« = 

TT^d x —d A fI% i d m + kMlfinltd*, 

(19*4) 

?/ 6, = 


(19-6) 

y® = 

~ n*£d x + ^e mX e M d/n*fd a , 

(19*0) 

y’>= 

d A Il^at - djl^ai +1 € inX € M d A 

(19-7) 

y® = 

^d A n* f ait+ \e nlX e M d 6 n*t<P> 6 ?, 

(19*8) 

y # >- 

e *4 d 0 IJ* fi a{ fi + je mX e M d 6 n* fi aP 6 f, 

(19-9) 

y io) = 

aiMd m -at t n; A d m + 

(19-10) 

y>» = 

e mA “i p nt i d l> + K,a e M aP^n* fi d p , 

(19-11) 

y«) = 

II *fid m + b m xe*aP'fin* f d p , 

(19-12) 

f By mdependent equations are meant those which do not have a 1 in oar dependence 
between them owing to relations of the type 


o a 6 * = -o A 6 A , a A b*c m + a m b x c* + a*b m c A = 0. 
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W-frL 

+- k * n+jaL - id,m*d m 

- i e mA e iud^rrZjd* + ^ nffa mM 

+ K +e M e mX dt, /7>^ 

- 2o mrtA /7*rf* + laljl*>d m + + , (20) 

y< 1S) , if u \ ... are tf l \ if * 1 ,... with a replaced by b, d by —c, and 11* by 77, and the dots 
in the right-hand side of (20) denote the preceding terms treated with the same 
replacement. 

In the case of no field, compare —e^j^c^h and t Mm> , where c mA is the spinor 
appearing in the solution exp(— for the unstarred wave functions For 

this special case 

C a fiO,*f = c a/ttf “ Cp = d p = 0. (21) 

So-c-y ri c mH * is simply 

-2 chc^ala^biXli)- (22) 

If all the y 's in (18) are zero, then 

t Mm . = -hc{2c a fni.ah + r a ja^ai l + c^a* t al,}, (23) 

plus exactly the same terms with a replaced by 6. Making use of (21), one has 

c*t<*L a M = = c^a^ait+cZa 

Similarly e^o^a*, = - = la% i {c a fia{ M +c l fia{ lt ) = - 

the last equality being the result of applying the wave equation. In the same way 
it is found that 

c aj a itA a im = -«*£/**• 
c m fl «H a /4« = Ka i*b»ami 

c A a mi a fix* ~ Ka mib*j>r 

Hence the right-hand side of (23) reduces to 

- - *»2u&**, + Ka^b^J. 

Similarly, the right-hand side of (23) with a replaced by b reduces to 

- bc{2c mA b^bi + Kb^a^ - Kb^ m ). 

Adding, it follows that 

- 2/i cc^tijal + b'fbfo, 

which ib exactly - 
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The comparison of the Hamiltonian of such particles and their T u is not attempted 
here, for a theory of second quantization for such particles in an electromagnetic 
field is still lacking. A theory of second quantization for such particles has been 
given only for the case ^ = 0, which can be found in Fierz’s paper. 

Thus the Bearch for a symmetrical T u for elemontary particles with spin ranging 
from 0 to 2 has been completed. The only unpleasantness in the result is that T b is 
not unique. Also, only the lowest possible derivatives have been considered, i.e. 
introduction into T a of higher derivatives of the wave functions than those con¬ 
templated here could havo been made, but this has not l>cen done. 

In conclusion, the writer wishes to thank Mr K. S Kao and Mr J. T. Yang for 
their kind interest. 
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A physico-chemical study of some induced changes in the 
morphology of Bacterium lactis aerogenes. A theory 
of the balance and adaptive variation of certain 
enzyme processes in bacteria 
Bv C. N. Hinbhklwood, F R.N. and It. M. Lodge, M A., B.So 
(Received 2fi May 1943) 

[Plate 10] 

A. strain of Bacterium lactit aerogenes Riving normal growth when moo ala ted from bouillon 
into a standard gluoose-phoaphate-ammoniuin sulphate medium yields many long snake-like 
forma when inooulAted into a similar medium with a much lower glucose concentration 

The size distribution in the cultures giving the snake-forms is quito different from normal, 
and is represented by tho equation n, -»nexp (—1/2), where n t is the number of colls of 
length greater than l, n is tho total number and I is the mean length This holds well over 
most of tho range but does not take into account an occasional excess, m the later stages of 
growth, of exceptionally long nulla. This formula suggests that wo are dealing with a con¬ 
dition where tho cells elongate, but where division is delayed, and depends upon a favourable 
conjunction of certain indopondent events in the coll (If the probability of division bocoinos 
too small, this law itself will break down ) 

During the growth cyclo 1 passes through a maximum and then decreases, most of the 
snakn-formH disappearing again -though some occasionally persist in excess of expectation 
these may be forms of low viability 

A 81X0 coefficient, tr, is defined which gives a good representation of the abnormality of tho 
appearance of the culture under tho microscope, and sorves to characterize the distribution of 
lengths. 

IT and i doorcase us tho osmotic pressure of tho medium is meronsod by tho addition of salts 
or of orythnte 

With successive passages of a culture through the ammonium sulphate modium the power 
to give the snake-forms shows a regular decline and is finally lost. It does not appear to be 
easily restored by several passages through bouillon 

The tendency to Rive snake-forms is enhanced by one preliminary passage through a 
modium containing asparagine, but growth in an aapuragino medium gives normal forms. 

Experiments on the effect of centrifuged medium from old cultures, of inoculum size and 
age, and of glucoso concentration on <r and on the lag, taken in conjunction with previous 
work on the lag phase of Bact lactut acrogcnes, Lead to the following hypothesis: Two separate 
factors L and />, one of which, L, is diffusible into the modium, the other, I), being probably 
retained by the cells, arc responsible respectively for elongation and for division D may be 
consumed or diluted in tho process of division: und its formation may be ocoolerated or 
impeded by the presence of other substances in the medium If the cells are transferred to 
a new medium, the rates of formation of L and L> may be out of balanoe and snake-forms 
appear. Successive passages restore the balance by a process of 'training' The mooliamsm 
of the training is discussed in the light of a hypothesis in which a crude model of enzyme 
synthesis having certain analogies with crystal growth is used 


[This paper has been printed in full m Proceedings ft, volume 132, pp. 47-4J7 ] 
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Pebbles, natural and artificial 
Their shape under various conditions of abrasion 
By Loud Rayleigh, F.R.S. 

{Received 7 September 1043) 

[Plates 8-10] 

This paper may be regarded aa the seqiiol to an earlier one (Rayleigh 1942 ) and deala with the 
formation of artificial pebbles under controlled condition*, and their comparison with the 
pebbles found in nature. As before, symmetrical pebble* having an approximate figure of 
revolution are oliiefly considered 

A senes of marble pebbles, made experimentally by attntion of rectangular blocks by 
fragments of hard steel, is shown m comparison with natural pebbles. The senes ranges from 
cylinders with rounded ends, to an approximately spherical figure, and then on to oblate 
forms ending in a disk with rounded edges Those are closely matched by a senes of natural 
flint pebbles collected from the glacial gravel Prolate or oblate spheroids, differing widely 
from the sphere, are not obtained m experiments of this kind, nor are they found in the gravel 
formation 

An altemativo way of making pebbles in tho laboratory is by ‘pothole’ aotion. The ex¬ 
perimental pothole is a cylindrical vessel contain mg water with a paddle revolving ooaxially 
with it. Tho paddle maintains a vortex, which Carnes tho stone round Either the bottom or 
the wall of the vossol may he niado of abrasive material. When tho bottom is abrasive, tho 
pebbles are of such a shape that they lie inside a spheroid of tho same polar and equatorial 
diameter in contrast to the previous case, where they lie outside When the sides are abrasive, 
the form tends to the spherical Tin* effect appears to depend on tho woll-known tendency of 
on elongated body to sot itself athwart the stream, thus tho end tends to nib against the 
abrasive wall Sphoncal pebbles of considerable perfection can be made in this way. 

As regards < oncavo pebbles, the discussion in the former paper is witlulrawn A new method 
of experiment is used, depending on the pitting of a small square of sheet glass, revolvod in a 
box with the abrasive. If many broken Aults are used, each comparable in size with the glass, 
the latter is chiefly pitted in the middle, tending to form a concavity. If a single flint only is 
used, the pittings on the polished surface are uniformly distributed, and there is no tendency 
to form a concavity It would seem, therefore, that concavity is produeod by tho edges being 
more protected than the middle, tho protection being given by pebbles other than the one 
which is making tho wound at tho given momont. This action is apart from the rounding of 
the edges, which ultunately spreads, invading the concavity and producing a general convexity 
as in ordinary pebbles. 

The present paper may be regarded as the sequel to a former one (Rayleigh 1942 ) 
and deals with the formation of artificial pebbles under controlled conditions, and 
their comparison with the pebbles found 111 nature. As before, symmetrical pebbles 
having an approximate figure of revolution are chiefly considered. 

The vast majority of pebbles found in nature are obviously Bhaped by the 
abrasion of other liko pebbles rolled with them in watercourses and on sea beaches. 
In the earlier work chalk was used as the material of artificial pebbles, and it was 
shaped by being placed in a metal box with various kinds of abrasive ‘particles’,* 
small short ‘tintaoks’, and steel hexagon nuts. The box was kept in slow rotation 
about one of its shorter axes. 

* For convenience this word is used even when the pieoes are as large as the specimen to 
be abraded. 
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Chalk was used because it is Boft enough to be readily shaped into spheroids. In 
the present worjc this material was abandoned. Marble was used instead, and it 
was sawn and filed into prisms of square section. 

To imitate the natural process chiefly at work in the formation of pebbles, the 
marble blook was placed in a metal can measuring 17 x 10 x 7 cm. With it were 
placed about 260 g. of angular fragments of hard steel, weighing some 6 g. each. 
They were made by breaking up old files. On account of their weight and hardness, 
these acted as a more efficient abrasive than other pieces of marble would do, but 
otherwise their action is believed to be similar. 

The box was rotated about its shortest axis by a small motor with a worm gear 
to reduoe the speed. The rate was 40 r.p.m., causing the contents to fall to the 
opposite end of the can 80 times per minute. The power consumed was less than 
20 W, so that prolonged runs could be made without too great a demand on the 
electric supply (from accumulators). Three or four days were sometimes necessary. 

A series of pebbles was made from blocks of marble ranging from 4x2x2 cm., 
producing a prolate pebble, through 2x2x2 cm., producing an approximate 
sphere, to 4x4x2 cm., producing an oblate pebble. The finished pebbles were of 
course considerably smaller. 

The actual pebbles are shown in plate 8, figures 1-8. They were attached to a 
glass plate and printed by a simple shadow method with a distant arc lamp os 
source, and without using lenses. They are reproduced in actual size. 

As regards the size of the initial rectangular prisms, these were. 

(1) 4x2x2 cm., (2) 3*3x2x 2 cm., (3) 3x2x2 cm., 

(4) 2-7 x 2 x 2 cm., (6) 2x2x2 cm., (6) 0-2 x 2-6 x 2-6 cm., 

(7) 2x3x3 cm., (8) 2x4x4 cm. 

Below the row of artificial pebbles arc placed a series of natural pebbles of flint 
(plate 8, figures 9-16). Those also have an approximate figure of revolution; the 
axis is shown vertical when the printed matter on the diagram is oriented for 
reading. 

Flint pebbles of the desired symmetry are not very common—indeed, not more 
than 1 or 2 % of the local flints have any regularity at all, and the percentage 
having symmetry about an axis is far smaller still. It has not therefore been pos¬ 
sible to match the artificial series of pebbles exactly with natural ones. Neverthe¬ 
less, it will probably be agreed that the general resemblance of the two series 
proves that the artificial process is representative of the formation of natural 
pebbles. 

There is no direct knowledge of the initial shape of the angular piece from which 
a particular rounded pebble was formed in nature. The pebbles here considered 
have an axis and a plane of symmetry, and they would most naturally be regarded 
as having originated in an approximate prism, more likely a square prism than 
any other, for triangular or pentagonal prisms, for example, are unlikely to occur. 
An initial solid having less symmetry than these can hardly satisfy the require- 
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ments, at least if the abrasion is by friction with other pebbleB. As will be seen, 
the case is different if abrasion in a pothole is taken into account. 

It will be seen from the extremes of the series 1-8 (plate 8) that it is quite illusory 
to regard the ellipsoid as a typical form for a pebble produced by abrasion by other 
bodies of comparable size or smaller size than its own. The axial section of such 
a pebble always lies outside the ellipse, or, in other words, the pebble allows 
a spheroid to be inscribed within it, touching only at the poles and at the 
equator. 

The nearly spherical form m the middle of the senes is of course an exception 
to this, and it is obvious a priori on general geometrical grounds that a pebble 
deviating only slightly from the sphere can be closely represented as a spheroid. 
Moving further along the series it will be noticed that this approximation breaks 
down and can have no physical significance. At the ends of the series there is no 
kind of resemblance to a spheroid. No 1 may be described as a cylinder with 
rounded ends, no. 8 as a disk with rounded edges. 

In the cases just treated, simple inspection shows that those pebbles with 
figures of revolution which deviate considerably from the sphere are not spheroidal, 
but, if fitted to a spheroid at the poles and the equator, will bulge away from it 
at intermediate latitudes. 

To examine this matter more closely, the actual size silhouette was enlarged 
photographically on to glass of half-plate sizo. The glass enlargement was put down 
as symmetrically as possible, film side downwards, on to a piece of squared paper 
with mm. rulings, on which the proposed axes had been marked. The glass was then 
secured to the soction paper with soalmg wax to prevent relative movement The 
ordinate corresponding to a given abscissa was read off in all four quadrants and 
the arithmetic mean was taken, in this way, a single quadrant of an idealized 
pebble section was defined and plotted on the arbitrary soale of the enlargement. 
The corresponding quadrant of an ellipse with the samo axes was calculated and 
plotted for comparison on the diagram. The scale of the diagrams is arbitrary, and 
not the same for all. 

The ellipse is shown by a full line, and the pebble outline by a dotted line, when 
it differs widely enough from the ellipse to admit of separate representation. 

Figures 10 and 17 show artificial marble pebbles, prolate and oblate, from the 
above series. In both cases the principal section of the pebble lies outside the 
ellipse drawn to the same axes, and I have not so far found any exception to this 
rule among artificial pebbles shaped by mutual attrition, or among natural pebbles 
(figures 18, 19). I have, however, met with a pebble with shape approaching much 
more closely to the oblate spheroid. This pebble was one of a collection given me 
by Sir D’Aroy Thompson, and was figured in the previous paper (Rayleigh 1942 ). 
■It was perhaps from the river Spey, but this is uncertain.* It is very unfortunate 
that no precise details are available as to the origin of these pebbles. 

* Other oblate pebbles in the same collection, but not of the same material, show more 
nearly the usual flattened form. 
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Figure 17 
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Reflecting, however, on the problem of how such an ellipsoidal pebble might be 
made in nature, abrasion on rocky river beds or in potholes was considered. 

It is evident that the abrasion of a jiebble in these occurs under conditions very 
different to those used in the earlier experiments, in which the pebble was abraded 
by bodies of the same dimension as its own or less. When it is abraded on a river 
bed or in a pothole, it is, in effect, being abraded by a fixed body of dimensions 
very large compared with its own. The idea was oonceived of making an artificial 



pothole in the laboratory. I began with an ordinary flower pot with water entering 
tangentially from a hose connected to the water supply, and flowing out through 
the central hole. This approximates to what Rankine ( 1864 , p 574) calls a free 
vortex. Small pebbles of chalk were carried round and abraded by the unglazed 
earthenware surface. The angular velocity is greatest at the centre, and a short 
perforated zinc tube was placed axial with the pot to prevent the pebhle getting 
into the exit hole and plugging it This arrangement gave suggestive preliminary 
results, but was wasteful of water and not very effective. A forced vortex, i.e. one 
in which the water is caused to rotate with nearly uniform angular velocity, was 
then adopted. The vessel, a cylinder 27 cm. in diameter (figure 26), was partly 
full of water which was kept in rotation by a revolving paddle B. To abrade the 
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experimental pebble a stationary abrasive disk A covered the bottom of the 
oylinder. This disk consisted of carborundum grit, i.e. crystals of about 1 mm. 
linear dimensions, mixed with about one-third its bulk of Portland cement, and 
allowed to harden for several days. This abrasive cement was worn away to a con¬ 
siderable extent in the course of the work. It answered the purpose sufficiently 
well, but a coarse vitrified carborundum wheel as used in grinding machines would 
probably have made a better (stationary) disk. 

It was necessary to prevent the stone getting to the centre of the vortex, where 
it would be stationary on the bottom. A hemispherical lead weight E of 9 cm. dia¬ 
meter was placed in the middle of the disk to prevent this, and the stone C was 
limited to move in the annular track between this and the side of the cylinder. 
As soon as the paddle was started it went round this course, turning on to every 
side, edge and comer in succession as it was dragged over the abrasive surface by 
the water current. 

It constantly knocked against the side of the cylinder, and it was possible to 
judge from the sound when all was working satisfactorily, even when the water 
had become opaque with the mud resulting from the grinding. 

The size of pebble that can be moved will depend—other things being equal- 
on the circumferential velocity v of the water. If tho water revolves with uniform 
angular velocity, the pressure will be greatest at the outside, the water surface 
being a paraboloid. The height of the surface above the central depression is r*/2g, 
when g is the acceleration of gravity. For a velocity of 2 m./seo. the height is 
20-4 cm. The actual mean speed was nowhere quite so large. 

To move a rectangular block and to overturn in from its stable position is of 
course more difficult than to move a rounded pebble which can roll. My arrange¬ 
ment would keep a marble block 6x6x3 cm. weighing 320 g. on the move It 
was found, however, that pebbles from a block as large as this did not preserve 
a very satisfactory degree of symmetry. Tho size ultimately preferred was about 
4x4x2 cm. to produce oblate pebbles, and 4x2x2 cm. to produce prolate ones. 
These sizes had been used for the pebbles produced by other methods. 

It is possible that by planning everything on a larger scale and with higher 
angular velocities, perfect pebbles of large size might be produced in the vortex 
on an abrasive lied. 

Coining now to the results, the plate shows that the pebbles formed by this method 
(figures 22, 26) are of quite a different shape from those produced by attrition 
with steel fragments (figures 21, 24). Their meridional sections were plotted in 
comparison with an ellipse in the way already explained, and it will be seen that 
the pebble, whether prolate or oblate, lies inside the spheroid which is adjusted to 
fit it at the poles and at the equator (figures 27, 28). 

It will be seen then that the most common process, attrition by other pebbles, 
produces a pebble which lies outside the spheroid. Another process, of the general 
nature of attrition in a pothole, produces pebbles which, though nearer to the 
spheroid than the common kind, .lie inside it instead of outside. Such pebbles can 
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Figure 27 



Figuae 28 
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readily be produced in experiment. I have not so far met with any natural ones, 
but better opportunities of search may lead to the discovery of such. 

Clearly the two processes may have co-operated in any given case, and the 
occasional occurrence m mountainous districts of pebbles showing a close approxi¬ 
mation to the spheroid can be explained, like the one figured in the previous paper 
(Rayleigh 1942, facing p. 118). 

The artificial pebbles produced by the pothole method, as it may be called, are 
in general more perfectly shafted than those produced by attntion with steel 
fragments. Even unsymmetrical natural pebbles of flint or quartzite tend rapidly 
to acquire symmetry if they are worked down in the vortex. Attrition by other 
pebbles does much less to correct asymmetry 

The only actual potholes which I have had the opportunity to examine are some 
in the sandstone of the North Tyne The pebbles therein were, however, too irregular 
in shape to be of any use for the present purpose. 


Spherical pebbles 

These present an intriguing problem, on which, however, some additional light 
has been obtained. It was mentioned before (Rayleigh 1942, p. 107) that spherical 
pebbles are occasionally met with in the neighbourhood of Terhng, Essex, in the 
glacial gravel. About six of them have come to my notice in the courso of more 
than a year’s interest in the subject. The surface is not very smooth. The size is in 
general rather large, 4-8 cm. in diameter, not favouring the view that this spherical 
shape is due to unusually prolonged attrition. The approximation to a sphere is 
such that the ratio of maximum to minimum diameter ranges from about 1-05 
to 1-08, disregarding small local depressions These seem to stand apart from or¬ 
dinary quasi-sphorical pebbles, for which the corresponding ratio is not often less 
than 1*2. The indication seems to be that theso spherical pebbles are a class apart, 
not to be regarded as resulting from the modification of those which are less 
spherical. I shall return to the experimental aspect of this presently. 

On the observational side, Mr J. Reid Moir, F.R.S., kindly drew my attention 
to a paper by F. N. Haward (ffaward 1924), ‘On the origin of the battered spherical 
flints called cannon shot from the glacial gravel of Norfolk’. Haward takes the 
view that these flints were not shaped spherical by abrasion, but that they were of 
spherical form in situ in the chalk when they originated, and he figures one of 
2| in. diameter from the chalk pit, Hcrringswell. Mr Reid Moir kindly obtained a 
specimen of these ‘ cannon shot ’ from the Norfolk gravel, and on comparing its 
general appearanoe with those found hereabouts, I have no doubt that they are 
of the same origin. It appears therefore that these spheres were not formed by 
abrasion at all, and there is no further difficulty on this head. 

There remains the problem of the spherical quartzite pebbles mentioned before 
(Rayleigh 1942, p. 108) from Woolahed, Beechworth, Victoria, Australia (Dunn 
1911, plate 7). The one or two specimens in the’Natural History Museum figured 
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by Dunn and presented by him are strikingly accurate in shape. I have not so 
far been able to get any further information about these pebbles or the con¬ 
ditions in which they are found. It would be important to know how far the 
spherical ones are common or exceptional in the locality. I have not been able 
to hear of them in other museums. Lady Rayleigh informs me that long ago she 
found a perfect sphere some 2 in. diameter of some brown stone in a pothole 
in Inverness-shire. No other similar stones were found at the same time. The 
locality was Invergloy on the river Spean, Loch Loohy. 

The problem was to determine how good an approximation to a sphere could 
be produced starting with a stone moderately oblate or prolate. The experiment 
already described (Rayleigh 1942 ) did not favour the idea that abrasion with other 
stones could produce a good sphere, but special tests were made starting with a 
piece of marble nearer the sphere than before, and abrading by hard steel fragments. 


shape Btate 

oblate spheroid initial 

after abrasion 

prolate spheroid initial 

after abrasion 


length diameter length/ 

cm. cm. diameter 

1 88 2-35 0-840 

1- 30 1-68 0-782 

2- 13 190 Ml 

1-53 1 38 1-13 


The oblate spheroid becomes more oblate. The prolate spheroid alters very little, 
but if anything becomes more prolate. Thus there is no tendency towards the 
sphere. 

The next tests were made by working down spheroids slightly oblate, and slightly 


prolate, in a vortex on a flat abrasive bed, 

as described above: 


shape 

Btate 

length 

diameter 

cm. 

length 
— diameter 

oblate spheroid 

initial 

1-95 

2 09 

0-934 


after abrasion 

1 02 

1-14 

0-895 

prolate 

initial 

2-13 

1-98 

1-075 


after abrasion 

1-07 

1-00 

1-07 


Again the ratio length/diameter remains sensibly unaltered, even when a large 
reduction of diameter takes place. Thus there is no progress towards the sphere 
when abrasion is in the vortex on a flat bed. 

It seemed clear therefore that the smooth spherical pebbles in Dunn’s collection 
could not have originated in either of these ways, and I was somewhat at a loss. 
The artificial pothole so far employed has an abrasion bottom and smooth walla. 
The natural pothole has both bottom and walls abrasive, the bottom being curved 
like a more or less hemispherical bowl. At the suggestion of Dr E. B. Bailey I tried 
the use of vertical abrasive walls. A cylindrical ring or hoop of carborundum con¬ 
crete was made 13 cm. inside diameter and 3 cm. length in the axial direction. This 
was plaoed on the bottom of a metal drum and covered with water to a depth of 
6 cm. or more. A central paddle was rotated by an electric motor as before. A 
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roughly shaped pebble of marble lay on the bottom, and when the paddle was going 
it rolled round the periphery against the side walls (figure 29). The pebble was 
measured from time to time with vernier calipers, and there was no difficulty in 
determining the maximum and minimum diameter to an acouracy of ±0-1 mm. 



The ratio of these diameters was taken and its excess over unity measures the 
departure of the pebble from a sphere: 


maximum 
weight diameter 

g. cm. 

19-7 2-82 

17-2 2-39 

15-8 2-29 

13-8 2-19 

12-7 213 

11-8 208 

9 1 1-88 


minimum 

diameter 

2-31 
2-24 
2-17 
2 09 
2-05 
2-00 
1-82 


differences 

cm. 

0-21 

0-15 

0-12 

0-10 

0-08 

0-06 

0-06 


difference 
of diameter 
— mm. diameter 
0 083 
0-087 
0 055 
0-048 
0 039 
0 030 
0 030 


The above experiment took about three days run. The original rather irregular 
lump has been reduced in this time to an approximate sphere very satisfying to 
the eye, its error of figure (3 %) being scarcely perceptible by inspection, though of 
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course conspicuous enough when calipers are used. It appears that the limit of 
accuracy has been reached, and that a longer run would not have improved it. 

No ordinary pebble found in watercourses or in gravel deposits is nearly as good 
as this one, which has the aspect of a manufactured article. The best pebble in the 
Dunn collection above mentioned is about as good. A larger sphere, 3 cm. m 
diameter, and of nearly the same accuracy, was produced in the laboratory in the 
same way (plate 9, figure 30). 

Now as to the explanation of this effect. It is known that an elongated body 
pivoted in the middle sets itself across a liquid stream. This is readily verified and 
may be taken as an experimental fact. From the point of view of theoretical 
hydrodynamics the problem is difficult, and so far as I know the only case where 
it has been solved is that of two-dimensional motion past an oblique plane lamina. 
It was shown by the work of Kirchhoff and the late Lord Rayleigh (Rayleigh 1876 ) 
that the centre of pressure is in such a position that the resultant pressure has a 
moment tending to set the lamina across the stream, and this example is a 
sufficient illustration of the general principle which applies in oases less mathe¬ 
matically tractable. The idea suggested is that the pebble, though carried round by 
the vortex, may be regarded as to some extent pivoted at the point at which it rests 
momentarily on the bottom of the vessel. It will therefore tend to sot itself radially 
while moving circumferentially on the bottom. Further, centrifugal force will 
cause the end of the elongated pebble to press against the abrasive walls, and as 
it does bo it will be worn away. It appears then that the longest axis places itself 
in the position which is favourable for shortening it, and this process of con¬ 
tinually grinding away the longest dimension must clearly tend to produce the 
spherical form. It is perhaps scarcely to be foreseen how far this process would 
go in producing a perfect sphere. It was found, as above, that the process ceases 
to be effective under the conditions used when the longest axis is 3 % m excess of 
the shortest. It will probably cause surprise that a body so little elongated as this 
should have any appreciable tendency to set itself across the stream. Nevertheless, 
a specially designed experiment, though only qualitative, shows clearly enough 
that such a tendency ia in evidence. An approximate spheroid of boxwood was 
turned in the lathe, 2-06 cm. long and 2 cm. in diameter. It was earned on the 
middle of a brass torsion wire its length being perpendicular to the wire. The 
control was reasonably stiff, giving a penod of complete vibration of about half 
a second. The motion was of course damped by the water when the ball was 
immersed. The long dimension was marked in black and set itself radially when 
the boxwood ellipsoid was held in the vortex, with the torsion wire vertical, even 
when the velocity was less than that used in shaping the stones. It appears there¬ 
fore that the directive action of the stream remains appreciable even when the 
ball is approaching the spherical form. 

When the ellipsoid is more elongated, say to the extent of 5 % instead of 3 %, 
the directive force is stronger, and can show itself when the ball is mounted on a 
vertical pin working in a socket with considerable solid friction, instead of the 



333 


Pebbles, natural and artificial 

torsion wire. The transverse radial position of the ellipsoid is then held by the solid 
friction, and can be verified further (if judged necessary) when the motion of the 
water has been stopped. 

In order further to check the correctness of this view of the matter, a small 
square prism of marble 9 mm. square and 15-7 mm. long was placed in the vessel 
inside the abrasive cylinder. The prism had developed rounded ends, and in 
4$ days the all-over length was reduced to 12-7 mm., the transverse measure¬ 
ment being almost unaffected. A few days more would doubtless reduce it to 
a sphere. 

This experiment was carried out on a small scale to reduce the linear thickness 
to be abraded away, and hence the time required. With very long and narrow 
prisms this experiment does not succeed well. The reason for this is not difficult 
to guess, but seems hardly worth going into at length. 


Pebbles with concave surfaces 

I gave an account of these in the former jmiier. Tabular flint pebbles often have 
a slight concavity, and it was shown that this could be imitated experimentally 
by abrading a flat surface of steatite with fragments of metal of a size comparable 
with its own, but not with relatively small particles such as gunshot. 

Tn further experiments, T have used marble sheets or slabs of c. 10 mm. thick as 
found m commerce. A piece of 3 cm. square and 8*80 mm thick was taken and 
gauged at the centre of each side and in the middle The mean thickness was 
8-90 mm It was then placed m a can with sharp broken flints of dimensions com¬ 
parable with its own and covered with water 

After prolonged rotation (some 24 hr.) the piece was reduced / -\ 

to a cushion shape with hollow faces, easily recognizable as such \__ J 

by the use of a straight edge, or pci haps even without it. The Kiuube 31 
concavity (exaggerated) is indicated in figure 31 
The thickness (at the edges) when it is a maximum averages 7-90 mm. and in 
the middle 7*78 mm. The difference, 0-12 mm , seems to have reached a limit, not 
increasing toward the end of the run It is only a small fraction of the total 
reduction of thickness, which is about 1*0 mm. 

I discussed tho cause of this concavity in the previous pajxir, but the view' then 
taken was quite inconclusive, as pointed out to mo by Dr E. B. Bailey, and I wish 
to withdraw it. In attacking the subject again, it was resolved to chock every step 
as far os possible by experiment. In determining the effect of abrasion by impacts 
on a plane surface, the idea suggested itself of using a jiolishod surface of glass 
with a substance harder than glass, such as flint or carborundum, for the im¬ 
pinging body. Each effective impact should then make a highly localized pit in 
the polished surface. The distribution of these pits can be examined under a reading 
glass or other low-power magnifying lens. This method supplements observation 
of curvature. It gives a much quicker result, and exhibits the action in a fresh 
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light. The conditions of abrasion were as described above. A new piece of plate 
glass of a standard size, 3x3 cm. with a thickness of about 3 mm., was used in 
each test. 

Such a piece was abraded for a few minutes with about 60 g. of carborundum 
grit, grain size about 1 mm. The result of this experiment was that the pittings 
of the glass were concentrated at the edge, and were fewest at the centre (plate 10, 
figure 32). This is the common process of producing convexity in pebbles, the mam 
and conspicuous result of abrasion which is commonly noticed. 

In the next experiment, some twenty broken flints, each one of dimensions 
comparable with that of the glass, i.e. 3 cm., were put in instead of carborundum. 
It was now found that the pittings were concentrated at the oentre (plate 10, 
figure 33). At the same time and quite distinct from this, Borne chips of relatively 
larger size were broken off from the edges of the glass. It is evident that the 
pittings concentrated at the centre represent the beginnings of a concave curvature 
there. The large chips at the edge represent the beginning of a rounding of the 
edges, which, if the process were continued long enough, would spread towards 
the oentre, overwhelming and obliterating the concave curvature, and eventually 
replacing it by convexity. The large chips detached while the edge of the glass is 
sharp would be replaced by pittings when it ceased to be so; there would then be 
a maximum of pittings at the edge and at the middle, with an intervening mini¬ 
mum, which latter represents the high ridge near the periphery of a specimen such 
as that represented diagrammatically in figure 31. As abrasion proceeds, the edges 
get worn away, and the edge abrasion continually encroaches on the concavity. 

It is hoped that this point has been clearly made out. It remains to consider why 
concavity is produced at all. I may confess that it was to me an unexpected result 
of abrasion, and I have not been able to find that it has been noticed by previous 
writers. 

As is seen in this and the previous paper, concavity is only noticeable when the 
abrasive is in pieoes comparable with the size of the specimen, and is not produced 
by a powdered abrasive. To simplify the conditions, only one single piece of flint 
was used as abrasive, comparable in size with the glass. In this case there was 
definitely no tendency for the pittings to be concentrated in the middle (plate 10, 
figure 34). It is concluded therefore that this tendency is due to the action of 
pieces other than the one which actually makes the effective blow, and this action 
oan hardly be anything but a protective one. In other words, when there are a number 
of abrasive pieces, these tend to cover up the edge of the specimen more often than 
the middle, leaving the latter more likely to receive a wound. Hence the con¬ 
centration of the pittings in the middle. The tendency is not a very mhrked one, 
and consequently the concavity never becomes deep, the countervailing tendency 
to produoe a convexity from the edge inwards being the more powerful, and 
eventually asserting itself everywhere. The concavity is thus not a very important 
or significant effect, but, sinoe it presents itself in nature, even without the experi¬ 
mentalist, it seemed to be worthy of examination. 
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The combination of fibrous proteins with acids 

By G. A. Gilbert and E. K. Rideal, F.R S. 

Laboratory of Colloid Science, Cambridge 
(Received 4 October 1043 ) 

An approximate titration equation 1a developed for the reaction between fibrous proteins 
and acids, in which account is taken of the valency and intrinsic affinities of the acid anions, 
and of the limited number of adsorption sites available for anions. The transition from 
soluble to fibrous proteins is traced in order to demonstrate that the mam difference between 
the titration curves of the two types of protein arises from the difference in potential de¬ 
veloped during the adsorption of protons. 

Recent work on the dissociation curves of soluble proteins has shown that their 
main features can be explained if it is assumed that salts such as protein chloride 
or sodium protemate are completely dissociated in solution (Carman 1942). The 
difference between the number of protons reversibly combined with a dissolved 
protein molecule, and the number of potentially negative groups such as carboxyl 
and phenolic hydroxyl, then determines the net oharge on the molecule. If the 
number of combined protons is plotted against pH, a complete titration curve is 
found to contain a series of steps corresponding to the successive dissociation of 
different types of group (guanidine, amino, imidazole, carboxyl, for example), the 
position of the steps being determined by the net oharge of the whole molecule, and 
the intrinsic dissociation constants of the groups. 

An acceptable theoretical analysis of those curves was first given by Linderstrerm- 
Lang (1924), and has since been extended by other workers (Cannan 1942; Caiman, 
Palmer & Kibriok 1941, 1942). For details, the references just indicated should be 
consulted, but, to put the matter briefly, these authors assume that a protein mole¬ 
cule is spherioal, with its charged groups distributed at random over its surface. 
If the moleoule gains a proton its potential is raised by an amount e/Dr and the electro¬ 
static potential energy of each of the protons already adsorbed is increased by 
roughly e f /Dr, where D is the dielectric constant of water, e is the electronic charge, 
and r is the radius of the molecule. Shielding by the ion atmospheres surrounding 
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the polyvalent protein ions and the free protons is computed with the help of the 
theory of Debye & Htickel (1923), and the statistical factor that appeara in the 
dissociation of polyvalent ions is calculated after the manner of Adams (1916) 
and Bjemun (1923). 

Soluble proteins are mentioned here to enable us to show that the transition from 
a soluble protein to a compact fibrous protein must be accompanied by a change in 
the form of the titration curve. The same principles apply over the whole of the 
complex curve, but they will be illustrated with respect to the part of the curve for 
which carboxyl groups are responsible, since the dissociation constants of the latter 
are approximately the same as one another, and are sufficiently different from those 
of basic groups for this part of the curve to be almost homogeneous. In addition, 
we shall consider a protein m which the carboxyl groups are equal in number to the 
basic groups (sinoe this has been found to be approximately true for the protein, 
wool keratin, m which wo are particularly interested in this paper), but once again, 
it is easily seen how the treatment can be modified to suit a more general case, even 
if the result is algebraically more complicated. It follows from these conditions that 
at the isoelectric point all the carboxyl groups are dissociated, and all the basio 
groups charged. 

As acid is added to such an isoelectric dissolved protein, protons are taken up with 
decreasing affinity as the protein molecule assumes a positive charge proportional 
to the number of protons adsorbed. Therefore, instead of this part of the titration 
curve being identical with the neutralization curve of a mono-carboxylic acid, it is 
spread over a wider range of pH. The maximum potential that can be built up on 
the molecule is limited to that produced by the positively charged basio groups 
when all the carboxyl sites have been neutralized (although it is not implied by this 
that there is any differentiation between the different adsorbod protons as far as 
this potential is concerned). For many naturally occurring soluble proteins it is 
reasonable to suppose that the positive charge is never high enough (remembering 
the shielding effect of ion atmospheres) to bring about more than a very slight 
adsorption of unspecific ions like the chloride ion, from dilute solutions of acid. 
Egg albumin, for instance, is limited to a positive charge of about forty at the most 
(Caiman el al. 1941). A high concentration of anions m solution, or the presence of 
other sources of attraction beyond these coulombic forces, leads to a very different 
situation, and anion adsorption is then quite likely. 

It is found that titration curves obtained at constant ionic strength are steeper, 
the higher the ionic strength (Cannan 1942)- One school of thought (Abramson, 
Moyer & Gorin 1942) attributes this to the adsorption of ions other than protonB in 
amounts increasing with ionic strength, but Cannan el al. (1941) have calculated 
the magnitude of the effect very convincingly by assuming complete anion dis¬ 
sociation throughout, and merely increased shielding with rising ionic strength. 

We can now indicate how the difference in dispersion of fibrous and soluble pro¬ 
teins leads to differences in their titration curves. Instead of being limited to some 
forty or so, the number of protons that a single compact element of fibre can absorb 
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is very great. For a protein molecule of radius r in which the proton sites are dis¬ 
tributed uniformly and at a density independent of r, the potential increment 
produced by each proton decreases according to 1 jr, but the number of sites increases 
with r®. In fact, if r is of microscopic, instead of atomic dimensions, only a minute 
fraction of the proton sites can be filled before a potential is reached that makes any 
further selective adsorption of protons quite impossible. After this, each adsorbed 
proton must be accompanied by an anion, and furthermore, the anion must pene¬ 
trate into tho interior, and not merely form a tightly adsorbed layer at the fibre 
surfaoe, for such a separation of anions and protons would still lead to prohibitive 
potentials. 

This pioture for the familiar stoichiometric adsorption of anions and cations by 
fibres leads one to expect a fibre in acid solution to be at a higher positive potential 
than a soluble protein that differs from it only in size of particle. In qualitative 
agreement with this, the acid-titration curve of wool keratin lies in a region of muoh 
lower pH than the corresponding curve for a protein such as egg albumin (Steinhardt 
& Harris 1940). It should be noticed that the apparent increase in the acid strength 
of the carboxyl groups in a fibre is not attributed to the presence of positive groups 
in close proximity to each carboxyl group, but to the positive potential of the fibre 
as a whole. There is therefore not a very close analogy with amino acids like glycine, 
where tho interaction between neighbouring charged centres is high because they 
are separated, not by water of hydration as in salt links, but by a chain of carbon 
atoms with a low dielectric constant. 

Most of the fall in potential between the fibre and solution probably takes place 
in the diffuse ion atmosphere surrounding the fibre, just as in the case of soluble 
proteins, although now the anions in this layer are a negligible part of the whole. 
Tho surface layer of tightly adsorbed anions oontributos another part, and the rest 
occurs within the fibre itself, since thermal disturbance of the excess protons 
prevents them being entirely in the outermost sites. The final rise within the fibre, 
which is analogous to the fall in the external medium, will probably be sharp enough 
for the adsorbed ions to be treated as if they were all in an equipotential region. 
Measurements of electrophoretic mobility can only give information about the 
outer diffuse layer. 

The acid-titration equation for protein fibres 

If the fibre is compact, the most likely sites for the adsorbed anions are the posi¬ 
tively charged basic groups, almost all of which in wool keratin are usually supposed 
to be paired with carboxyl groups (Speakman & Hirst 1933). In the model on which 
calculations will be made, it will be assumed that all these positive groups have 
identical properties as far as their interaction (intrinsic affinity) with anions is 
concerned, and that all the carboxyl groups are alike in their affinity for protons. 
Further, the important assumption will be made that an anion is free to occupy 
any positive site, irrespective of whether or not the positive site is next to a carboxyl 


Vol. i8». A. 


*3 



338 


G. A. Gilbert and E. K. Bideal 


group that has been neutralized by a proton. Only one anion, however, can be ad¬ 
sorbed by any one site, just as the adsorption of one proton makes a carboxyl site 
no longer available. Anions and protons are thus regarded as being adsorbed in¬ 
dependently, except in so far as they influence one another through their contribu¬ 
tion to the net ohaige of the fibre. 

The dependence of the chemical potential of an uncharged adsorbed substance, 
distributed at random among a limited number of sites, on the fraotion 0 of the sites 
occupied, has been deduced statistically by Fowler (Fowler & Guggenheim 1939)* 
and is given by 

H~fi°(TP) tlbn + RTln^- 0 , ( 1 ) 

where /i°(TP) is the ohemical potential of the substance at a pressure P and tem¬ 
perature T when 0 = 0 - 5 , and E is the gas constant. If the substance has unit charge, 
and the sites are in a region of potential rjr, the chemical potential is greater by \jrF, 
where F is the Faraday. /i°(TP) is then defined as the chemical potential when 
6 = 0-5 and the electrostatic potential is zero. 

For a proton Hu =/i^(TP) tlbn +RT\n-^- + tJrF, ( 2 ) 

and for a chloride ion, for example, 

Pci-pMTPUn + RTln- 6 ^ -fF. ( 3 ) 

The corresponding equations for these ions in a solution in equilibrium with the fibre, 
and referred to the same zero, are 

fi u = M&TPUn+RTbifu.U, ( 4 ) 

and na = nU TP )»o\n + RT ln/ cl . Cl. ( 5 ) 

Hb( p P)*>\n. *®d fia( PP )*oin. are the chemical potentials of the hydrogen and 
ohloride ions respectively when their activities are unity, while concentrations, in 
gram ions per litre, are represented by atomio symbols, and activity coefficients by 
/h an d/ca¬ 
lf the abbreviation = /»?( TP )„„„ - /*<( TP)„ ln . ( 0 ) 

is used for the ohange in standard chemical potential of an ion of type i during 
adsorption, one finds by equating the chemical potential of the proton in the two 
phases, that 

RT\n^\- = -AH u + RT\nYLf a -tlrF, (7) 

while for the chloride ion, 

RThl TrL " -^Pd + RTlnClfa+irF. 


(8) 
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In treating Ap t as a constant with a value specific for each ion, we shall be assuming 
that the properties of a site such as its effective volume are approximately constant, 
and that variations in the term {(PF) nbre - (PF)^.} can be neglected. 

can be eliminated by adding equations ( 7 ) and (8), to give for the titration 
equation of hydrochloric acid, 

STIn = — (A/i ll +A/i cl ) + RT\n'H.f ll Cl/ cl . ( 9 ) 

The unique importance of the hydrogen ion in practice is therefore not apparent in 
the titration equation, which is symmetrical with respect to anion and cation. 

If there are the same number of acidic and basic sites, 

d n = 6 a , (101 

and for titration with pure acid there is the further equality, 

H = Cl 

leading to > (11) 

The base of the logarithms has been changed to allow the solution concentration to 
be expressed in terms of pH, and since the treatment already involves several 
approximations, we have set the activity coefficients equal to one. 

Equation ( 11 ) is reasonably well satisfied by pubhshed data for the titration of 
wool keratin with hydrochloric acid. The experimental results of Steinhardt & 
Harris (1940) are compared with this theoretical relation in figure 1. In the calcula¬ 
tion of 0 a , a maximum capacity of 8-2 x 10~ 4 g.mol. of hydrochloric acid per gram 
of wool has been assumed. 

Titrations at constant ionic strength 
When mixtures of ions of the same sign are present in solution, the fibre sites are 
shared according to the respective intrinsic affinities (A/i % ) and concentrations of 
the different ions. The effective fibre * concentration ’ of any ion is no longer 0 ( /( 1 - 0 { ) 
but is 0 J(l — F 0 t ) (Fowler & Guggenheim 1939), where the summation includes all 
ions of the same sign as i. 

If an alkali salt of the acid is added to the solution to enable titration to be carried 
out at constant ionic strength, equations analogous to ( 7 ) hold for both protons 
and alkali metal ions, e.g. 



RT In - / H . = iZTlnH Afi n xjrF, 

(12) 




and 

RT ln--^- - RTlnm-A/i^-^F 

( 13 ) 


(again omitting activity coefficients, and using sodium ions as an example). 
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By subtraction, (^Ah- Afh *J ( 14 ) 

(ri/%—zl/i N J is strongly negative, and we can therefore neglect in comparison 
with 6 n except when Na is very much greater than H. 

Making use of this simplification, we find from equation ( 9 ) when sodium chloride 
is used to maintain a oonstant ionic strength, that 

log^ = -ipn-^^H+d^j+iioga, (is) 

where Cl is now constant. 



1 2 3 4 5 6 

pH 

FiauHE 1. Titration of wool with HC1 at 0° C by Steinhardt, Fugitt & Harris (1943). 


Thus the greater the ionic strength, i.e. the greater Cl, the lees the hydrogen-ion 
concentration needed for a given degree of fibre saturation. For instanoe, if the 
fibre is to be half-saturated 


(pH),. l »logCl-fe(d/* H +4«a)- ( 16 ) 

Titrations carried out at oonstant ionic strength by Steinhardt (1942) and by 
Steinhardt & Harris (1940) oonfirm equation ( 15 ) (see figure 1), and their results 
for the dependence of the pH of half neutralization on ionio strength agree with 
equation ( 16 ) (figure 2). 
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The influenoe of the intrinsic) affinity of the anion of an acid on the position of 
the titration curve with respect to the pH axis, is shown dearly by equation ( 11 ). 
For example, if the chloride ion is replaced by an ion of greater affinity (less positive 
Ap^ the whole curve is moved to regions of higher pH. 



Figurei 2. Titration of wool: pH for half-maximal combination. 
.theoretical slope. 


Relation to other theories of titration 
Very few quantitative theories for the titration of fibrous proteins have been 
published. The suggestion that the equations of Donnan (1911) developed for ionio 
equilibria across membranes should be applicable was made in 1925 by Speakman 
(1925), and two years later, Elod & Silva (1927) interpreted their experiments on 
the swelling of wool in acids with the aid of these equations. They were influenced 
too much, however, by the analogous treatment of soluble proteins by Loeb (1922) 
in assuming that the water imbibed by proteins provided an ordinary aqueous 
environment for adsorbed ions. The present treatment differs in that it allows for 
interactions other than with the space charge or with water, and in taking acoount 
of the limited number of sites available for anions. The more general form of the 
equations of Donnan (Donnan & Guggenheim 1932) oould, of oourse, be applied 
directly, if suitable aotivity ooeffidents were calculated for the fibre phase with the 
help of a model such as that in use here. 
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Recently, Steinhardt (1941,1942) and Steinhardt & Harris (1940) have advanced 
very different ideas. It will be of help in presenting them if the physical meaning of 
the equations developed above is summarized. 

It can be seen that in spite of the fibre potential being the only link between the 
adsorbed cations and anions, it does not appear in the final form of the titration 
equations. Even so, it provides the simplest key to the titration process. We may 
first consider titration with pure acid, as in the initial paragraphs of this paper. 
A very small quantity of acid added to an isoelectric fibre ensures that the fibre has 
a sufficient potential to adsorb anions even if they have almost no intrinsic affinity. 
The exact magnitude of this potential depends on the electrostatio energy needed 
to concentrate as many anions in the fibre as there are protons attached to carboxyl 
groups. This energy is decreased if one increases the concentration of anions in the 
external solution, or chooses an anion with more intrinsic affinity, but is increased 
if the desired concentration of anions in the fibre is increased. In the presence of 
pure acid, any lowering of pH is accompanied by an increased adsorption of acid, 
but no increase of fibre potential because the higher concentration of anions in the 
fibre is exactly counterbalanced by the higher anion concentration in the solution. 
The titration is therefore earned out with the fibre at a constant potential with 
respect to the solution, determined by the intrinsic affinity of the anion employed 
and the proton. If the anion contains groups with a high affinity for proteinB, the 
fibre potential may even be zero or negative in acid solution. 

The extent of the cleavage between this theory, and the treatment put forward 
by Steinhardt & Harris (1940) is immediately to be seen from their assumption, 
which we quote, that ‘No recognition need be taken of differences in hydrogen-ion 
concentration inside and outside the fibre’. This may mean, they say, ‘either that 
these concentrations are identical, or that they are related to one another in a way 
which is practically independent of the presenco of other ions’. 

As the basis of their treatment they assign four dissociation constants to the 


following equilibria: WHA^WA +H, K B ., ( 17 ) 

WA^W + A, K a >, ( 18 ) 

WH^W + H, K u , ( 19 ) 

WHA^WH + A, K a , ( 20 ) 

whence ^ =* (21) 


In these equations W represents a salt-link such as —COO'NH^— and WA, WK 
and WHA are its possible states of combination with an anion A' or proton H+. 

Drawing an analogy from the first and second dissociation constants of a dibasic 
acid, they assume that the tendenoy of H to dissociate from WHA is muoh less 
than its tendency to dissociate from W H, i.e. 


(22) 
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Similarly K A .$>K A . ( 23 ) 

pK w is given the value 4 - 2 , and in one of the latest papers (Steinhardt 1942) a value 
of 100 is adopted for the ratio (K a /K u )*. 

They define the fraction of the fibre combined with acid by 

WHA+WK WRA + WA 

WRA+WR+WA+W 01 WHA + WR+WA+W, ( ' 

according to whether 17 H > or <WA. ( 28 ) 

In the first case the rest of the anions required for electrical neutrality are found in 
an adsorption layer round the fibre, and in the second case, protons form an external 
layer. 

By substituting from equations ( 17 ) to ( 20 ) into ( 24 ), the fraction of the fibre 
combined can be related to the pH and amon concentration of tho solution. It is 
then found that a plot such as that in figure 1 leads to a titration curve with a slope 
of about — 2 instead of — 1 for pure acid, and a slope of — 1 instead of — ^ for titra¬ 
tion in the presence of a constant concentration of anions. To correct for this, 
Steinhardt (1942) proposes tho introduction of all activities and constants as square 
roots, and suggests that this is necossary because the state of ionization of the fibre 
as a whole has not been taken into account. 

In deciding the physical meaning of this theory, it is useful to consider three 
particular cases, namely, 

(1) Titration with an acid of which the anion has almost no intrinsic affinity for 
proteins. 

(2) Titration with an acid having an anion of very high affinity. 

( 3 ) Titration with an acid in which the amon has the same intnnsio affinity as 
the proton. 

In the first case WA is negligible, and as a consequenoe (since 
WRA = Hx WAjK n .), 

WRA must also be negligible. This leaves W H responsible for the whole of the 
adsorption, and requires practically all the anions to be in an adsorption layer round 
the fibre according to the postulates of the theory. As was pointed out earlier on, 
this could only be possible energetically if the protein unit were of the size of a 
soluble protein molecule. The second case is analogous to the first, with the position 
of the anions and protons reversed. In the third case, all the acid, for practical 
purposes, is present as ion-pairs, W H A , by the operation of relations (22) and ( 23 ). 
These ion-pairs function as undissociated molecules of acid with their chemical 
potential given by a relation similar to that for ions, i.e. 

Ah a = + 


( 26 ) 
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For equilibrium with the solution 


and therefore 
In 



In H -f In A + + ^hWb. ~ (Mu aWto ^ 


or 


logy 


— 2 pH + 


(l4t + / t 3 l)«oln. ~ ( Mh ^)flbre 

2-30 RT~ 


( 27 ) 

( 28 ) 
( 29 ) 


Equation ( 20 ) is the analogue of equation (11), and showB that the slope of - 2 
for the plot of log 0/(1 — 0) instead of — 1 does not arise through neglecting the 
charge on the fibre (which is uncharged during titration with an acid having pro¬ 
perties that include it in class three), but is due to the assumption that adsorbed 
anions and protons are associated in the fibre. 

The energy of association responsible for the difference between K w and K u 
(and between K A and K A .) is numerically equal to RTlnK n /K B ., which amounts 
to some 5 or 6 k.cal. if their value for the ratio of the constants is taken. This value 
seems far too high, since it arises from the interaction of a hydrated anion and a 
proton combined with a carboxyl ion, and we believe that the experimental evidence 
indicates that it is actually too small to be unambiguously detected. A different kind 
of association within the fibre is possible, however, and is found when the anion of 
a weak acid is adsorbed. Superimposed on the normal adsorption of anions and 
protons, one then finds an amount of the undissociated acid adsorbed proportional 
to the concentration of the undissociated acid in the external solution (Steinhardt 
et al. 1943). The dissociation constant of the adsorbed acid will not, of course, 
be the same as for the acid in aqueous solution. 


Titration with folybasio acids 

The theory just described has not been extended by its authors to include poly¬ 
valent ions, but these fit fairly easily into the scheme now being proposed, and it 
will be shown in a later paper that the latter can give meaning to a number of 
long-standing experiments with dyes. 

In general, if an ion of charge z is adsorbed, the electrostatic part of its chemical 
potential in the fibre phase in z eft. The configurational part is more difficult to 
enumerate, for it cannot be said offhand how many positive sites a single polyvalent 
ion can occupy, or to what extent that number depends upon the size and shape of 
the ion. Until contrary evidence is obtained, it will be assumed that each ion occupies 
only one positive site. Then for an ion of type t, and valency z, electroneutrality 
requires that 

6 t - °-f, ( 30 ) 

where 6 t is the fraction of positive sites occupied. 



The combination of fibrous proteins with acids 346 

For the adsorption of these anions from their solution of concentration c t we can 
therefore write (of. equation (8)) 

= RT ln^- - RTkiCt-dfit + zFi/r , ( 31 ) 

from which may be eliminated using equation ( 7 ) to give 



for the titration curve of pure acid in which 

H - ze,. ( 33 ) 



1 2 3 4 ^ 

pH 


Fioubb 3 . Titration of wool with H,S0 4 by Speakrnan Sc Stott (1935)* 


This equation may be put into a form that resembles (11), thus 
log 


( 34 ) 


and differs from equation (11) essentially in the presenoe of a term which arises from 
the lower degree of saturation of the anion sites. Data obtained by Speakman & 
Stott (1935) for the titration of wool keratin with sulphurio acid have been com¬ 
pared in figure 3 with the curve resulting from equation ( 34 ) when z is put equal to 2 . 
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The pH necessary for a given degree of saturation of the fibre increases as before 
if the anion concentration is increased, but according to a different law. Neglecting 
the adsorption of sodium ions, and letting c { and H vary independently by adding 
the sodium salt of the acid, we find for the titration equation from ( 7 ) and ( 31 ) that 

*{&&}-*•***-*&*■ m 

Thus if 0 n is kept constant, 

(pH)^ = \ log e< + constant. ( 36 ) 

An experiment was carried out in which samples of a specimen of wool containing 
0‘41 x 10 -® g.mol. of hydrogen ion per gram were washed with the minimum 
quantities of sodium sulphate solution of various strengths needed to ensure that 
each sample was in contact with a solution of known strength. The pH of each 
solution was then measured with a glass electrode. Negligible quantities of acid 
were removed during the washing and true equilibrium appeared to be attained 
almost immediately. From figure 2, in whioh the results are given, it can be seen 
that the slope of the plot of pH against log (S 0 4 ) is initially 0-38 instead of the value 
0*6 which one would predict from equation ( 36 ) At high concentrations of Bulphate 
ion, the neglect of activity coefficients is serious, and sodium ions must begin to 
compete appreciably with protons for carboxyl sites. 

We are indebted to Messrs I.C.I. (Dyestuffs) Ltd. for a grant to one of us (G. A. G.) 
which enabled this investigation to bo carried out. 
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Efflux through a circular orifice 
By Stefan G. Bauer 

(Communicated by Erie K. Rideal, F R.8.-—Received 18 January 1943 .— 
Revised 15 August 1943 ) 

[Plate 11] 

The purpose of this research was tho establishment of the law of efflux from a vessel under 
pressure through a suddenly opened onfioe of comparatively largo dimensions 

In order to simplify the approach to the problem, it was decided to investigate the efflux of 
an incompressible fluid, e.g. water The methods of approach were based on analogies with 
electric circuit theory, and accordingly an apparatus was built in which tho equivalent of 
a o. experiments with roeonant circuits could be performed. An onflee in tho apparatus repre¬ 
sented the inertia m the resonant system. 

Aooustio theory gives the mertance of such an orifice for infinitesimal amplitudes In the 
experunente described, this mertance was moasured at a wide range of finite amplitudes, by 
observations of phase shift between powor input and displanemont at the onflee By this 
means it wag possible to determine the exact resonanco frequencies of the liydraulio system 
m spite of its high damping. By this means, tho effective mass or mertance of the fluid 
flowing through tho onflee was deduced. 

In the course of these experiments some interesting flow phenomena, to the author’s know¬ 
ledge not previously recorded, were observed and photographed There appear to be throe 
distinct modes of flow, as compared with the two commonly obaervod m tho steady state. 

The contraction coefficient of the flow through the onflee was found to he unity for small 
amplitudes and to approach the steady state value for largo amplitudes. 

The differential equation of the efflux through a suddenly opened orifice is stated and its 
solution givon. A numerical oxample is worked out with the constants derived from measure¬ 
ments and the results are shown by graphs They were checked by visual observation though 
a recording of the efflux experiment was not found possible It can be soon that a suction 
effect must follow a discharge. Further that this suction and the following oscillations are 
practically independent of the pressure in tho vessel before the discharge, provided this 
pressure is above a certain value. Those findings ore of interest in connexion with the exhaust 
phenomena in internal combustion engines, in particular those working on the two-stroke cycle. 

The problem of efflux of a fluid from a vessel through an orifice is usually treated by 
a step-by-step integration of a supposedly steady flow. When the rate of change of 
flow is small, this treatment provides a very good approximation. Recent develop¬ 
ments, however, particularly in the field of two-stroke engines, have shown the 
inadequacy of this treatment of the efflux problem, whioh leaves out of account the 
inertia of the gas in the orifioe. Hence a study of this aspect of the problem was 
undertaken. The problem is posed thus: What is tho active inertia of a fluid flowing 
through a thin circular orifice in an infinite wall and what is the resistance opposing 
the flow? Further, does the latter differ from the resistance obtaining under con¬ 
ditions of steady flow? 

In order to simplify the problem, it was decided to experiment with an incom¬ 
pressible fluid, i.e. water, and a suitable apparatus was accordingly built. Figure 1 
Bhows diagrammatioally the general arrangement. A pressure vessel of 12 in. 
diameter is divided horizontally into two halves by a diaphragm (D) to whioh dif¬ 
ferent pozzies and orifloes (0) can be secured. This diaphragm is made slightly 
[ 347 ] 
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conical bo as to bring the actual orifioe into view through the 4 in. square plate-glass 
windows (IF) let into the upper portion of the pressure vessel on two opposite sides. 
A 2 in. diameter window (L) is provided on the same level as, and half-way between, 
the two square ones for cross-illumination of the flow. The lower half of the vessel 
oontains an inner cylinder (Q) 9 in. in diameter which makes up an annular spaoe 
with the outside wall, closed on top and open at the bottom. This spaoe can be 
filled with air through a valve (V) and its function is that of a spring in the oscillating 
system in which the mass is provided by the water in and around the orifioe. Right 
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at the bottom of the apparatus is a horizontal cylinder (C) of 2 in. diameter in which 
a plunger (P) can be oscillated through a long connecting rod (R) by an adjustable 
throw crank (S) fixed to a heavy flywheel (M) and driven by a variable speed 
electrio motor. Originally it had been intended to have air, compressed if necessary, 
above the water surface in the upper portion of the vessel only, to make foroed 
oscillations of the water through the orifioe by means of the plunger and to obtain 
a record of the periodic variations of pressure below the diaphragm. These reoords, 
it was thought, might subsequently be analysed into a Fourier series with a view to 
obtaining the values of inertia and resistance. These hopes were however dis¬ 
appointed in spite of a protracted struggle, because all manner of incidental pressure 
variations and oscillations completely covered up any inertia effects there may have 
been. The idea then presented itself of turning the whole thing into a free os cillating 
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system in which the mass represented by the inertia in the orifioe could be accurately 
determined. The ‘air spring ’ described above was added for this purpose. It will at 
once be apparent that this arrangement constitutes a simple Helmholtz resonator 
with water substituted for air in the orifioe. Henoe the first step was to find out to 
what extent and with what limitations the established theory applied to this 
particular case. 

The resonance frequency of a Helmholtz resonator (Rayleigh 1878 ) is 



for a circular orifice of negligible thickness and assuming isothermal compression 
and expansion of the enclosed air. 

N sec . -1 cycles per sec. V cm . 2 volume of air spring 

p kg. cm. - * pressure p kg. sec 2 cm . -4 density of fluid 

r cm. radius of orifice 

This formula is based on the assumption of uniform velocity over the whole area 
of the orifice and takes the inertia of the orifice to be that of a tube of the same 
diameter and the length (Rayleigh 1878 ) 

l=tnr- ( 2 ) 

This is equivalent to twice the * end-correction ’ for a pipe of length 0 terminating 

in a flange. 

The orifice finally adopted for the whole series of experiments was made of 
phosphor-bronze 0-3 mm. thick and soldered at the circumference to a brass ring 
which in turn was screwed to the diaphragm in the apparatus. The orifice was 
2-231 cm. in diameter and had very carefully machined sharp edges. This is important 
because an orifice with rounded edges is equivalent to a thin and sharp-edged one 
of slightly larger diameter. For instance, an orifice plate, 3 mm thick, with edges 
rounded to 1*6 mm. radius and a diameter of 1*333 cm., was found to be equivalent 
to a thin and sharp-edged orifice of 1*485 cm. diameter. 

With the orifice of 2*231 cm. diameter and an air-spring volume V = 7700 c.c., 
the resonance frequency for very small amplitudes was found experimentally as 
f r = 2*7 sec. -1 . Theoretically 

S’ - hj( foOcp) - 2 71 

This is adequate proof, if proof were needed, of the validity of acoustical theory. 
The theory, however, considers small amplitudes only, and flow patterns assume 
quite a different character at larger amplitudes, as will be seen from the accom¬ 
panying plates. The photographs were taken with cross-illumination of a plane 
through the axis of the orifioe. They represent, as it were, a central cross-section 



360 


S. G. Bauer 


of the flow pattern. Figure 2 was taken at a small amplitude, about 0*5 mm., and 
exposed for half a dozen cycles or so. The slow random oonvection at the rate of 
1 mm./sec. or thereabouts should be discounted. The amplitude is so small that the 
conditions approach those of infinitesimal amplitude postulated by aooustic theory. 
Accordingly it will be observed that the amplitude of oscillations increases from the 
centre of the orifice towards the edge without, of course, reaching the infinite 
velocity at the edge which should ooour in the ideal fluid. The viscous boundary 
layer is responsible for that. It is quite possible that the inertance of the orifice is 
increased by the non-uniform velocity distribution but, owing to the high degree of 
damping, the resonanoe frequency cannot be determined to much less than 2 % 
error. The difference in theoretical frequency between uniform and outwardly 
increasing velocity distributions, as calculated by Rayleigh, is of the same order. 
Figure 3, which was taken under similar conditions as figure 2 but at an ampli¬ 
tude of about 1*6 mm., shows that this increase of velocity towards the edge 
disappears as soon as appreciable amplitudes are reached. Here the velocities are 
substantially uniform at any rate to very near the edge of the orifioe, a fact which 
was confirmed by other observations and photographs not reproduced. 

Another notable point is the movement of fluid from the edge towards the centre. 
This is due to the centrifugal force acting on those fluid particles which perform a 
semicircular movement from one face of the orifice to the other. This takes place 
however small the amplitude and its inevitable consequence is a slow movement 
axially away from both sides of the orifice. For very small amplitudes this move¬ 
ment consists of small forward and backward steps of each fluid element and friction 
dominates, so that each fluid particle stops and reverses when the displacement 
reverses. If the amplitude is increased beyond a definite critical limit, a sudden 
change takes place. The ' viscous structure ’ of the liquid suddenly breaks down and 
a slow, perfectly laminar jet develops along the axis of the orifioe and away from it 
on both sides (see figure 4). These jets flow steadily at the rate of a few cm./seo. 
and the oscillations are merely superimposed on them in the neighbourhood of the 
orifice. 

When the amplitude is increased beyond the pomt of the steady laminar regime, 
a different flow pattern makes its appearance. The instant the fluid begins to emerge 
through the orifice, a vortex ring starts from the orifice and is then followed by the 
jet proper. The jet is, as it were, capped by a vortex ring and looks somewhat like 
a mushroom rapidly growing put of the orifioe. During the negative half cycle the 
orifice acts as an orthodox sink which cuts off the lower end of the outgoing jet. 
A static photograph gives only a very imperfect impression of this swiftly moving 
phenomenon (figure 5). 

Whatever the amplitude and velocity the jet is always preceded by a vortex 
ring. Turbulence is most violent just behind the vortex ring and then settles down 
somewhat. The end of such a turbulent jet is shown in figure 0. The inward 
velocity near the orifice plane persists from the previous ‘suction stroke’. In the 
orifice will be seen two specks in the process of reversing. No photograph of the 
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front end of the jet could be secured. Its appearanoe is very similar to the smoke 
cloud in front of a heavy gun a moment after it has been fired. The mechanism is 
presumably similar. It is this form of turbulent, intermittent jet which has fre¬ 
quently been observed in connexion with Helmholtz resonators. 

For all the subsequent measurements and calculations, the customary aooustical 
units have been used (Olson 1940 ), and a short list of them together with their 
dimensions and mechanical and electrical equivalents is given below: 

mechanical electrical acoustical 


quantity 

quantity 

quantity 

unit 

symbol 

dimensions 

force 

e.m.f. 

pressure 

dynea/sq.cra. 

P 


displacement 

charge or 
quantity 

volume 

displacement 

0.0. 

X 

L* 

velocity 

current 

volume 

ourrent 

c.o./sec. 

X 

1ST-' 

resistance 

resistance 

resistance 

acoustical ohms 

R 

ML-*T- 1 

mass 

inductance 

inertance 

g./om. 4 

M 

ML~* 

compliance 

capacitance 

capacitance 

c.c./(dynoa/sq.om.) 

C 

M~'L*T* 


The observation of resonance frequencies for different amplitudes was carried 
out in the following manner. A wooden float was placed on the upper free surface 
of the water and protected against the impinging jet from the orifice below. A glass 
tube fixed to the centre of the float was brought out clear of the apparatus. It carried 
at its topmost end a fine horizontal crosswire which could be viewed through a 
microscope containing an ocular scale. With the dimensions used the ratio of the 
displacements at the orifice and the float was 186-5 to 1, bo quite a high order of 
magnification was needed to observe the smaller amplitudes. The curves in figure 7 
show the actual volume displacements against frequency for different strokes of 
the driving plunger. It must be remembered that it is not the displacement but the 
volume current (velocity) which reaches a maximum at the point of resonance. The 
volume currents against frequency curves, calculated from the displacement curves, 
are shown in figure 8 . The position of the ourrent peaks thus found is not very 
accurate because a slight chango of the slope of the displacement curve results in a 
considerable shift of the current peak. A different method of determining the 
resonance point independently was therefore resorted to. 

The resonant frequency f r of an aooustical system of one degree of freedom, 

* T = 2n^j(MVy (3) 

and pressure and volume current are in phase. Hence pressure and displacement 
are 90° out of phase. In other words the frequency at which the displacement of 
the driving plunger and the displacement of the fluid are 90° out of phase, must be 
the resonant frequency. The arrangement sketched in figure 9 was thus used for 
determining the resonance frequencies for a series of different amplitudes. 
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A dram (D) with two slits (8) on opposite sides is fixed to the crankshaft (C) of the 
driving plunger ( P ) so that light from a strong electrio bulb (B) passes through the 
slits at the inner and outer dead centre positions of the plunger. This light is collected 
by a lens (not shown) and directed by a mirror (M) on to the orosswire (7) and 
miorosoope ( O ). Extraneous light is kept out by screening. 



Fioubs 7 


When the apparatus is set in motion the orosswire appears in the miorosoope twioe 
every cyole as a dark line on the bright background. Though the time of the appear- 
anoe is only very short—a fraction of a milliseoond—the image is retained long 
enough in the observer’s eye to form a fairly steady picture. Normally then, two 
distinct lines are observed, one produoed on the up-stroke and the other on the down- 
stroke. As the phase difference between the driving plunger and the oscillating fluid 
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increases, the two lines in the field of the miorosoope approach one another and when 
the phase difference reaches 90°, i.e. the resonance point, the two lines ooincide. 



Figubh 8 

At the resonance frequency the fluid (and with it the crosswire) goes through its 
zero position at the moment when the driving piston is at its inner or outer dead 
centre. 


VoLxSs. A. 
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Figure 10 shows the result of the experiment. The resonance frequency is shown 
plotted against the volume displacement of the driving piston. The increase of the 



resonance frequency is explained by the foot that the pressure changes in the air 
spring (oapaeitanoe) are isothermal only for very small amplitudes. For adiabatic 
pressure changes, the frequency has to be multiplied by - 1-185 if y for air is 
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taken as 1-4, and the curve is seen to approach this value asymptotically. Any small 
changes whioh may occur in the inertanoe of the orifioe with increasing amplitudes 
are hidden by this property of the air spring. 

From these results it seems fair to assume that theoretical formulae for the 


resonance frequency 

" 2tta 

I2pr 

JVp 

(1) 

under isothermal conditions and 

/—L 
Jr 

12ypr 

1 Vp 

(4) 


under adiabatio conditions are substantially correct, irrespective of the amplitude 
of oscillation. 

The inertanoe, capacitance and resistance of the ‘resonator’ may now be cal¬ 
culated. Let X be the volume displacement equal to displacement x x area of 
orifioe A, then 

X - Ax = 3-91se. 

V 1 

The oapacitanoe C — —= G-910~* = , , 

pc* 109-5 


where c is the velocity of sound. 

According to (4) the adiabatio resonance frequency 

f r = 3-19 sec. -1 , 

whence with (3) we obtain the inertanoe 

M = 0-423, 


and the equivalent oscillating mass m, 

m =* A*M =* 6-45 g. 

At the resonance frequency, the fluid is at the zero displacement and maximum 
velooity when the driving piston is at its maximum displacement. Hence the 
pressure, responsible for the peak velocity, is that created by the full displacement 
of the driving plunger on the air spring. The displacement amplitude of the plunger 
is equal to the displacement amplitude in the orifice at zero frequency and is denoted 
by X 0 in the table below. 


X, fr 

O.O. BOO. -1 

0-912 2-71 

2-062 2-735 

4-34 2-79 

7-27 2-84 

13-06 2-94 

24-43 3-09 

61-6 3-09 


P tW. 

kg./m.* cm./sec. 

1- 184 8-0 

2 - 666 13-3 

5-63 20-55 

9-45 29-0 

16-97 37-0 

31-75 48-7 

67-0 69-0 
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For small isothermal changes — = --rr, (5) 

Po * 

where p is the pressure due to displacement X 0 , p 0 the statio pressure, ancFF the 
volume of air. 

In figure 11 are shown against the pressure or resistance p also v*j2g and 
v\j2g, where 

Vi =* t>/0-62, (6) 

0-02 being the coefficient of contraction of the jet. v l is, m fact, the real velocity 
while v is the mean velocity over the orifice area. Considering the fact that all the 
kinetio energy of the oscillation is always lost with the jet, this result is to be ex¬ 
pected. A contraction coefficient of 0-62 is in accordance with established experience 
for sharp edged orifices. 



We can thus set 

p = — pv i IO-62 , 2g, 

or in acoustical terms 

p = 0-085.£ a in dynes/cm. 8 , 
and B - p/l a = 0-086. 

The other constants of the system are 
1 cm. 5 


19-6 dynes' 


■ 0-423 


( 7 ) 

(8) 
(9) 




Efflux through a circular orifice 367 

We ore now in a position to write down the differential equation of the efflux through 
the orifice, defined by the initial conditions: 

t = Q, X = X 0 , X = 0, 

MX + RX* + X = 0 . ( 10 ) 


The corresponding physical process is the sudden opening of the orifice with an 
. initial displacement X 0 or an initial pressure on one Bide of the orifice. The solution 
of (10) may be arrived at by putting 

X = u, (11) 

whence X = (12) 


and (10) becomes 
We now substitute 
and get 

The solution of (15) has the form 


^ _ vdu 
dX‘ 


Jf jx +2S ’ + 2-° 


q = ei -ammxy % 


Differentiate this to 


j*2 

dX ' 


M y )’ 


(13) 

(14) 
(15j 


So the solution of (15) becomes 


^,+J/oe ■ <tKmX . 


and the solution of (13) 




With y 9 determined from the initial conditions we arrive at the solution of (10) in 
terms of X and X, 


( 16 ) 
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wherein X has to ohange sign when X ohanges sign. Let for the sake of illustration 
X e « —20, then (16) reads with the above constants 

X* - 1996[ -X+ 2-49- 22-40 

The corresponding values of X and X are listed in the table below and shown in 
figure 12. 

x i x ± x i x ± 

-20 0 -14 170 5 -4 113-6 2 31-2 

-18 114-4 -12 165-0 - 2 94-5 2-4 13-25 

-18 145-3 r- 8 155-5 0 70-5 2-48 4-0 

-16 167-9 - 6 143-5 1 54-4 2-6 (-4-9) 



1 (sec.) 

Figuke 12 

The volume current X returns to zero at X = 2*492. This is the new X 0 for the next 
period of negative current where (10) becomes 

X * = 1995[X + 2*49 - 4-982 x e"*"*** 8 *-*)], 

and so forth. X and X for this period are listed below. They form the lower half of 
the spiral in figure 12. 

X i XX 

2*492 0 0 37-20 

2-4 13-55 -1 24-29 

2 28-85 -1*6 5-74 

1 39-00 -1-528 (-0-94) 
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The calculation could be carried on in the same manner but it is not really worth 
while because, for the following small amplitudes, viscosity would have to be taken 
into account. 

The next and final step is a graphical integration. To obtain X in terms of t we 
integrate 

= * + *„. (17) 

This becomes difficult where X nears zero. At those points however the pressure 
and acceleration may be regarded as constant. This gives a parabolic displacement- 
time curve which is easily calculated. The approximation is better than the accuracy 
of a large-scale drawing. In figure 13 which shows the complete X-t curve, the 
indeterminate parts of the integration were filled in in this way. See also the table 
below. 

The most noteworthy point about this efflux curve is the fact that the greatest 
sooondary amplitude of the displacement in the opposite direction to the initial 
displacement is, but for a fraction of 1 %, independent of the initial displacement or 
pressure, provided, of course, that the latter is large enough. If we call this greatest 
secondary amplitude X x then we can write in good approximation 



provided we are dealing with a system where viscosity may be neglected. The other 
point is that, with the same limitation, this process of discharge always ends in a 
damped oscillation, unlike its electrioal equivalent, i e. the discharge of a condenser 
through an impedance, which may become aperiodic. Mj2R in (18), it will be noted, 
is a function of the orifice radius r only. From (7) and (9) R is a function of p and r -4 . 
By definition 

mass 

inertance = -r*, 

(area)* 

the mass wi, m = plur *, 

where l is the length of the equivalent pipe. From (2) M is proportional to p and r -1 . 
Hence X t is proportional to r 3 . 

With a pipe in plaoe of the orifioe, the calculation would remain the same and the 
constants only would have to be altered. The inertance of a pipe of radius r and 
length l 



against the circular orifice where M = 

Hence, with a pipe, the largest secondary amplitude would be proportional to length 
(including end corrections) and cross-sectional area. 



X (c.o./sec ) 
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X (c o ) 
Figure 13 


X (o.o.) t (sec.) X (c.c.) t (see.) 
20 — 9 0 075860 

19-95 0 8 0-082870 

19-9 0-001615 7 0-089800 

19-8 0 003640 0 0 097300 

19-0 0-000075 5 0-105240 

19-3 0-010095 4 0-113730 

19-0 0-012945 3 0 122880 

18-5 0-016995 2 0-132940 

18-0 0-020580 1 0-144190 

17-5 0-023905 0-5 0-150390 

17 0-027100 0 0-157090 

10 0-033190 - 0-5 0-104465 

15 0-039090 -1 0-172915 

14 0-044960 -1-5 0-183015 

13 0-060850 - 2 0 190515 

12 0-056840 - 2-2 0-203915 

11 0-002970 - 2-3 0-208505 

10 0-096290 - 2-4 0-214455 


X (0.0.) t (boo.) X (c-cO t (8©o.) 
-2 492 — 0-2 0-07701 

-2-4 0 0-4 0-08285 

-2-35 0-00327 0-0 0-08991 

-2-3 0-00594 0-8 0-09073 

-2-2 0 01050 0-9 0-10043 

-2 1 0-01448 1-0 0 10441 

-2-0 0-01808 1-1 0-10871 

-1-8 0-02448 1-2 0-11344 

-1-0 0-03030 1-25 0-11000 

-1-4 0-03682 1-30 0-11880 

-1 2 0-04104 1-35 0-12202 

-1-0 0-04612 1-40 0-12587 

-0-5 0-05802 1-45 0-13100 

0 0-07149 — — 
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Though the secondary volume displacement is in the first approximation a 
function of the orifice radius only, the efflhx time is alao a function of the fluid 
density, as can be inferred from equation (10). Thus the period, during which a 
depression exists in the experimental vessel after an efflux of water (see figure 13) 
would be more than a thousand times longer than the period of depression in a 
similar experiment carried out with air. Such comparisons, on a basis of density, are 
however only legitimate near zero amplitude where the compressibility of the gas 
can be neglected. 

It was not found possible to obtain a complete experimental record of the dis¬ 
charge prooess corresponding to figure 13 but visual observation confirmed the 
general character of the curve. The time from the opening to the greatest negative 
amplitude was found to be about $ sec. The negative amplitude corresponded to the 
calculated figure as well as it could be observed in the very short time. Different 
initial displacement appeared to result in approximately the same peak negative 
displacements. The final oscillations died down more rapidly than figure 13 would 
seem to indicate. No doubt tliis is due to the viscosity of the water. 

I wish to acknowledge my indebtedness to Professor C. E. Inglis, F.R S., for kind 
permission to carry out experiments at the Cambridge Engineering Laboratory and 
to Dr Derbyshire for his mathematical assistance 
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Asymptotic formulae relating to the physical 
theory of crystals 

By Walter Ledermann 
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(i Communicated by M. Bom, F.R.S.—Received 0 July 1943) 

In the physical theory of crystals great formal difficulties are enoountered when the exact 
shape of the crystal is to be taken into aooount. Certain mothods of approximation have 
therefore been developed and suoooeafully used by several authors. However, as the validity 
of these methods was recently questioned by Sir C V. Raman, a more rigorous e x a mina tion 
of the problem had to be undertaken. 

It is found that the old procedure is fully justified provided the number of boundary 
particles is small compared with the total number of particles in the orystal. In particular, 
it is shown that lattioe sums may in general be replaced by the corresponding infinite series, 
and that the distribution of frequencies follows with sufficient accuracy Bora's law for oyelio 
crystals. 

Upper bounds are obtained for the errors caused by these approximations. 

I NTROn IT OTION 

The problems treated in this paper were suggested by Professor M. Bom. They are 
oonoemed with an examination of certain methods of approximation which have 
for some time been used in the physical theory of crystals and have generally been 
regarded as sound, though not rigorously proved. 

However, Sir C. V. Raman and his collaborators (1941 a, 1941 b\ cf. also Nagendra 
Nath 1943) have recently questioned the validity of the hitherto accepted theory, 
as developed by Born and others, and to end the controversy it seems neoessary to 
subject the disputed points to a more careful mathematical scrutiny. 

Lattioe dynamics considers a crystal as a mechanical system of N mass points, 
which represent the nuclei of the atoms. The potential energy is obtained by averaging 
the total energy of the electronic motion for a given position of the nuclei. The 
equilibrium position of these is assumed to be a regular structure, a lattioe, and most 
problems of lattice dynamics are concerned with small vibrations about this 
equilibrium. In tackling these problems the theory exploits to groat advantage the 
regularity with which the equilibrium positions are arranged in spaoe; indeed, its 
success would have been even more complete, were it not for the fact that this 
regularity breaks down on the boundary of the crystal and, in certain cases, also in 
the interior where a rather large number of particles fails to conform to the general 
structure. I shall therefore distinguish between internal and boundary points 
according as these points are surrounded by a complete set of regular neighbours 
or not (§§ 3 and 8). No detailed assumptions will be made with regard to the shape of 
the orystal or the position of boundary points, exoept that their number shall be small 
compared with N. 

[ 362 ] 
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Part I deala with oertain finite sums (lattioe sums) extended over the N particles 
of a lattice. On aooount of the very great magnitude of N, these Bums are very nearly 
equal to the corresponding infinite series (i.e. when N-> oo), which are assumed to 
be absolutely convergent. This would almost seem to be a mere restatement of the 
definition of convergence, but some care is required to show (§ 4) that, despite the 
irregularities within the lattioe, the finite and infinite series always have a sufficiently 
great number of consecutive terms in common so that, after a proper choice of origin, 
the remaining terms may be neglected. 

In the discussion of the frequency distribution (part II) no such transition to 
infinite lattioes is permissible, since the problem has a meaning only for a finite 
number of degrees of freedom (3N in the case of N particles). Owing to the presence 
of boundary particles a rigorous treatment of the frequency problem appears to be 
impracticable. Bom therefore modified the true boundary in accordance with his 
cyclic condition (§ 9) so as to preserve throughout the symmetry of the structure and 
of the corresponding equations. A complete solution can be obtained for this fictitious 
crystal, and it is reasonable to argue that it does not essentially differ from that for 
the actual crystal. Yet it is against this cyclic condition and its consequences that 
Raman’s criticism was mainly directed. 

With the help of a general theorem concerning the stability of latent roots of a 
Hermitian matrix (§11) I shall show that Bom’s statement with regard to the 
frequency distribution of a vibrating crystal is fully justified, anil that his con¬ 
clusions can be put on a rigorous basis 


Part I. Lattice sums 

1. Suppose that the lattioe consists of N mass points which are specified by N 
sets of integers 

l-iw a). 


The radius vector of the point (l lt l t , l 3 ) is l t a x + l t a t + 1 3 a 3 where a 1 , a t , a 8 define the 
fundamental cell. The functions which occur in lattico physics are of the form 



I'M = S/i e toW0 >, 

i 

(1) 

or 


(2) 


where Q — ( Q lt Q lt Q 3 ) denotes a set of three independent variables and where 

m = iiQi+hQi+hQ» 

The functions of type (2) depend only on the difference of the cell indioes and are 
therefore independent of the origin. Both functions are periodic with respect to 
Qi> Q if Qa> and in view of the large number of terms in the sums on the right 
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sides of (1) and (2) it seems natural to compare them with the infinite triple 
Fourier series 



F(Q) = FJQ) = 

2 B /.e w *0) 

(3) 

and 

G(Q) = GJQ) = 

2 g a e u « aQ) , 

(4) 


respectively, whose absolute and uniform convergence will be assumed; as before* 
a = (<*!,a 8 ,a 3 ) and ( aQ) = <x l Q x +at, i Q i ^ct i Q 3 . 

A formal connexion between t\(Q) and F(Q) can be established by means of the 
shape function 

Z S {Q) = Se 8 " W) , ( 6 ) 

which is itself of type (1). Let 

z a = 1 , when a = l, and z a = 0 , when a /l. 

so that Z n (Q) = 2 z a e ini(a V>, 

Now consider the integral (where dP = dP x dl\ dP 3 ) 

P F{P)Z n (Q-P) dP = v s/ bZ e **WQ) f dP 

J0 a fi Jo 

- ZS= ZM U « 0 ' > , 

a fl a l 

i-e. F a ,((?) = JV(P) Z.y<<2 - P) dP (0) 

Following Ewald ( 1940 ) I shall oall this integral the fold of F(Q) and Z S (Q) and 

denote it by 

fz s (Q). 

Thus ( 6 ) can be written in the form 

F N (Q) r FZ N (Q)‘ (7) 

An analogous relation exists between the functions G N (Q) and G(Q)\ it is based 
on the Lane factor 

L n (Q) = i I Z n (Q) I 2 = ~ 2 2 (8) 

whioh is itself a function of typo ( 2 ), and a similar calculation yields the result 

G n (Q) = GL n (Q). ( 0 ) 

* Suffixes l, ... will be used to denote summation over the N partielee of the lattice, 
whilst Greek letters a, a', fi, ... refer to summation over geometrical lattice points whether 
they are occupied by material particles or not. 
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2 . The formulae (7) and (9) hold for any value of N and for any arrangement of 
the N lattice points in space; but their practical usefulness is restricted by the fact 
that the actual evaluation of the sums (5) and ( 8 ) presents great difficulties except 
in certain cases where the lattice is of a particularly simple shape. For example, if 
the lattice is a parallelepiped whose edges are parallel to those of the fundamental 

3 

cell and contain 2 n x + 1 . 2 WJ+ l, 2 » s + 1 particles respectively (so that N = n ( 2 n r + 1 )) 
and if the centre of the parallelepiped be taken as the origin, then 




( 10 ) 


Shape functions for other oases have been calculated by v. Laue ( 1936 ), Patterson 
( 1939 ) and others. 

In physical applications the number A is as a rule very large indeed and for many 
problems it is sufficient to know the asymptotic behaviour of the functions involved. 
More precisely, if N be treated as a parameter, it is the case N-> 00 which is of greatest 
interest. Nevertheless, the formulae are valid for any finite value of N, and upper 
bounds will be obtained for the differences 


\F n (Q)-F{Q)\ and |flWG)-G(g)|. 

3 It will be found necessary to stipulate that the aggregate of N colls which 
constitute the physical lattice should satisfy the following topological condition: 
a lattice {joint (l v l t , l 3 ) is said to be an internal point if all its 3 s — 1 = 26 neighbours 

(h+cr v l t + <r g , 1 8 + <r s ) 


also belong to the lattice, where <r lt <r t , cr 3 independently take the values — 1 , 0 , 1 
with the exception of the set <r 1 = <r, => cr 3 = 0 . Any other lattice point is called a 
boundary point.* The number of boundary points in the given lattice is donoted 
by »»; it is then supposed that the ratio 


is a small number, i.e. roughly speaking, the measure of the surface is assumed to be 
small compared with the measure of the volume. This condition excludes needle- 
shaped and laminal crystals. On the other hand we shall admit multiply-connected 
lattioes so that some boundary points may bo due to holes or irregularities within the 
lattice, provided tho internal surface of such sponge-like crystals does not become 
so groat that the number of points on it is comparable with the total number of 
lattice points. The ratio (11) plays an important part in estimating the error terms 
of the asymptotic formulae. 

* It must, however, be realized that the present definition of internal and boundary points 
depends on the choice of the fundamental veotors, which, as is well known, are not in general 
uniquely determined. 
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4. One of the consequences of the condition introduced in the preceding section 
is that the dimensions of the maximum parallelepiped which can be inscribed in the 
crystal tend to infinity as A T ->oo. More precisely, let fl r (h) be the parallelepiped 
containing all points fjaj + t a a a + ( a a s , where 

^-rs^s^ + r (i = 1,2,3), (12) 

r being a positive integer and h = (h v h % , h 3 ) being a set of three integers. Let» be 
the greatest integer such that at least one IJ n (h), with suitable h, can be inscribed 
in the lattioe. It will be shown that 



For imagine the whole of space to bo filled with parallelepipeds of type 77 n+1 no two 
of which overlap,* and suppose that exactly q of them contain at least one point of 
the lattice. Since by (12) there are (2n + 3) 3 lattice points in each /7 n+1 , it follows that 
JV<?(2n + 3)*. 

On the other hand, each of the q parallelepipeds 77 n+1 contains at least one boundary 
point, because its suffix exceeds the maximum number n. Hence 

v^q (14) 

and therefore ^<(2»+3) s (15) 

which is equivalent to (13). Thus if the number f/ (Njv) were to increase indefinitely, 
so would the maximum parallelepiped which can be inscribed in the crystal. 

5. Now return to the special lattioe sums Z N (Q) and L N (Q) defined in (6) and (8). 
It will be shown that both these functions would become periodic ‘^-functions’ 
(in Dirac’s sense), if the parameter N were allowed to tend to infinity. 

First consider Z N {Q). If F(Q) - 

be any absolutely and uniformly convergent Fourier series whatsoever, we have 
by (1) and (6) 

*' N (Q) = XM um) = j 1 o F(P)Z N [Q-P)dP. 

As was seen on p. 365, the topological properties of the lattioe imply that a paral¬ 
lelepiped IJ n (h) can be inscribed in the orystal where A is a suitable lattioe point. 
If this point is taken as origin, the lattioe sum F N (Q) may be split upf as follows: 

JW0>- S /,*■*»+ S W m) . (16) 

icn. i>ff» 

* That is, every lattioe point in space is accounted for onoe and only onoe. 
t It is hoped that no misunderstanding will be caused by the abbreviations for the limits 
of summation: thus I<77 s means summation over all lattioe points in or on 17 n , and 1>17 m 
refers to all lattioe points outside 77,. 
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It is convenient to arrange the terms in the triple series 

£ f a ^ 0) 

in such a way that the summation is carried out according to concentric shells 
surrounding the origin. The rth shell will be denoted by n r and consists of the 
(2r ■+■1 )* - (2r -1 )* lattice points which lie on the surface of the parallelepiped /7 r (0). 
Since the series converges absolutely and uniformly, the terms may be rearranged 
thus* „ 

F(Q) = S f % e UUaQ) = £ £ /,«**<». 



Figure 1. Illustrating the two-dimensional case. 


In the first sum on the right-hand side of (16) the summation index l may be replaced 
by/), because the whole of /7„ belongs to the physical lattice. Hence 

Fs(Q) = £ E (17) 

r-0 p-ir r »>//„ 

On the other hand 

F(Q) = £ E £ £ /,«■**>«. (18) 

r~0 p—ir, r~n+l p—*r 

if £ s 141 . 

r-»+l p—Wr 

it is evident that 

I I £ £ 

I |r—i»+l p—w r I 

and therefore on subtracting (18) from (17) 

IW)-TOI<2fl n . (18) 

The absolute convergence of the Fourier series F(Q) implies that the remainder 
term R % is small provided Njv and therefore n is large. 


The index p ranges over all lattice points on 
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Relation (19) can be written in the form 

F N (Q) = F(Q) + 2d(Q)R n , 
where -1 «£ d(Q) < 1 

for all values of Q. By expressing F S (Q) as an integral in accordance with (6) it is 
seen that 

J‘ F(P)Z N (Q-P)dP - F(Q) + 2d(Q)B n (19') 

which may be compared with the property of the ‘ ^-function’ 

j* # 1 ^(P)<l(G-P)dP = m. 

The foregoing remarks are easily extended to the case of functions of two sets of 
variables Q and Q'. A finite sum of the form 

F n (Q, Q') = 2 S/s- = 2 2 «r (20) 

i r it 

is to be compared with the infinite series 

F(Q, 

which may be written* 

F(Q,Q’) = 2 *„•+ 2 (21) 

where the modulus of the seoond double sum is not greater than 

*n= S ,K.*I= S Jfaa'l 

aa'>n,n,’ ««- n m n m ' 

As before the remainder R n tends to zero as n tends to infinity. Since all terms of 
the first double sum in (21) also occur in (20), it follows that 

j 2 2 u ir ~~ 2 2 ^ 2i? B , 

i.e. | F n (Q, Q ') - F(Q, Q') | < 2^, (22) 

or by analogy with (19') 

j 1 J 1 o F(P l P')Z N (Q-P)Z„(Q'-P')dPdP' = F(Q,Q') + 2d(Q,Q’)R n . 

0. Consider now the second type of lattice sum, defined in (2), viz. 

O n (Q) - ^22^ e tofltf - r > 01 «^22^, 

or 

* The Bix-dimeo8jonal parallelepiped J7./7' now takes the place of II 



Asymptotic formulae relating to the physical theory of crystals 369 
where K(a) is the number of solutions of the equation 

(l)-<n = (a). (23) 

When (a) = 0 , this equation has evidently N solutions, i.e. 

K(0) = N 

and generally, 0 < K(a) < N. (24) 

It will be shown that for a certain range of values of a, K(a) is asymptotically 
equal to N. 

Consider the case in which (a) = (tr 1 ) represents a fixed lattice point on the shell 
n v Equation (23) then has at least as many solutions as there are internal points 
in the physical lattice. For if (l') be any internal point, then by definition 

( 0 +(^) - ( 0 . 

say, belongs to the lattice. As there are N — v internal points, it follows that 
K(a)^N — v, if (a) lies on n l . 

Next let (a) = (<r s ) correspond to a lattice point on n a . Then 
(<r*) = (?) + (*'), 

where {$') and (}]/') represent certain points on ir v There are at least N — 2v internal 
points (V) m the physical lattice which have the property that (V) 4- (<}>') is also an 
internal lattice point, and consequently {l') + ($') + (&') is a point of the lattice 
(internal or otherwise). Thus 

K(a)^N — 2v, if (a) lies on n t . 

Continuing m this way it is found that 



K(a)^N—rv, if (a) lies on 7r r (r=l,2,...) 


and therefore 

iV> K(a)^N—ru, if (a)^/7 r , 


i.e. 


(25) 

Let tho integer n 

be defined by » = £ 

(26) 

Then 

>-f >*-(/?)»— Vs- 


and by (26), when r « n, 1 #s > 1 - J^, 


i.e. 

K{ « ) = l-0(*)J* f , if (a) <77„, 

(27) 

where 

0 < 0(a) «£ 1. 
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Now split up the Bum 0 N (Q) and write 


£ *(«)*. = ~ £ *(«)».. 

XV a- — 00 x» a<lJ m XT a>/7 a 

whence by (27) 

OM- £ £ «(*)».+i £ *(«)».■ 

av/7 a V X’ a<77 a XV »>//, 

On the other hand G(Q) => £ *>* = S »«+ £ ««, 

«--» a<n a «>//, 

and therefore 

G n (Q)-G(Q) = - £ r.- I~ £ %K+i £ *(«)«.. (28) 

*>//„ VxV<«</7 a xVo>/7„ 

Let **= £ K| (A = 0 , 1 , 2 ,...). 

a >77* 

The absolute convergence of the infinite series G*(Q) implies that R h tends to zero 
as A tends to infinity. 

Clearly, I £ *J<*L+i. 

| *>/ 7 « | 

I £ *(«kU £ |tr.|< £ K| = flo, 

| «<77 a I «</7„ «—«> 

I Ty £ ^( a ) v a j ^ £ I v a I = ^n+l> 

I ™ a>/ 7 , | <*>//, 

since by (24) K(a)s£ 1. 

Thus |0iv(«)-G(Q)|<2ft , t+1 + J^R 0 = K, 

which is small, provided *J(N(v) and therefore » is large enough. 

Expressing Q#(Q) as an integral in accordance with (9), it iB seen that 

j l <) G(P)L N (Q-P)dP = G(Q) + d(Q)K, 

which may be compared with the symbolical equation 

j 1 Q 0(P)S(Q~P)dP = 0(Q). 

7. As an example of the foregoing method consider the following lattice sum 
(Bom 1942 , p. 404): 

D n (Q, Q') = £ £ ^Dbe-ww, (29) 

1 r 



Asymptotic formulae relating to the physical theory of crystals 371 

where the D a ’e are certain numerical constants. Let 

F(Q) = (30) 

be any Fourier series which converges absolutely and uniformly and let 

= (31) 

It is required to show that approximately 

J* D n (Q, Q') F(Q') dQ' ~F(Q) D(Q). 

The integral is easily evaluated, and it is found that 

Jo i r r 

say. The corresponding infinite series is 

= F(Q)1){Q), 

since a —a.' may be replaced by a single summation index which ranges from — co 
to oo. Thus on using the inequality (22), viz. 

|sS«ir- £ ,£ 

it is found that |J^ D N (Q, Q') F(Q')dQ'— F(Q)D(Q) j < 2R n , 
where R n = £ |u aa .| = £ \L'D a ^\. 

aa‘AlI H n n ' <ta'l,ll n lt m ’ 

In the physioal problem which gives nse to this lattice sum, the quantities D fi are 
negligible, unless the {Joint (/?) is fairly near the origin so that only comparatively 
few terms in 

d = < 32 > 
need be regarded as non-zero. Therefore, since 

£ £ I A-1 £ \l>„\ =d £ |/ a |» 

*a.'>n n n n ' *'>n n fi oo a>n n 

the result can be written in the form 

ir^«2,e')W)^'-^(e)^(«)|<2d £ i/.|. ( 33 ) 

I Jo I *>//« 
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Past II.* Density of fbequencies 

8. It was assumed in part I that the configuration of the N mass points was of 
a particularly simple nature; the structure was in faot what is known as a simple 
lattice. But the structure of a crystal is in general more complicated and must be 
regarded as the superposition of a certain number (a) of Bimple lattices. Thus in 
the usual notation (Bom 1921) the radius vector of a typical point is written in the 
form 

r *+^ai + /*a t + l s a s , 

where r 1( r,, ..., r k , ..., r f correspond to the partioles of the base and where l v l t , 1 8 
are integers specifying the cell. However, as far as this problem is concerned, no 
details of the geometrical configuration will be required, and I shall again denote 
the total number of particles by N. 

On the other hand, it will bo necessary to modify the definitions of internal and 
boundary points. The atomic interaction forces are such that each particle is per¬ 
ceptibly influenced only by its more immediate neighbours, which might bo called 
active neighbours. Accordingly, a particle will be called an internal particle, if it 
possesses all its active neighbours (as required by the structure of the crystal). 
Should one or more active neighbours be missing, the particlo will be termed a 
boundary particle. As before, the total number of boundary particles (including 
those on internal boundaries) will be denoted by v, stress being laid on those cases 
in which the ratio v/N is small. 

9. When the method of small vibrations is applied to the N particles of the 
crystal, the equations of motion of the ith particle can be written in the form (Bom 
1921, p. 574) 

m t x { = 'Z(af}x j + b'$y j +cffz j ) (£,j == 1,2. N) (34) 

together with two similar equations for y { and z { , there being in all 3N equations of 
motion for the whole crystal The frequencies w are obtained in the usual way by 
assuming that x = — to % x, etc , and then writing down the determinantal condition 
that the system of equations should have a non-trivial solution. A rigorous solution 
of the ensuing algebraical equation of degree 3 N presents difficulties which in all 
but the simplest cases appear to be insurmountable On the other hand, what is 
required in the physical a ppheations is not a knowledge of the indi vidual frequencies, 
but only of their density on the real axis. Bom (1921, p. 587) therefore devised the 
following approximate method: owing to the periodicity of the crystal the equations 
of motion have the same form for all internal particles, because each of these par¬ 
ticles is surrounded by the same constellation of active neighbours. Only the motion 
of boundary partioles is governed by different equations. If these irregularities are 
ignored, as if the crystal were cyclically closed and had no boundary particles at all, 
a perfectly regular system of equations would be obtained. The complete solution 
* A brief summary of this work was published m a letter to Nature (1943). 
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for this modified system was obtained by Bom, and it is natural to assume that these 
changes, which affect only a comparatively small number of equations, cannot 
materially influence the distribution of frequencies, whioh therefore will be nearly 
the same for the actual crystal. 

It is the object of the following pages to confirm Bom’s statement and to obtain 
more precise conditions for its validity. 

The argument is intimately related to a theorem of Cauchy ( 1829 ) on quadratic 
forms (sec p. 377), but the method is independent of this theorem and could in foot 
easily be adapted to furnish a new proof of it. 


10 . I begin by proving the following (cf P61ya & Szego 1925 ) 

Lemma: Let Pi<p 3 <... <// m and rj be real numbers and let g t >0,g t > 0 , 
Then the rational function 




j-i 


_ iL _ 


(35) 


where 


&(*) = n (x-th) 


(30) 


has exactly m + 1 real and distinct zeros p l < p 9 < ... < p m hX which are separated by the 
poles ft t ,fi j, ie. 

Pl<P\<Pi<P*< <Pm<Pm+ 1 - ( 37 ) 


Proof It is readily seen that if e is a sufficiently small real number 
V5 r (-oo)<0, {Jr(fi 1 -e)>{), &(Pi + e)< 0, $Jr(/i 2 -f ) > 0, \Jr(p t -\-e)< 0, . , ^(oo)>0, 
which shows that fr{x) changes its sign at least m + 1 times as x moves on the real 
axis from — 00 to 00 . Hence one can locate at least m+ 1 roots which are separated 
by Pi'Pn » p m - On the other hand when \Jr(x) is written ns the quotient of two prime 
polynomials fi(x)lf> v (x), the numerator is of degree t»+ 1. Therefore ijr(x) cannot 
have more than m+ 1 roots This proves the lemma 

In what follows interest more particularly attaches to the distribution of roots 
on the ar-avis let . 


be any interval and let the number of roots of f L {x) and f»i(x) be denoted by 
P t (a, b) and R^a, b) 

respectively. Then it can easily be deduced from (37) that 

|P 1 (a, 6 )-« 1 (a,&)| < Sl, (38) 

no matter where the interval (a, 6 ) is situated. 

11. Consider the Hermitian matrix 
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is an Hermitian matrix of order w, and where 


h = {huK . h n } 

is a oolumn vector and 7 is a real number. Let the characteristic polynomials of 
A and C be 

f(x)=\xI-A\~n\x-<x i ) 

i-i 


I? 3 


and = \ x1-C\ - n (*-yi) 

respectively, where the a 's and y's are real numbers. There exists a unitary matrix 
U 0 of order n such that 

V ' 0 CU 0 = 

say. Hence if the unitary matrix U of order n + 1 is defined by 

U = 

it readily follows that 

V ’ AV -[ r e ;]- : 1 . <*•> 

1 y n C„ 

e, ... e„ i) 

where e = f 7 '. 

Since the characteristic equation of U'AU is the same as that of A, f(x) can be 
evaluated by expanding the characteristic determinant of (30) with respect to the 
last row and column (Aitken 1939 ), thus 

f(x) = {x-i/) 0(x) - S (* - 7i) • • • (* - Tr-i) | «< | 1 (* - 7« +1 ) y n ). 


i.e. 


/(f) 




y Jili! 


This formula holds for all cases including those in which some of the y’s are identical 
and some of the c’s happen to be zero. On collecting terms which have the same 
denominator and omitting terms which arc zero, it is seen that 


/(*) 
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where the ft'a are distinct, eaoh of them being equal to one of the y’s, and where the 
g'a are positive. Hence all conditions of the lemma are fulfilled, and if the function 
(40) is reduoed to its lowest denominator 


m _ /,(*>_ 

<!>(x) <f> x {x) 

(41) 

Bay, it follows that, in the notation of (38), § 10, 


| P x (a,b)—R x (u,b) | < I. 

(42) 


Equation (41) implies the existence of a polynomial h(x) such that 
f(x) = h(x)Mx), = h{x)<j> x (x). 

Therefore if the numbers of the roots of the functions 
f(x), h(x) 

in a ag x b be denoted by P(a, b), R(a, b), S{a, b) 
respectively, then 

P(a, b) = S(a, b) + P,(o, b), R(a . 6 ) = 8(a, b) + R 1 (a, b), 
whence by (42) | P{a , b) - Jt{a, b) | < 1. (43) 

It is on this relation between the roots of a Hermitian matrix A and one of its first 
minors C that the argument will be based Cauchy’s theorem, which might easily 
have been deduced by the above method, goes a kttle further and states that the 
roots of A are separated by those of U. 

Consider now a second Hermitian matrix of order n+ 1 

C I1 c ln ^1 

.. " k 

C »1 ••• c nn K n 

A ••• A *. 

which has the leading minor C in common with A (§11). If 
Q(a,b) 

denotes the number of latent roots of B in the interval, then by analogy with (43) 

( Q{a,b)~ Jt(a,b) | < 1 , 

and therefore | P(a, b) - Q(a, b) | 2. (44) 

Since the latent roots of a matrix are not changed by a simultaneous permutation 
of its rows and columns, it is clear that the above result remains valid when the 
leading min or C is replaced by any other principal minor of order n. 

If the Hermitian matrices are of order n + r and have a principal minor of order n 
in common, but differ in the remaining r rows and columns, then by a repeated 
application of (44) | P{a ,b)-Q(a,b )| S 2r. (46) 


■G 


a „ | 
k k 
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Thus the following theorem is proved: 

If in a Hermitian matrix the elements of r rows and their corresponding columns are 
modified in any way whatever , provided only that the matrix remains Hermitian, then 
the number of latent roots which lie in any given interval cannot increase or decrease 
by more than 2r. 

It should be noted that this property is independent of the order of the matrix. 


12 . I shall now resume the discussion of the frequencies of a vibrating crystal. 
By (34) the squares of the 3 N frequencies are obtained by solving an algebraical 
equation of the form 


\<o'M-V\ *0, 


(40) 


where if is a diagonal matrix whose elements are m lP m t , ..., m N each occurring 
three times. The elements of 2V are the coefficients of the potential energy of the 
system, which is a positive-definite quadratic form in 3 N variables, viz. the 3 N 
components of displacement of the N partioles. Contrary to the usual practice of 
specifying the particles by means of base and cell indices, I shall simply assume’that 
the 3 N components of displacement are numbered consecutively from 1 to 3 N, in 
such a way that the first 3 (N — v) variables correspond to the internal partioles and 
the last Zt> variables correspond to the i> boundary particles. Hence the last Zv rows 
and columns of V represent those terms in the potential energy which are due to the 
interaction of boundary particles, either with themselves or with internal particles. 
I shall accordingly, partition the matrix V thus 


; Kfel ~ v ) row « 

L V bi ; Zv rows' 

where the suffixes i and b refer to internal and boundary particles respectively. 
Equation (46) is equivalent to 

|w*/-A| = 0, (47) 

where A = M 


a 


is a real symmetric matrix of order 3 N. The problem is therefore reduced to finding 
the latent roots of A. As has been pointed out, the rigorous solution of (47) is im¬ 
practicable, but by modifying some of the terms in accordance with the cyclic 
condition one can obtain a matrix 



whose latent roots can be calculated. Since A and B differ only in their last Zv rows 
and oolumns, the theorem of § 10 can be applied with the inference that 

| P(o, 6) — Q(a, b) | < Qv, 

where the numbers of latent roots of A and B which lie in a < x ^ b are denoted by 
P{a,b) and Q(a,b) respectively. 
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It is, however, more convenient to express the result in terms of the density of 
frequencies. Thus if 

p(a, ft) = P(a, 6)/3tf, q(a, b) = Q(a, ft)/31V 
the above inequality takes the form 

\ p{a,b)-q(a,b)\^. (48) 

Hence, just os in part I, the conclusion is reached that the boundary particles 
have only a negligible influence on tho density of frequencies provided the critical 
ratio vjN is sufficiently small. 

I should like to take this opportunity of expressing my sincere thanks to Professor 
Born for acquainting me with these problems and for the kind interest he has shown 
in my work. 
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The dissociation of an alloy of copper, iron and nickel 
Further X-ray work 

By Vera Daniel, Ph.D. and H. Lipson, D.Sc , Cavendish Laboratory, Cambridge 
(Communicated by Sir Lawrence Bragg, FR.S.—Received 13 Septe.mber 1943) 
[Plate 12] 

In a previous paper it was shown that X-ray evidence led to the oonoltwon that a aeries of 
intermediate structures is formed during the dissociation of tho alloy Ou 4 FeNi,. Attempts to 
determine these structures failod because they led to X-ray intensities that did not agree 
with those observed, although their positions were adequately accounted for. In the present 
paper it is shown that the intensities are modified in a systematic way by extinction, and that, 
after introducing a correction for extinction, the theory advanced can account for all the data. 

In the type of structure postulated there is a periodic variation of the lattice parameter. 
Concentration differences are sot up in the alloy at regular intervals, while tho coherence of 
the singlo-phaso lattice remains. The wave-length of the periodicity is of the order of 10~* cm. 

On prolonged annealing at constant temperature the diffraction pattern changes gradually 
It is possible to follow the wavo-length and the amplitude of the periodic variation as a func¬ 
tion of time and temperature over a considerable interval. It has boon found that the ampli¬ 
tude is independent of time at a given temperature and that the wavo-length uicroases 
linearly with the logaritlun of tuno The values of wave-length and amplitude as a function 
of time and temperature are reproduciblo within the limit of error, so that tho measurements 
have a quantitative valuo. After longer tunes of annealing tho diffraction pattern of tho 
periodic state gradually changes into another pattern, winch can be explained eithor by a 
periodic structure with a range of longer periods or by tetragonal lamellae 

The bearing of the present observations on the kinetics of phase change is dismissed. 

Introduction 

In a previous paper (Daniel & Lipson 1943 ) an account was given of an unusual 
diffraction effect shown by the alloy Cu 4 FeNi 3 This alloy is single phase (face- 
centred cubic) at high temperatures and dissociates at lower temperatures into 
approximately equal amounts of two face-centred cubic phases, the dissociation is 
slow, and intermediate stages can be distinguished. The first stage of the dissociation 
gives a characteristic diffraction pattern in which, on a powder photograph, each 
line of the single-phase pattern is flanked by two side-bands. The position of these 
side-bands and also the evidence of oscillation photographs of coarse-grained 
specimens could be explained satisfactorily by the assumption of a periodic variation 
of the lattioe parameter, the variation being in the direction of the cube edges. The 
intensities, however, did not fit in with the theory. This was thought to be so because 
the simple model chosen was too perfect. It now appears that the results can be 
explained even with this model, by the presenoe of a large amount of extinction. 

It is not usual to associate large extinction offeots with powder photographs, but 
it must be pointed out that in this case conditions are particularly favourable for 
its occurrence; in order to put the powder into a single-phase state it has to be so 
heat-treated that it always sinters and this means that the crystal grains must be 
larger than they usually are in powders. 

[ 378 ] 
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Theory 


The calculation of the structure factor for a ono-dimenaional grating with a 
periodic variation of tho spacing shows that besides the orders of reflexion, h, for 

1 2 

the undisturbed grating, there appear satellites at positions h±-Q,h±-^, .. , where 

Q is the number of lines in the period of variation. The structure amplitudes of the 
main reflexions and the satellites are given by J 0 (hQb/a), J^hQb/a), J t (hQb/a), ..., 
respectively, where J n {hQbja) is the nth order Bessel function of the argument 


hQb/a, and 6 is the amplitude of tho variation of the spacing, a. 


If 


( 1 ) 


one may put J 0 = 1, J x {hQbfa) = hQb/2a and J n>l (hQb/a) = 0, that is, only the first 
pair of satellites is appreciable. 

The intensities of the different order satellites will be given by J\, J\, J\ . 

It is interesting that the total intensity of a main reflexion and all its satellites is 
always equal to the intensity of the diffraction line from the undisturbed grating, 
because for any argument x 

dg(*) +2 £./*(*) = 1 (2) 

n«l 

(Whittaker & Watson 1927 ). 

Tho side-bands on a powder photograph are made up of the satellites due 
to variation in the h, k and l directions. It has been found convenient to use 
as basiB for the calculations ///„, the intensity of the first order side-band over 
that of the main line. According to the approximate treatment based on con¬ 
dition ( 1 ) this quantity should be 

jr'*‘ +i ’ +iI )(l)’=‘V(IT- (3) 

Equation (3) shows that the quantity ///„ increases rapidly with the order of 
reflexion. The rigorous treatment shows that ///„ should increase even more rapidly 
because equation ( 2 ) proves that the total intensity of main line plus side-bands is 
not altered by a sinusoidal variation. In consequence, if the side-bands are strong, 
the main line is weakened. 

The results of the measurements seemed at first not to agree with the theory. 
It was found that I/NIq is not oonstant but decreases with N. Empirically the 
intensities oan be rendered by an expression such as 


where a is a constant. 


(4) 
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Extinction 

Extinction influences the ratio of the intensity of the side-bands to the main 
line because it weakens strong X-ray reflexions more than weaker ones. Therefore 
it makes weak lines or, in our case, side-bands appear relatively too strong com¬ 
pared with the main reflexions. In the'present case this produoes a systematic 
alteration of the relevant expression IjI 0 N. 

The presence of extinction in the specimens used was proved by intensity measure¬ 
ments on the same specimen cold-worked and annealed. It was assumed that cold 
working would remove, or at least reduce, extinction. A cold-worked specimen of 
Cu 4 FeNi s was therefore photographed together with a platinum wire, annealed at 
900° C, and again photographed together with the platinum wire, both being care¬ 
fully replaced in the same position as the first time. The intensities of the diffraction 
lines from the platinum wire wore used as standards. The specimen and platinum 
wire were mounted on the same specimen holder, the specimen being held in 
a hole through the centre of the holder, while the platinum wire was fixed on the 
holder as near as possible to the specimen. The two revolved round an axis between 
them, care being taken that they were both immersed in the X-ray beam at every 
position. Two specimens were used, one a solid rod out out of a rolled sheet of alloy, 
the other filed powder, photographed through a silica tube of a wall thickness of 
about 0*02 mm. 

This experiment showed that by the annealing the intensities of the X-ray re¬ 
flexions were weakened. Low-order reflexions were reduced more than high ones. 
The lowest reflexion, 111 , was reduced in one case to 0 6 , in the other to 0*4 of its 
intensity in tho cold-worked state. 

These experiments indicate that there is extinction present In order therefore 
to derive numerical results from tho experimental data it was necessary to work 
out an analytical treatment in order to correct for extinction. This treatment is 
based on a paper by Bragg & West ( 1929 ). 

It is obvious that the extinction effect will decrease with N, since the higher orders 
are necessarily weaker than the lower ones, and so the higher orders give values of 
Qb/a which are more nearly correct than those givon by tho lowor ones. If one could 
use really high values of N, the extinction would be zero, but since this is not pos¬ 
sible, an attempt was made to find the true value of Qb/a by extrapolation of the 
observed results to N = 00 . For this purpose it is necessary to find a relation that 
gives a linear extrapolation against a function of N that is not infinite at N = 00 . 
In the treatment that follows, such a relation has been deduced 

Analytical treatment of extinction 

There are two kinds of extinction possible, primary and secondary. Primary 
extinction occurs in large perfeot blocks, while secondary extinction (as well as 
primary extinction) may occur in mosaio crystals. Both kinds give a fairly similar 
variation with angle. 
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An approximate allowance for secondary extinction can be made by putting for 
the integrated reflexion under the influence of extinction 


1 + 2 gp' 


( 5 ) 


Here p is the true integrated reflexion and g is a constant characteristic of the 
extinction. 

For the following the calculations have to be made in terms of the structure 
amplitude F. p is connected with F by the formula 

A 3 H 


pcc - 


n 20 


F*. 


(6) 


where A is the X-ray wave-length, p the absorption coefficient and 6 the Bragg 
angle. F', the value that follows for the structure factor if the measurements are not 
corrected for extinction, is connected with p' by the same formula. By substituting 
F and F' for p and p' in formula (6) we got 

pi 

" A 3 1 + cos* W 


F'* = 


1 + const. - 


F* 


(7) 


It can be seen that the larger F x is the more F'* is reduced However, the relation¬ 
ship is complicated by the factor (1 + cos* 20)/sin 20, which means that extinction 
will be relatively less for reflexions with 8 near \ir than for reflexions with higher and 
lower 0 . The factor A 3 /p is practically constant for different radiations (Compton & 
Allison 1936) unless the value of p is increased anomalously by the presence of an 
absorption edge. The anomalous absorption of iron for copjier radiation has the 
consequence that A 8 /p, and therefore extinction, is somewhat less for copper radia¬ 
tion than for the other radiations used. In spite of this it was found sufficient for 
an approximate treatment to set the factor (A*/p) (1 + cos* 20 )/sin 20 equal to a 
constant. Thus „ a 

F * ~ To-TF** W 


For the present problem the calculations are simplified by the fact that F, the 
structure amplitude not influenced by extinction, can be expressed as a simple 
function of the order of reflexion, N. As the alloy Cu 4 FoNi s is face-centred cubic, 
F 0 , the structure amplitude corrected for the teuqierature factor, is for all reflexions 
equal to 4 / 0 , where /„ is the moan atomic structure factor. / 0 itself is still a function 
of sin 0 /A or N and falls off with increasing N. One can put with reasonably good 
approximation 


F * = Ae' N , 


(0) 


where the constant e includes the temperature factor and the variation of f 0 with N. 
Consequently Ae~‘ N 

F>t " TTZaF* 
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or 


r* i 

F * " l + Ke tN ' 


(10) 


where K and e are constants. 

Equation (10) can be used to estimate the influence of extinction on I/Iq and to 
correct for extinction. Extinction will weaken the intensities of the main lines / 0 
according to equation (10) to I ' 0 where 


I'o 


jo 

1 +Ke tN ' 


( 11 ) 


The side-bands are considerably weaker than the main lines and are also broadened, 
so that they will be reduced muoh less. In the following it will be assumed that they 
are not affected by extinction. If condition (1) is fulfilled ///j, =■ N(Qbj 2 a) a . Ex¬ 
tinction will modify this to 

£-*(!)■«( 12 ) 

This expression proves suitable to extrapolate to N = oo. Plotting IjV 0 N 
against should give a straight line. The intercept for e~* N = 0 (N = oo) gives 
(Qb/ 2 a)*. 

The value of the constant e has to be calculated from a specimen without extinc¬ 
tion. In the following the highest value measured on a cold-worked specimen will 
be used. An error in the assumption of e fortunately does not affect the value of 
{Qbj 2 d) a extrapolated. 


Comparison with experiment 

Figure 1 shows extrapolation curves I/IqN as function of e ~ tN for some specimens. 
One can see that the linearity of the relation is reasonably well obeyed although one 
cannot claim muoh accuracy (as formula (10) is only roughly true). But this does 
not affect the calculation of Qb/a unduly because the method for correcting for 
extinction is an extrapolation to N = oo. The intensities of reflexions {331} and {420} 
are most important for the extrapolation. It has been calculated by the most 
accurate formulae available (formula (7) and the table for primary extinction in 
Internal. Tab. 1935) that the intensities of these reflexions may be reduced with the 
strongest extinction observe4 by a factor less than 1-5. Altogether, taking into 
acoount all the errors of measurement, the error of a determination of Qb/a should be 
less than ± 25 %. 

The above observations show that extinction is an effect not to be neglected. It 
can affect the relative intensities of Weak and strong reflexions. Besides, a closer 
investigation of formulae (10) and (12) shows that it can also alter the temperature 
factor and the broadening of lines measured. In the present case it completely 
falsified the evidence of the intensities, because they decrease systematically with 
angle. 
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Results 

The correction for extinction makes it possible to give a quantitative description 
of the structure that produces the ‘side-band’ pattern. This structure is formed by 
a periodic variation of the lattice parameter in the direction of the cube edges. The 
period Q of the variation can be calculated from the position of peak intensities of 
the side-bands, while Qbja follows from the intensities. The breadth of the side-bands 
shows that Q is not a constant but that a range of different values is present. If 
( hQb[ 2 a ) < 1 for all values of Qbja present it can be shown that the statistical average 



Fiuure 1. Sumo extrapolation curves for the calculation of Qbja. 

of the values of Q present can take the place of a constant period in all the calcula¬ 
tions. It has to be noted that the position of the peak of the intensities of the side¬ 
bands, from which Q is calculated, does not necessarily give this average, as the 
higher values of Q give stronger side-bands and so are weighted more heavily; but 
the difference should not be large. In pnnciple it would be possible to deduce from 
the broadening of the ride-bands a distribution function of Q. In practice this cannot 
be done with any aoouracy, but it has been estimated that the values of Q vary 
within about ± 50 % of the average value. 

The periodic variation may bo essentially one-dimensional so that lamellae normal 
to the three cube axes are present in each crystallite, or else it may be essentially 
three-dimensional, so that spherical aggregates of larger and smaller spacing 
alternate in a three-dimensional lattice. The difference between the two cases 
influences equation (3). The equation in the form in which it is written follows for 
a three-dimensional variation, while for the lamellar case I/I 0 is only ^N(Qbj 2 a)*. 
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It was thought interesting to follow the change of the periodic) structure with time 
of annealing, as this provides rather detailed information about the ohanges of 
oonoentration in the alloy on a scale of 10~* cm., which is otherwise not easily 
accessible. A series of photographs was therefore taken with different times of 
annealing at temperatures 560, 650 and 750° C. It was found that for a considerable 
time interval the side-band pattern remains, but that the separation of the side¬ 
bands decreases (figure 2 a,b,c). This stage could be analysed quantitatively. It 
corresponds to values of Qb/a for which condition (1) is valid. For longer times of 
annealing the pattern ohanges; higher order side-bands appear, which are in good 
agreement with the rigorous theory. Unfortunately, the diffraction lines become 
too complicated to be analysed quantitatively. 

Table 1 shows the quantitative results of the measurements. The most striking 
point about these results is that b, the amplitude of the variation, remains constant 
within experimental error. The values of b found can be related to do, the difference 
of spacing of the two face-centred cubic phases in equilibrium. It seems reasonable 
to assume that the difference of volume between the two phases in the equilibrium 
state must be at least as large as that between a copper-rich and a copper-poor 
aggregate in the metastable periodic state. This gives the relation that for a lamellar 

variation b<^Aa while for a three-dimensional variation b^^~Aa. It can be 
seen that for all three temperatures b is about equal to 


Table 1 


Q 

t unit 

hr. cells 


2 * 

0 

10 

24 

56 

120 


J 36-6 

i 43 

1 00-5 

2 56 

4 68 

8 79 

16 — 


i 

» 


60 

73 

81 

111 


b 

Angstrom 

units 


0-052 

0-047 

0-053 

0-042 


0-0395 

0-038 

0-0325 

0-034 

0-0325 

0-033 


0-017 

0-019 

0-017 


Qb/a 

from second 
Qb/a side-bands 


0-54 — 

0-50 — 

0-77 — 

0-69 0-6-0-8 

— 0-9 
650° C 

0-39 — 

0-46 

0405 — 

0-53 — 

0-63 — 

0-73 0-6-0-75 

— 0-8-0* 9 
750° C 

0-31 — 

0-38 — 

0-40 — 

— 0-6-0-7 


Average b = 0-049 A 
~~~ da = 0-046 A 

In two-phase state 
Aa = 0 033, A 


Average 6 = 0-035 A 
do=0-035 A 

In two-phase state 
Act = 0-026, A 


Average 6 = 0-018 A 
da=0-018 A 

In two-phase state 
da = 0-0184 A 
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The average period Q increases with time, and figure 3 shows that there is a linear 
relation with the logarithm of time at all three temperatures observed. It is inter¬ 
esting that the slope of the curves of Q as function of log t seems to be independent 
of temperature. The evidence of figure 3 can thus be represented by the equation 
Q~Alogt+<fi(T), (13) 

where t is the time, A a constant and some function of the temperature. 


100- 




60- 

o> 

40- 


20- 


-10 00 10 20 
logio* 

Figure 3. The wave-length Q of the periodic variation as function 
of the temperature and the logarithm of the tune of annealing. 



are made with the assumption of a lamellar variation, that is, from 


Column 4 of the table shows Qbja as deduced from the intensities. Tho calculations 

/ N (Qby 
l / 0 = 3 \2a) • 

If a three-dimensional variation was assumed, Qbja would appear smaller by a 
factor of y/3. This factor provides a possibility of distinguishing between the two 
cases, as, for some specimens with Qbja on the limit of validity of condition (1), it is 
possible to .estimate Qbja from the appearance of secondary side-bands. These 
estimated values are given in column 5. They mako a lamellar variation probable, 
but the evidence is not quite sufficient to settle the point, particularly as the evidence 
of b as compared with do is indecisive. 

The quantitative results given in the table are reproducible within experimental 
error. Specimens of solid metal and rods of sintered powder give the same results. 

After longer times of annealing secondary side-bands appear and the side-band 
pattern gradually changes into another diffraction pattern (see figure 2 <i, e, plate 12 ). 
This pattern (figure 2 e) has been explained by Bradley ( 1940 ) as being due to tetra¬ 
gonal lamellae. A consideration of the higher order Bessel functions shows that it 
may also be due to a periodio variation with a range of different values of Q, when 
Qbja is large. 


Voi. 18*. A. 


36 
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If Qbja is large, each reflexion will have different order satellites, with structure 
amplitudes given by JJHQb/a). We shall put (hQb/a) «= x. As it has been found that 
b is constant, and A is also constant for any particular reflexion, x is proportional 
to Q. The position of each satellite is given by A ± n/Q. This means that the separation 
of a satellite from the main line will be proportional to n/x. In order to follow the 
amplitude as function of the separation of satellites JJx) has been plotted against 
njx for different constant values of x (figure 4). 



If the structure amplitude of the whole structure is made up from the amplitudes 
given by the different values of Q present, it can be seen that for {n/x) < 1 these 
amplitudes will in general cancel out except for values near {njx) = 1. This 
means that in general the intensity of a reflexion will be appreciable only at a 

position corresponding to (n/x) = 1, that is at a distance of ± J from the 

position of the reflexion from the undisturbed lattice. In consequence in the one¬ 
dimensional case each reciprocal-lattice spot of the undisturbed lattice will be 
replaced by two diffuse spots displaced from the original spot by approximately 
hbja along the axis. In throe dimensions this is very nearly the same reciprocal 
lattice as that given by two tetragonal phases fitting together on a (100) plane, as 
postulated by Bradley. 


Kinetic considebations 

He periodio variation of the lattice parameter that has been found must be duo 
to differences of concentration set up at regular intervals. The effect probably has 
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some analogy with the Liesegang phenomenon. It is interesting that it occurs 
reproducibly in all specimens. The reproducibility of the phenomenon is perhaps 
connected with the great perfection of the crystallites in the alloy, which is indicated 
by the presence of extinction. The dissociation occurs in perfect crystallites of a 
length of the order of 10 * cm., a size which is large compared with the scale on 
which the dissociation occurs. Thus the influence of mosaic faults and mechanical 
deformation is presumably eliminated. 

The fact that 6 is constant shows that the maximum difference of concentration 
is reached even with the shortest times of annealing given. This meanB that the 
changing of the X-ray pattern with the time of annealing is not due to the initial 
setting up of concentration differences but corresponds rather to the phenomenon 
of grain growth. The value of Q, i.e. the grain size, is determined by time and tem¬ 
perature of annealing. 

It is interesting that equation (13) separates the variables time and temperature 
It would be interesting to know whether this represents a general relationship in 
the phenomenon of grain growth. 

The equation (13) obviously cannot hold for the whole of the process of dis¬ 
sociation, as it gives Q = —ao for ( = 0 Some other relation must therefore hold 
for the initial setting up of concentration differences. Formula (13) can also not 
hold for longer times of annealing, because, if one extrapolates Q as function of 
logt one sees that Q => 1000 should bo reached at 650° C only in 10 30 years, while 
a sharp 2-phase pattern, indicating a grain size of about 10 * em , is already reached 
mil weeks. The extraordinary slowness of the growth of Q is probably due to the 
geometrical arrangement of the aggregates, which are ‘interlocked’, and not to 
abnormally slow diffusion. This is suggested also by an experiment which was made 
in order to compare the rate of forming and destroying the periodic state. An alloy 
near the composition of Cu 4 FeNi 3 -which is single phase at 750° C, was brought into 
the periodic state by annealing for 6 days at 650° C. By annealing at 750° C it could 
be made single phase in less than 6 min., although Cu 4 FeNi 3 , which is in equilibrium 
2 phase at 750°, is still in the periodic state even after soveral hours at 760° C. 

Our thanks are duo to Professor Sir Lawrence Bragg, F.R.S , and to Dr A. J. 
Bradley, F.R.S , for their encouraging interest in this work. Financial assistance 
has been received from the British Electrical and Allied Industries Research Asso¬ 
ciation and from the Iron and Steel Federation, and one of us (V. D.) wishes to thank 
Girton College for a Research Studentship. 
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Dielectric properties of dipolar substancesf 

By H. Fbohlich and R. Sack 
H. H. WiU# Physical Laboratory, University of Bristol 

(Communicated by N. F. Mott, F.R.S.—Received 30 July 1943) 

From an investigation of structure it is shown that there exists a large group of dipolar 
organic solids whose dipoles have two equilibrium positions with opposite dipole direction. 
To calculate the dielectric properties Onsagor's theory has been extended and devoloped 
into a systematic approximation which converges above a critical temperature. To derive the 
local field acting on a dipole we have replaced tho surroundings by a continuum whose 
dynamic dielectric properties wo have taken into account As a result we find larger dieleotno 
constants and smaller dielectric losses than in Onsager’s theory. Wo have also shown that 
liquids with high viscosity behave similarly to solids, while for liquids with low viaooeity 
there are no suoh deviations from Onsager's theory. 


I. Introduction 

1. The purpose of this paper is twofold First, from an analysis of their structure 
we shall show that there exists a large group of dipolar solids whose dipoles do not 
rotate but have two stable positions with opposite dipolar direction. Secondly, we 
shall develop into a systematic theory a method which has been widely used in order 
to account for dipolar interaction. It is the method whereby the local field acting 
upon a dipole is obtained by replacing by a continuous medium the surroundings of 
this dipolo outside a cavity. Debye (1929), who first appliod this method to dipolar 
substances, assumed that the local field is given by the usual Lorentz theory. His 
local field is thus deduoed on the assumption that the dielectric polarization inside 
the cavity is identical with the averago macroscopic polarization. Onsager (1936) 
pointed out that this was incorrect when a permanent dipole is being placed inside 
the cavity. Ho showed that the local field is composed of two conqioncnts: (i) the 
cavity field which is tho field produced inside tho cavity by the external field on tho 
assumption that the dipole has been removed; (ii) the reaction field which is the 
field at the position of the dipole which is produced through the action of the dipole 
on its surroundings. Onsager then assumed that this reaotion field has always the 
same direction as tho dipole. Thus it does not exert any force upon the dipole and 
can be omitted. This procedure is open to objections (see also Sauer & Temperley 
1940). It is true the equilibrium value of the reaction field has the direction of the 
dipole. This equilibrium value will, however, never be established in view of the 
frequent changes of the direction of the dipole. It will thus be necessary to take 
the reaction field into account, and to calculate it from the dynamio dielectric 
properties of the surrounding medium. Nevertheless, we shall find that Onsager’s 
theory constitutes a correct zero approximation although for reasons different from 

f Parts of this paper are based on reports L/T. 124, L/T. 132 and L/T. 142 (by H. F.) of 
the British Electrical and Allied Industries Research Association (E.R.A.). 

[ 388 ] 
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those given by him. We shall see that, for the substanoes which we treat here, the 
method of replacing the surroundings of a dipole by a continuous medium is re¬ 
stricted to temperatures above a critical temperature T 0 , where the energy VI J, is 
of the order of magnitude of the dipolar interaction. Thus in zero order this inter¬ 
action, and hence the reaction field, can be neglected. Clearly the deviations of the 
more exact theory from Onsager’s theory increase with decreasing temperature. 
While they may be appreciable for solids and for liquids with high viscosity we shall 
find that for liquids with low viscosity Onsager’s theory is always a very good 
approximation. 

In the following we shall start with a discussion of the structure of subBtanoes 
consisting of long-chain molecules. Wo shall then develop the general mathematical 
method and finally use it to calculate the dielectric constant and the dielectric loss. 


II. Model and structure 

2. Solids. The structure of many of the substancos with which we are concerned 
in this paper can be derived from the structure of paraffins which haB been in¬ 
vestigated by Muller (1928). Paraffins are long-chain molecules forming a plane 
zigzag with a CH a group at each corner and a CFT a group at the ends. Polar mole¬ 
cules can be obtained from paraffins by introducing polar groups. Thus a ketone is 
obtained by replacing a CH a group by a C—O group (figure 1). In the paraffin 
structure the chains are arranged m layers whose thickness is approximately equal 
to the chain length. Within such a layor the molecules form rectangular colls with 
side lengths a, b,c where a ~ 5 A, b ~ 7-5 A and c slightly larger than the chain length. 
Figure 2 shows how the chains, whoso cross-sections are indicated, intersect the 
a-b plane. The next layer on top of the one considered just now is slightly shifted in 
the 6-direction From this structure other long-chain structures can bo obtained by 
choosing as unit cell a parallelepiped with arbitrary angles. 

All these lattice structures strongly suggest that each chain has a second position 
of equilibrium obtainod by turning the chain plane by 180 °, thus reversing the 
direction of the dipole t (soo figuro 2). The existence of two positions for each molecule 
should lead to ordor-disordor transitions connected with an anomaly in the specifio 
heat as has actually been observed for paraffins (see Muller 1932; Ubbelohde 1938). 
The transition from one state of a molecule into the other lias been investigated 
previously (Frohlich 1942) for the oaso of dipolar chain molecules dissolved in 
paraffin wax. 

Let us now restrict ourselves to molecules which contain only a single dipolar 
group which usually lies in the chain plane In tliis case the position of a molecule 
can be described in a unique way by the position and direction of a single dipole. 
We may thus speak of dipolar interaction whon wo think of that part of the inter¬ 
action between molecules which depends on the direction of the chain planes. 


t This would probably entail some displacement of the molecules. 
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The conception of two stable dipolar directions has already been used by Debye 
(1929), bat it has not been brought into connexion ijpth any actual structure. 
Usually the conception of rotating dipoles (cf. Pauling 1930) is being used. While we 
do not doubt that such molecules as HC1 have to be considered as rotating dipoles, 



} Fioitrk 2. Plan of arrangement of chains 

* in a plane perpendicular to the chain axon 

Figure 1. Model of chain The two possible directions of a dipole are 

with a ketone group. indicated for the central molecule. 


even in the solid state there is certainly a large group of Bolids, the dipoles of which 
do not rotate. For these substances we shall adopt tho following model: 

(i) The substance consists of a continuous medium containing dipoles which form 
some crystalline lattice. Tho continuous medium has tho real dielectric constant 
e m independent of the frequency of an external held, i e. the corresponding polar¬ 
ization is loss-free and relatively inertia-free. 

(ii) All dipoles have the dipolar momentum fi. Apart from their mutual inter¬ 
action they are subject to non-dipolar foroes which tend to orient them into either 
of two opposite directions. We shall call them stable positions or equilibrium 
positions of tho dipoles. The potential energy of the dipoles is supposed to be the 
same for the two positions if the mutual interaction between dipoles is boing 
neglected. 

(iii) Occasionally a dipole will have sufficient kinetic energy to jump over the 
potential hill separating the two equilibrium positions. Let p be the probability por 


second for such a transition, neglecting dipolar interaction. We then define a time 


of relaxation r of the dipole by 


2r = 1/p. 


(2-1) 
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(iv) In an external electric field E a dielectric polarization M is induced per unit 
volume defining the dielectric constant e by 

M=~E. (2-2) 

4 n ' 

If P denotes the contribution of the dipoles to M then 

M = P+ e "Z±E. ( 2 - 3 ) 

4 tt 

In alternating fields it is useful to introduce complex quantities. Let w be the 
angular frequency of the field, then we shall write 

E = E 0 e<« ( 2 - 4 ) 

and e =■«>' — te", (2*6) 

where e' and e" as well as are real. This way of writing means that the field strength 
is the real part of ( 2 - 4 ) while the olectrie displacement is the real part of eE. Hence 
the dielectric loss per second and per unit volume is given by 

\e'<i)El tan 0 

where the loss angle 0 is given by ton 6 (2-0) 

Our way to introduce the non-dipolar contributions to the polarization (i e. 
(e^ — 1) Ej4n) differs from the usual way where a molecular polarization is first 
introduced and connected with e m with the help of the Clausius-Mosotti formula 
(see Debye 1929). The use of this formula is, however, objectionable (see, for instance, 
Kurtz & Ward 1937). 

3 . Liquids. From X-ray investigations it is known that m a liquid the neighbours 
of a given molecule are mostly arranged according to a oertain crystalline structure 
except for some small deviations. Accordingly wo shall assume that, even in a liquid, 
a molecule, and hence a dipole, has two stable positions relative to its neighbours. 
Thus if we approximate the surroundings of a raoloculo by a macroscopic liquid this 
must be assumed to adhere to the surface of our molecule. Thus, if we neglect the 
transitions of the dipole between its two equilibrium positions, wo are led to Debye’s 
model where the motion of a dipolar molecule in a liquid is treated m the same way 
as the motion of a macroscopic body (Debye 1929). Let r D be the time of relaxation 
according to Debye which is proportional to the viscosity of the liquid. Then when¬ 
ever 7/, <1 Ip (see equation (2-1)), as is probably the case for liquids with small 
viscosities, Debye’s model is applicable. For substances with very high viscosity, 
however, probably r D p 1/p. In this case, therefore, our solid model is more 
appropriate. For not too high temperatures, this should apply in particular to 
amorphous organic substances which have no sliarp melting-point. 
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III. The mathematical method 


4 . It is the purpose of this section to calculate the dipolar contribution to the 
dielectrio polarization induced by the external field E. For solids we shall always 
assume that we are dealing with polycrystalline material and, therefore, average 
over the angle 0 between field and dipolar direction. If we neglect the interaction 
between dipoles, the energy of one dipole becomes /iKoosd. For weak statio fields 
(pE^kT) the Boltzmann theorem yields at onoe for the polarization per unit volume 


p _ /i> E 
3 IcT' 


( 3 - 1 ) 


where n is the number of dipoles per unit volume. To neglect the dipolar interaction 
is, however, permissible only in the relatively uninteresting case e — £„<$ 1 . The mam 
difficulty to acoount for this interaction is its long range ~ 1/r 3 which makes it 
impossible to take into consideration the interaction between nearest neighbours 
only. 

In order to simplify this problem we shall follow a method in which the action 
upon a selected dipole of the external field and of all dipoles is being described by a 
local field F which has been calculated in a simplified manner It is then assumed 
that on an average all dipoles behave in the same way as the selected one The 
polarization is thus obtained from ( 3 * 1 ) if E is replaced by F. To determine F we 
surround the selected dipole by a cavity of volume l/» and treat the outside as a 
continuous medium whose dielectric properties are the same as the macroscopic 
dielectrio properties which we want to calculate Following Onsager (1936) we split 
F into two parts- (i) the cavity field G which is obtained on the assumption that the 
dipolo has boon removed from the cavity; (ii) tho reaction field R which is the change 
of the field at the position of the dipole through its action upon the surrounding 
di P° le “- F-G + R. ( 3 * 2 ) 


Our definition of O is slightly ilifferont from Onsager’s who romovos not only the 
dipole from the cavity in order to determine O but the whole molocule. Thus the 
dielectric constant of the empty cavity is e„ in our case, but unity in his. The actual 
value of O depends on the shape of the cavity. For a sphere of radius a, given by 


4 n , 

T® 


we obtain, following Onsager’s calculation, 


G 


3 e 

ie + e^ 


E, 


( 3 - 3 ) 


( 3 - 4 ) 


independent of a. It should be notioed that this expression remains correct for 
alternating fields if e represents the complex dielectrio constant at the frequency 
in question. 
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Our treatment of the reaction field R is essentially different from Onsager’s who 
assumes that R is equivalent to R lt the value which R tends to reach if the dipole 
remains in a given direction for a time which is long compared to the relaxation 
time t. This, however, is not the case, and, therefore, we shall describe R by its 
dynamic properties, i.e. by its time-dependent differential oquation. From the 
definition of the time of relaxation it follows that 


= — R + ft^, 
dl > 


( 3 - 5 ) 


an equation which we shall justify below (see text between equations ( 3 - 17 ) and 
( 3 * 18 )). [t//i is the unit vector in the direction of the dipole (which depends on time) 
and obviously (3-6) 


unless the dipole remains infinitely long in the same direction. For a spherical 
cavity R x can be calculated similarly to Onsagor’s calculation of his R Given a 
sphere of radius a with the static dielectric constants £„ and e, inside and outside the 
sphere (e 4 is the static value of e) Let rjr be the electric potential so that 


xjr = /j vo* 01e^r* 


would be a solution if 6„ = e„ i.e if there were no dipoles present (r - distance 
from the centre of the sphere, 0 = angle between r and p.) If, however, we 

find from V a yir = 0, 

ijr = eos0, if r <a, 




if 


r>a 


The constants R t and /i* have to lie determined from the boundary conditions at 
the surface of the sphere (continuity of the tangential component of the electric 
field strength and of the normal component of the electric displacement). This 
leads to 


R.= 


e a ,(2fc 4 +e 00 )a' , ' 


( 3 - 7 ) 


Onsagor treats R not as a dynamic but as a Btatic quantity, i.e he uses R = Rtfl/i. 
The energy — (p, R) of the dipole in the field R is in his case —fiR v It is thus in¬ 
dependent of the dipole direction and can be omitted. This would be correct only 
if 1 /r were large compared to d(p//t)/<ft. This is the case only for the non-dipolar part 
of Onsager’s reaction field. In our treatment of the reaction field we have defined 
R as boing due to dipoles only, while the non-dipolar contributions, described by e m , 
have been assumed to be free of inertia. 


6 . Range of validity. Before starting with the actual calculation we want to 
investigate the range of validity of our method. One of the main points of the method 
is to calculate the reaction field with the help of the macroscopic dielectric constant 
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of the substance making ubc of the faot that in the absenoe of an external field the 
polarization vanishes everywhere if we imagine the dipole to be removed from the 
cavity. In the presence of the dipole an electric field is set up whose order of magni¬ 
tude is R in the neighbourhood of the cavity. Now consider a small region of the 
continuum in the neighbourhood of the cavity co-ordinated to a selected dipole< 
This region is being polarized through the action of this dipole. We might, however, 
have selected any other dipole which would induce a different polarization in this 
region. Our method will work only if these various polarizations do not influence 
each other, i.e. if they superpose linearly. This is the case if we do not approach 
saturation Since saturation is approached if the local field is larger than kTjfi, our 
condition is fiR < kT or with (3-6), and introducing a temperature T 0 = fiRi/k, 

fiR x = kT 0 < kT. (3-8) 

A similar condition is obtained from a consideration of the cavity field Q. From 
(3*4) we see that O vanishes in the absence of an external field. ThuB the field at 
the position of a dipole should be duo to the reaction field only, i.e. it should vanish 
if we imagine this dipole to be removed. In the average thiB should be the case for 
liquids and for the disordered state of the dipoles in solids, but in general not for the 
ordered state. Thus if the order-disorder transition | ooours at the temperature T v 
we require T > T v kT j is of the order of magnitude of the energy required to turn 
at T = 0 a dipole from one equilibrium position into the other. If we assume that 
this energy is due to the electric interaction between the dipoles then T x ~ T 0 . 

Equation (3*8) has been derived as a necessary condition for the application of 
our method. It should be realized that we have no moans of estimating the deviation 
of our approximation from the exact solutions. In connexion with this it is of 
importance that Van Vleok ( 1937 a, 6 ) has shown that the exact partition function 
of an assembly of dipoles can be developed into a convergent power series in 1 /T 
if kT is large enough. For a model which corresponds to our low viscosity liquid 
model he found that his results are identical with Onsager’s up to the third order 
in 1 IT. In § 7 we shall also find that Onsager’s approximation is very good for such 
liquids but we shall find stronger deviations for solids. Van Vleck’s method naturally 
is much more difficult than Onsager’s, and it would probably be very complicated 
if applied to alternating electric fields. His method is of importance, however, as 
it provides a justification for the applicability of methods in which the surroundings 
of a dipole are replaced hy a continuous medium (as used by Debye, Onsager and 
in the present paper). 

6 . The fundamental equations. Solids. Wo shall now derive the fundamental 
differential equations of our theory for the model of a solid dielectric, described in 
§ 2 , in which each dipole has two stable positions with opposite dipole direction. 
These we shall call the 1 - and the 2-directions. Our aim is to calculate the polarization 

t A study of order-disorder transitions in solid dielectrics of a type which we do not 
oonsider here was given by K. H. Fowler (1935). 
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P induced by the field E. If n x and n a are the numbers of dipoles per unit volume in 
the 1 - and 2 -direotions respectively, clearly 

P = H(n x —n t ) cos0, (3*9) 

where 8 is the angle between the field and the 1 -direction over which we shall average 
(polycrystalline material). Throughout we shall assume weak external fields, i.e. 

tS« 1. and hence (3-10) 


We also remember that according to ( 3 - 8 ) we can introduce a parameter y < 1 by 


r 


fiR x 

kT 


(3*11) 


This enables us to build up a systematic approximation by developing all expressions 
into power series in y. For the present we do not require the actual value of y but 
only the fact that y< 1 , and we shall calculate the polarization P up to the first 
order in y. In our zero order, y, and hence the reaction field, is nogleoted entirely as 
in Onsager’s theory. This theory is, therefore, a correct zero order approximation. 
The reason for this is, however, not the fact that the reaction field immediately 
follows the dipole and thus does not exert any force (Onsager), but it is due to 
fiRi < kT whenever our method is applicable. 

Let us follow Debye ( 1929 ) in giving a bnef derivation of the zero-order equations. 
If w lt and w tl are the probabilities per second for the dipolar transitions 1 -> 2 and 
2->-1 respectively, clearly 


dn x _ dn t 
dt dt 




(3-12) 


and n l + n t = n. (3-13) 

Now since we neglect R in zero order, the local field F is givon by G, and the energy 
of a dipolo is T/iO cos 6 for the l- and 2-directions respectively. In the equilibrium 
state and for static fields, dnjdt — 0 and thus njn^ = w n /w lv From Boltzmann’s 
theorem we find 

?! _ ?’*> — e 2fi«lca»eikT 
»2 tt'u 

or, using (3-10), and the fact that w n (0) must be equal to w u ( — 0), 

^ +^~j, (3-14) 

where e may depend on T. Assume now (3*14) to hold also for time-dependent 
fields O which is correct if the frequency of the field is small compared to the proper 
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frequencies of the dipole. Then inserting (3-14) into (3*12) we find, using (3*13) and 
(3*9), and neglecting quadratic terms in O, 


dP _PP 0 
dt T + T ’ 


(3*15) 


where 


and, averaging over 0, 


- = 2c, 

T 

_ _ fPnO cos^0 _ /PnG 
kT 3 kT' 


(3*16) 

(3*17) 


Let us now turn to the first-order approximation taking into account the reaction 
field R. Sinoe R itself is small of the first order it will be sufficient to calculate R 
from the zero-order equation. This we have already done in equation (3*6) which is 
identical with (3*16). Since in solids the dipole can have only two directions, (3*5) 
and (3*6) become 

r~ — —R + R lt dipole in 1-direction 

dR (3 ' 18) 

r ^ = — R- R t , dipole in 2-direction 

and -R 1 <R<R l . (3*19) 

In contrast to the zero-order approximation the energy of a di|K>le is now 
+/i{Qcoaf)+ R), 

where the — stands for the 1-direction and the + for the 2-direction. Consequently 
instead of (3*14) we have now, using (3*16), 


«’ia 


A e -/t(acoae+K)llcT 

2t 


from which we obtain approximately 

M-+ = T(w ai + w lt ) ~ 1 -(- ypjc, (3*20) 

w- = T(w 21 -w u )~ft+yx, 

wheref x = R/Ri, and /? = • ( 3 *21) 


In equation (3*12), which is an exact equation, the transition probabilities tv lt , 
w n now contain R given by the differential relations (3*18) which implicitly depend 
on n x and » 2 . Thus in first order (3*12) cannot be solved bo easily as in zero order. To 
find a solution we introduce a probability function p x (R)dR denoting the prob¬ 
ability that at the time t a dipole is in the 1 -direction while the reaction field has 


f Our final result (i.e. the express ion for P) will be proportional to /?. We have thus to keep 
terms ~fiy but neglect terms ~/3* and ~y* in order to find P correct in the first order in y. 
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a value between 22 and R + dR. Similarly we introduoe p,(22) for the 2-direction. 
Thus 

n { = n f* Pi(R)dR (t = 1,2). (3-22) 

J-R, 

p it and hence » ( , may depend on the time t. We shall now develop the kinetic 
equations for p t (R). The differential coefficient of p t with respect to the time is 
composed of two terms 

The first term refers to a change in dipole direction keeping 22 constant, whereas in 
the second term 22 varies but the dipole direction is kept constant. Clearly in 
analogy to (3-12) 


i dt /dipole \ ^ /dipole 


~w liPl (R) + w tlPt (R). 


(3-24) 


To find tho second term we notice that in the time interval dt, 22 increases by 
ftdt (ft = dRjdt). Thus p(R)dR at tho time t is equal to p(R—ftdt)d(R - ftdt) at 
the time t-dt, l e developing p(R), 

P (R)dR\, = p(R-Rdt)d(R-Udt) [p(R)- d ^pRdtjldR-dRdt]^#. 
Now, neglecting dt* we obtain 

(H - = -^- 4 % 

We now make use of equations (3-18) for 22 and find 


/BpA _dp 1 R-R 1 p t /fa) 0^ 22 + 22, 

[f>t/„~'dR t t * [clt/ji 022 T "r* 

Inserting (3-24) and (3*25) into (3’23) we obtain 

T llt = ^ ~ K i> ^ ++ TW *iP* ~ ™»Pi.j 

“ (^ + «i) 0^ + Pt~TWnPt + J 


(3-25) 


(3-26) 


To bring these equations into a mathematically more useful form we use the 
dimensionless variable x defined by 

X = % (- 1 <*<1). (3-27) 

and instead of p x and p x we introduoe the fimctions 

fix) = (Pi+Pt)Ri, (3-28) 

and 9(x)~{Pi-Pi)R\- (3-29) 
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We then obtain from (3*20), using (3-20), 

(3-30) 

T J,~ gi( x 9-f)- w *g+u’ f- (3-31) 

These two differential equations have to be solved under the following conditions. 
First, since the total number of dipoles per unit volume, n = + » 8 , is a constant, 

we find from (3-28), (3-22) and (3-27) 

j'_nx)dx= 1. (3-32) 

Furthermore, in the expressions the dipolar direction is kept constant. 

Therefore = 0 (i = 1,2). 

Using equations (3-27), (3-28), (3*29), (3*25) as well as (3*32) this condition becomes 

j'Jjxg-fttlx-O. * (3-33) 

From the four equations (3-30)-(3*33) we have to determine the polarization P. 
Thus according to (3*9) we require »j-n 2 which, using (3*22), (3*27) and (3*29), is 
given by 

n x —n„ = nj g(x)dx = nJ. (3*34) 

To find the integral J we integrate equation (3*31) from * = — 1 to x = 1. Inserting 
w ± from (3*20) we obtain, making use of the conditions (3*32) and (3*33), 

^9dx+fi+yj ^rfdx . 

Here the integral jxg has a factor yfl. The function g(x) is, therefore, required in 

zero order in y and /? only, i.e. neglecting the effect of an external field as well as of 
the reaction field. In this approximation both df/dt and dg/dt vanish if we assume 
equilibrium, and w ¥ = 1 ,w~ = 0. Equations (3*30) and (3*31) thus become 

° = g~(*/-?) and 0 = l(zg-f)-g, if y = 0, /? = 0. 

Multiplying the second of these equations by x and integrating yields 
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while an integration over the first equation leads to 

n a II 1 ! I 1 

0=s J_ 1 ^ (a:/_y)<i;c= r /-? |_ 1 = \ xf ~ xl9 u 

Thus with (3-32) we obtain 

J xgdx — £, if y = 0, /3 = 0, 

and hence = — J — ^-£+fl + yj xfdx. (3-35) 

To eliminate jxf we notice that, according to (3-30) with (3-34), 

rj x^dx - j x^(xf-g)dx = — J xfdx+J 

i ll 

x % f — xg I =0. Let us now differ¬ 

entiate (3* 35) with respect to t and introduce 

from the above equation. Using once more (3*35) we can eliminate j* xf and obtain 

Finally, in order to obtain P (see (3-9) and (3-34)) we multiply this equation by 
fin cos 0 and replace cos 3 0 by 1/3 (polycrystalline material). Introducing ft from 
(3*21) we obtain 

< 3 ' 36 > 

Thus for static fields, O = G> 0 , the equilibrium value fof P becomes, if we neglect 
y* and higher powers in y, 


4 = 

For time-dependent fields suppose 


fi 2 nG { 


K 1+ D- 


G = G 0 <J(0, 


(3-87) 


(3-38) 


where O 0 is time independent and <p(t) is a function of time. Introducing this and 
(3-37) into (3-36) wo find 


T 'w+ 2T ^+^~y^-‘( l -y) p ^+ r ^)- < 3 ' 3 ») 

Equations (3-37) and (3-39) clearly demonstrate the deviations of the first-order 
values of the polarization from the zero order (i.e. Onsager’s theory), equations 
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(3*17) and (3*15). We see that the effect of the reaction field is twofold. First, the 
Btatio polarization is larger by a factor 1 + y/2 < 3/2 and thus lies between the values 
according to Onsager and according to Debye. Secondly, the time dependence is 
different from both Onsager’s and Debye’s theories. The dipoles are no longer 
independent of each other and thus reach an equilibrium value no longer ~e - ^ r 
but in a more complicated way. Let us calculate the time dependence of P in a 
P eriod,ofleld #(().«- (3-40) 

Inserting this into (3*39) wo find in first order in y 

which for y = 0, of course, is identical with the well-known Debye formula. 

7. Liquids with low viscosity. We have seen that in solids a dipolo has two equili¬ 
brium positions with opposite dipole direction. An external field alters the transition 
probabilities between the two positions in such a way that a dipole will prefer one 
of the two directions thus giving rise to a polarization In liquids, on the other hand, 
a dipole may havo any direction. An external field tends to turn a dipole into a 
directioti parallel to its own, against frictional forces and thermal motion. In spite 
of this difference from the solid case, the polarization in liquids is in our zero order 
determined by equations of the same type as in solids ((3*15), (3*17)) as can be seen 
from the work of Debye ( 1929 ). The whole difference lies in the different expressions 
for the time of relaxation which in solids is connected with the transition probabilities 
between the two equilibrium positions (see equation ( 2 * 1 )) whilo in liquids with 
low viscosity it can be derivod from the viscosity (seo § 3). 

Taking into account the reaction field, however, low-viscosity liquids behave 
differently from solids and high-viscosity liquids. Wo do not want to give details of 
the calculations because they only show that in low-viscosity liquids the influence 
of the reaction field is negligible. For the static polarization, for instance, the first- 
order value of the polarization is found to be (l + y/24) of its zero order value in 
contrast to a factor (1 +y/2) ui solids (3*37). Thus it follows that for low-viscosity 
liquids, Onsager’s theory (i.e our zero approximation) is a very good approxima¬ 
tion, as is also suggested by the work of Van Vleck ( 19376 ). This difference between 
such liquids and solids is due to the fact that in these liquids a dipole changes its 
direction more gradually than in Bolids, thus giving the reaction field a greater 
chance to adapt itself to the dipolar direction. 

IV. Results and discussion 

From the calculations of the previous sections we can now derive our final results 
for the dielectric constant and the dielectric losses. We shall restrict ourselves to a 
discussion of Bolids and liquids with high viscosity because, as we saw in § 7, Onsager’s 
theory is a sufficiently good approximation for liquids with low viscosity. 
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8 . The static dielectric constant From expression (3-37) for the static polarization 
we obtain the static dielectric constant e,, using equations (2-2), (2-3) and (3-3), 


o*AJV VK’ 


where E 0 is the static electric field O 0 as well as y depend on the shape of the cavity 
For the simplified case of a spherical cavity we can insert () 0 from (3*4) and find 


e = r + ^ (i+r\ 

* ® 2e a + e a) a A kT\ + 2/’ 


where, according to (3-11) and (3-7), 


1 kT a 3 k'T tJ2c„+bJ ' ' 

Here we can calculate fi % ja 2 kT from equation (4-2) and insert it into (4-3) As usual 
we have to neglect y a terms, and obtain 


It should bo remembered that this formula holds for temperatures T larger than a 
critical temperature T 0 , which has to be determined from the condition y < 1, which, 
using (4-4), is equivalent to 

+ -v ( ±. a \ 


This condition thus means that coming from high temperatures where e s approaches 
equation (4-6) is valid until we reach a temperature T 0t where Nothing 

can be said from the present theory about the behaviour of e„ for T < T a . Our 
expression (4-5) for contains two parameters, the high-froquency dielectric con¬ 
stant e x and p a /a B k which has the dimension of a temperature. To compare (4-5) 
with experimental results we require measurements over a fairly large temperature 
range which we found in a paper by Uarton ( 1939 ). He has measured the dielectric 
constant of a chomically pure synthetic resin (glycol phthalate) between room 
temperature and about 200 ° 0. Such resins are amorphous substances which 
gradually soften as the temperature increases but have no well-defined melting- 
point. According to § 3 we may expect such substances to behave according to our 
solid model as is actually suggeBtod by the agreement of our theory with the experi¬ 
ments as shown in figure 3. The exjieriments are carried out at frequencies of 
50 keyo./seo., 50 cyc./sec. and for static fields. They can be used to deduce the 
static dielectric constant e„(T) sinoe the function ejT) forms the envelope to the 
set of temperature curves e y (T) whore the suffix v denotes the frequency of the field. 


VoL 182. A. 
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The experiments suggest e ai ~3. The remaining unknown constant /i*/a a k was 
determined as 1140° abs. by equating theoretical and experimental values for 
T - 200° C Figure 3 shows good agreement between theory and experiment. To 
show the influence of the y-terms we notice that the factor 1 +y/2 (see equation (4-2)) 
is 1-25 at 200° C, and 1*45 at 80° 0. Tn order to come to a final decision about the 
validity of equation (4-5), moro oxjieriments would be required. 



Fkjukk 3. Full line. Theoretical curve according to equation (4-5) with — 3 as suggested by 
experiment. The unknown parameter fi'latk was determined as 1140° K by equating (4 5) 
with the experimental value at 200" Dotted lines • Experimental curves (from Garton 
1939 ), li static, 2, .10 eje./soc.; 3, 50 kcyc./seo. Curve 3 is practically identical with the 
theoretical cur\e for T> 120 ° C. Tho theory Incomes mvalid when e reaches e — 9. 


9 Dielectric loss. In alternating fields wo find from (2-2), (2-3), (2-5), (3-41), 
(3-40), (3-37) and (3-38) 

= '.+a£r I +w['-a + (i +L)>]f • < 4 ' 7 > 

or for spherical cavities, UBing (3-4), 


* ‘-+ 1 + U[' - i + ,l + L)>} < 4 - 8 > 

where y < 1 is now given by (4-4). Separating real and imaginary parts this permits 
us to calculate e”/t' and hence tan 6 (see (2-6)). The result would lead to a very com¬ 
plicated formula. Great simplifications can be made, however, if we assume 




2e[e-eJ2)]~ e 


(4-9) 


which is correct unless e approaches An elementary calculation shows that with 
this approximation 


vMt'-lDIH)- 


tan# 


(4-10) 
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This can be compared with the well-known Debye formula 

tan 0 = [(€, - e’) (e' - eji*- (4-11) 

The first difference we notice is that for y = 0 , in (4-11) has been replaced by 
ej 2 . This, however, is of minor importance in view of approximation (4-0). In fact 
we would obtain in (4-10) e' — e m instead of e' —e^/2 if we had assumed e — e a to be 
small. The main difference of our formula (4-10) is thus a reduction of the Debye 
formula (4-1 1 ) by a factor 1 — y /2 which can take values between 1/2 and 1 . In fact, 
most experimental values of tan 0 are smaller than required by equation (4-11) (see, 
for instanoe, Garton ( 1939 )). Our formula (4-10), therefore, will give better agree¬ 
ment than (4*1 1 ). Even so, the theoretical values of tan 0 are still larger by nearly a 
factor 2 than those observed by Garton. This probably means that the time of 
relaxation has at a given temperature a whole range of values as suggested by Garton 
and others.f This in fact follows at once from our model if we remember that resins 
are amorphous substances. Different molecules are, therefore, in slightly different 
positions relative to their neighbours which should give rise’to different transition 
probabilities between the two stable positions of the dipoles We thus require 
experiments on crystalline solids of the type considered here but unfortunately could 
not find any publications. We have, therefore, no possibility at present to compare 
our results on dielectric losses with experiments. 

The authors are indebted to the British Electrical and Allied Industries Research 
Association for permission to publish this paper. 
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In previous work, strean-Rtrain curves for the atomic lattice of certain metals have boon 
obtained from X-ray diffraction measurements of the lattico dimensions of test specimens 
under tension or coinjyesHion, and it has been shown that when the external yield stress is 
exceeded, there is a systematic departure from Hooke’s Law. It is pointed out ui the present 
paper that this departure uidicatos that the external applied strew above the yield is no 
longer balanced primarily by simplo displacement of the atoms but also by a now type of 
secondary internal stress brought about by the process of plastic flow, and that this secondary 
stress, being of a permanent nature, can bo measured by the residual lattico strains ex¬ 
hibited by the lattice after removal of the external stress These residual strains are measured 
m various directions to tho stress direction for mild steel subjected to tension, and it is shown 
that the lattice after tension exhibits a longitudmal compression and a tranavorse expansion 
in the ratio of 2,1, which means that the density of tho material is thoreby kopt constant. 
Comparisons of X-ray and meclianical measurements further show tliat tho hysteresis loop 
exhibited by the external stress-strain curve of mild stool after overstrain can disappear and 
the linear elastic relation be recovered without any corresponding change ui tho internal stress, 
which Is therefore a more fundamental physical property. It is also shown that when the 
elastic range is extended by overstrain in tension, there is no symmetrical increase in the 
elastic range in subsequent compression, thus confirming the existence and direction of the 
secondary internal stress. .Finally, tho lattice stress-strain curves are also obtained for a 
0 4 % C steel (partially pearlitic) and a 0 8 % C steel (pearlitic), and by comparison with the 
results on pure iron and 0 1 % C stool (annealed) it is shown that tho maximum residual 
internal strain developed by the lattice increases markedly with tho fineness to which the 
crystallites can be broken down by the plastic deformation. 

Behaviour of metallic lattice under stress 

In recent work, stress-strain curves have been obtained from X-ray diffraction 
measurements of the changes in lattice dimensions of certain metals subjected to 
tension and compression (Smith & Wood 1941, 1942a, 19426) The shape of the 
lattice stress-strain curves has brought out a now feature in the properties of 
these metals under stress. It is convenient here to refer to this effect in order to 
explain the purpose of tho present experiments and the significance now attached 
to it in the light of later results. Consider a lattice spacing perpendicular to the 
applied stress as a specimen is stretched in tension. This spacing should contract as 
the specimen is extended. It is found that the spacing does contract with applied 
stress up to the external yield point according to Hooke’s Law. In this initial 
[ 404 ] 
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elastic range, the applied stress is thus balanced by the restoring forces between 
the displaced atoms. But when the yield stress is exoeeded and plastic flow sets in, 
the following phenomena occur. 

(i) The atomic spacing does not continue to contract but remains roughly con¬ 
stant despite continued increase in tho applied stress. This means that the excess 
in applied stress above the yield is no longer balanced by simple displacement of 
the atoms in the crystalline lattLCO. The inference is made, therefore, that the 
process of plastic flow of its own accord has produced a secondary type of internal 
stress opposing the external stress. 

(ii) After removal of an applied stress m excess of the yield, the lattice spacing 
does not return to its initial value, and the change is ui the opposite direction to the 
change whilst under stress. Thus after the transverse contraction under tension, 
the same spacing exhibits a residual expansion. The further inference is therefore 
made that the secondary internal stress produced by the plastic flow is of a [per¬ 
manent nature, and can be measured by its reaction on the crystalline lattice when 
the applied stress is removed. 

(ili) A further feature is the apparent homogeneity of tho secondary internal 
stress It is to be expootod that local irregularities of the plastic flow in a poly- 
crystalluie metal would result in internal stresses of some heterogeneity. These 
would vary the lattice spacings from punt to point, and affect the X-ray diffraction 
spectra by causing diffusion of the rmgs. Such diffusion is in fact observed, having 
been discussed in detail elsewhere (Wood 1939 ) But superposed 011 this is an 
easily measurable overall change in spacing, which indicates an underlying ten¬ 
dency to homogeneity in the secondary stress system. 


Secondary stresses produced by plastic plow in tension 

The X-ray measurements in our previous work have referred to a lattice spacing 
at right angles to the applied stress. The point now investigated is tho residual 
change remaining in a lattice spacing inclined at other directions to an applied 
tension, including the change in the longitudinal direction. 

For these"experiments, the nnld steel employed in previous work has been used. 
The lattice spacing measured is the (310), since this can be determined the most 
accurately by practicable X-ray technique. The measurement of a spacing which 
will vary from grain to grain according to orientation with respect to the stress 
direction involves some points which should perhaps be noted. These may bo 
indicated by reference to figure 1, which shows diagrammatically the (310) diffraction 
cone reflected in a backward direction from tho specimen 8 and meeting the photo¬ 
graphic film, which is perpendicular to the incident X-ray beam 08, m tho ring with 
radii OY and OZ in tho plane of the paper. The point to note is that when tho axis 
of the specimen is inclined to the incident beam, as drawn, the radii OY and OZ 
will be unequal, because tho (310) planes in the grains reflecting to Y and those 
reflecting to Z are differently inclined to tho axis of the specimen, and thus the 
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spadngs will have been affected differently by the previously applied tensile stress. 
It will be Been from the diagram that if the specimen is inclined to the beam at an 
angle a, then measurement of the radius OZ will give the angle of inoidenoe », 
corresponding to those (310) normals which make the angle ft** a —», with the 
stress previously applied along the axis. It can be shown also that measurement 
of the radius (not drawn) perpendicular to the plane of the paper will give the 
angle of incidence t with those (310) normals for whioh ooa ft =cos a cos i, or since, 
in the back-reflexion technique here used, i is small, for which ft~a. This latter 
radius and OZ were those actually measured. The corresponding angles of in¬ 
cidence then gave by Bragg’s Law a measure of the (310) spacing when inclined at 
these angles ft to the initial stress direction, and measurements for various settings 
of the angle a gave the change in spacing from the transverse to the longitudinal 
direction. 



Figure 1, S'SS', specimen; OS, incident beam, YSZ, (310) diffraction cone; YOZ, trace 
of photographic film; St, normal to (310) planes reflecting to /. 

In practice, it is easier to determine a diameter than a radius, and OZ was 
measured as follows. Two exposures were made on one film with the half of the 
film on the side OY screened; after the first exposure, the film was rotated through 
180° in its own plane about 0, a movement specially arranged for in the design of 
the film holder, and a second exposure then given The equatorial diameter of the 
ring then obtained gave twice the required radius. Alternatively, after the first 
exposure, the specimen could be rotated into a symmetrical position inclined at 
angle a on the opposite side of the incident beam, and the second half of 
the film then exposed The equatorial diameter again gave twice the required 
radius. 

The changes in (310) spacing given in the results below are based, for each 
setting of a, on the difference between the radius of the diffraction ring from the 
stressed specimen and the radius of the ring obtained under the same conditions 
from a specimen before stressing. This comparison method was considered to reduce 
possible experimental errors to a minimum. By preliminary calibration and 
calculation, it was known that a change in diameter of 1 mm. in the diffraction ring 
corresponded to a change in (310) spacing of 0-04 %, which was adequately sensi¬ 
tive for measuring the changes involved. For this, the specimen-film distance was 
10 cm., and the incident wave-length was the oobalt Ka v 
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Results 

In figure 2 is plotted the residual change in (310) spaoing from the transverse 
to the longitudinal directions for a tensile specimen which had boen stressed to 
20 tons/Bq. in., the yield point of this material being 16 tons/sq in. Specimens 
stressed to other values beyond the yield exhibited the same essential features, so 
that it is necessary only to consider in detail the example given. The closest 
approaoh to the longitudinal direction which could be obtained from measurement 
of the equatorial radius OZ of the diffraction ring was when the (310) spacing was 
inclined at 11° to this direction. Measurement of the radius perpendicular to OZ 
permitted an estimate to be made of the (310) spacing when inclined at 5°. 



Fioukk 2. Variation in permanent lattice strain (remaining after removal of tensile stress) 
for different inclinations ft of the (310) spacing to the initial stress direction. The residual 
longitudinal strain [fi=0°) is found to be twice the rosidual transverse strain (/?=tf0°) 

It will be seen from the curve that at right angles to the stress direction the 
lattice spacing is left with a residual expansion, as previously noted. When the 
spacing becomes inolined to the stress direction, this residual expansion decreases 
in value and becomes zero at an inclination between 60 and 60°. The Bpacing then 
shows a contraction which increases in a regular manner, reaching a maximum as 
the original stress direction is approached. From extrapolation, and from con¬ 
sideration of the value of the angle where the spacing changes from expansion to 
contraction, it was found that the magnitude of the contraction m the longitudinal 
direction was, within limits of measurement, double the value of the expansion in 
the transverse direction. This means that the residual changes in spacing remaining 
after application of the tensile stress aro so related as primarily to keep the density 
of the crystalline material constant. Also, if the residual spacing changes are con¬ 
sidered to be due to an equivalent system of secondary stresses created by the 
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plostio flow in opposition to the external applied stress, then the internal stress 
produced by the applied tension is not a simple compression in the reverse direc¬ 
tion; for the longitudinal and transverse lattice changes would then be related 
according to Poisson’s ratio, which for this material is 0-27. The equivalent 
secondary strosses must consist of a longitudinal compression together with a 
transverao tension. 


Effect of secondary internal stresses on elastic properties 

If, as suggested by the above work, plastic flow produces a system of internal 
stresses, two questions then present themselves 

(а) The elastic properties of mild steel after overstrain are known to change with 
time Are the internal stresses permanent or do they decrease with time as the 
material recovers its elasticity? (Mechanical hysteresis.) 

( б ) To what extent will the internal stresses produced by tension affect the 
elastic properties m compression? (Bauschinger effect.) 

These points were examined in the following experiments. 

(a) Mechanical hysteresis 

A characteristic of a metal stressed beyond the yield is that the external stress- 
strain relation obtained on unloading and reloading then forms a loop. In low- 
oarbon steels, such as that under examination, the loop usually closes with time 
into a straight line, when the material may be said to have recovered its elasticity 
(Smith & Howard 1932 ). The point tested was whether such recovery was accom¬ 
panied by changes in the residual lattice stram effect. 

The observations, which extended over three months, showed that the hysteresis 
loop for the mild steel (and also for pure iron) could close up without any accom¬ 
panying change whatever m the X-ray diffraction patterns. Thus in a typical 
normalized mild steel stressed to 24 tons/sq. in. (yield point 20 tons/sq. in ), the 
width of tho hysteresis loop was halvod after 17 hr at room temperature and fully 
closed after 4| days, when the material thus becamo elastic over the range 0-24 
tons/sq. in. The residual lattice strains, on the other hand, were unchanged after 
the three months. Also experiments made on specimens overstrained and then 
heated to various temperatures showed that recovery from hysteresis was com¬ 
pleted after about 1 hr. at temperatures of 100 - 200 ° O, whereas recovery from the 
residual lattice strains required heat treatment at 400-500° C for pure iron and 
500-000° C for the mild steel. Tho results therefore indicate that recovery of 
elasticity after overstrain is not associated with any regular modifications of 
crystalline structure, and is probably due to a general smoothing out of local 
irregularities, produced in the initial plastic flow, which are not sufficiently exten¬ 
sive to affect the X-ray diffraction spectra. The permanent lattice strain is asso¬ 
ciated with more fundamental modifications of mechanical properties. 
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(6) Bauschinger effect 

In the annealed mild steel used the initial elastic range was approximately the 
same in tension as in compression, 16-17 tons/sq. in According to the X-ray results, 
overstrain beyond the yield in tension oreates secondary internal stresses in the 
direction of compression, and these are in practice permanent at room tem¬ 
perature. The subsequent external elastic range in compression after overstrain m 
tension should therefore be reduced. It will be recalled that this suggestion was put 
forward by Bauschinger in the middle of the last century on the basis of extensive 
mechanical tests. 

For a proper examination of the point, it was considered necessary that the 
hystoresis loop produced in the tensile cycle should be closed to a straight line 
before the subsequent measurements in compression were undertaken The con¬ 
ditions required for this recovery of elasticity after overstrain in tension, without 
affecting the permanent lattice strain, were known from the work referred to m 
the preceding section. 

The first tests were made on a cylindrical tensile specimen, of diameter 0-358 in. 
and parallel test length 1 in This was loaded in tension to 24 tons/sq in , and 
allowed to become stabilized by standing at room temperature, the material then 
becoming elastic from 0 to 24 tons/sq. in A J in. length was then cut from the 
parallel portion to give a cylinder suitable for testing in compression 

Mechamcal measurements. These showed that the limit of proportionality, which 
was 24 tons/sq in. in tension, became 15 tons/sq in m compression instead of the 
24 tons/sq m which might have been expected if the process of strain-hardening 
were non-directional 

X-ray measurements. The residual lattice strain was for convenience measured 
in the direction at right angles to the applied stress. After the load in tension, this 
residual transverse strain for the (310) spacing was +0-06 % (expansion). During 
compression the load was removed at the stresses indicated below, and the residual 
transverse strain redetermined with the following results: 

compression residua] (310) strain 

after 4 tons/sq. in. + 0 0(1 %, still expiuidod 

8 6 +0 00 %, unaltered 

12-8 4- (I Oft %, unaltered 

17 0 + 0 04 %, decreasing 

20-3 + 0-02 %, marked decrease 

23-5 —0 01 %, contraction 

20-1 -0-04 %, marked contraction 

From previous measurements on the lattice stress-strain curve in tension, it is 
known that after the initial loading in tension the lattice stress-strain relation is 
linear over the range 0-24 tons/sq. in. (vide figure 36). The above observations show 
that (i) this clastic range of the lattice in tension is reduced in subsequent com¬ 
pression to a range Bomewhat less than 17 tons/sq. in., which is of the same order 
as the reduction in the external mechanical elastic range; (ii) when this reduced 
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elastic range in compression is exceeded, the subsequent plastic flow produces the 
directional effect of first slowly cancelling out the residual lattioe strain left after 
the previous tensile stress, and then reversing its direction, so that the transverse 
(310) spacing, which was previously expanded, becomes finally contracted. 

Both the mechanical and the X-ray measurements therefore confirm that the 
plastic flow m tension appears to create a secondary internal stress in the direction 
of compression. 




Figure 3 a. Lattice stress-strain curve 
for iron (purity 99 95 %). 


Figure 36. Lattice stress-strain curve 
for 0-1 % C steel. 


Figures 4a, 46 (plate 13) compare the (310) spacing after 24 tons/sq. in. tension 
with the same spacing after the subsequent 23 5 tons/sq. in. in compression. Those 
are reproduced to show that the difference in diameter of the respective diffraction 
rings is of an easily measurable order; and the difference dearly demonstrates the 
non-elastic behaviour of the metallic lattice under conditions producing plastic 
flow. 

Before concluding this section, reference may perhaps be made to two further 
confirmatory experiments of the same nature as the above but on mild steel in the 
normalized, as distinct from the annealed, condition. In these experiments short, 
thick specimens were used, specially designed to be suitable for tension and com¬ 
pression without the necessity of cutting the specimen. The yield point in the 
normalized condition was 21 tons/sq. in. The first specimen was loaded to 24 tons/ 
sq. in. in tension, and allowed to become stabilized by resting as before. On testing 
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in compression, the elastic range was found to be 15 tons/sq. in The second specimen 
was loaded only to the yield point in tension, and held there for 5 min , until yield 
was complete. The specimen, after stabilization as before, was tested in compression. 
The elastio range was reduced to 11-12 tons/sq. in. The breakdown of the grains 
during plastic deformation, which is one factor to be considered m stram-hardening, 
oan hardly be a ‘directional' effect; it would have the same influence in tension or 
compression. But that the internal stress is directional appears to follow definitely 




for 0-4 % C steel of eutectoid steel. 

from both the X-ray and the mechanical tests. The increase in elastio range which 
can be produced by overstrain in tension applies only to the tension cycle and not 
to the subsequent compression, both externally and for the lattice. 


Lattice stress-strain curves for higher carbon steels 
The next step was to consider experiments on the source of the secondary internal 
stresses. 

A possibility is that they arise in a distorted envelope formed around the frag¬ 
mented grains and crystallites produced by plastic flow. If so, they should be 
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affected by the texture of the iron or ferrite matrix, and the fineness to which thin 
texture can be reduced by mechanical deformation. 

It is not possible to produce crystallites less than a certain size by plastic deforma¬ 
tion of a pure metal (Wood 1939 ). But the texture can be varied by introduction 
of foreign atoms. The dispersion of carbides in steels, for example, permits of 
particularly wide variation in the condition of the ferrite matrix Advantage was 
taken of this fact in comparing the lattice stress-strain relationship for the following 
materials. 

(i) Pure iron, annealed, initial gram size 10 -a - 10 -* cm. 

(u) 0-1 % C steel, annealed, fcmto grams 10 MO -3 cm. and carbon in sphe- 
roidized condition. 

(in) 0-4 % C steel, mixture of ferrite grains as above and laminar pearlite. 

(iv) 0-8 % C steel, entirely laminar pearlite of bands approximately 0*5 mm at 
500 magnification 

The above range was purposely chosen also in view of other X-ray work which 
showed that the maximum diffusion of the di (Traction rings readied during deforma¬ 
tion varies considerably for steels of different complexity Thus, in pure iron, the 
sensitive (310) cl x ol % doublet obtained with cobalt K radiation is still strong and well 
resolved after the severest practicable deformation The same doublet, however, from 
martensitic, or quenched and tempered steels, is not only unresolved but so diffuse 
as to be hardly visible. The above range was known to produce an increasing scale 
of diffusion in the order given, as a result of deformation; but not so extensively os 
to preclude estimation of the overall changes in diameter of the diffraction rings. 

RmuUh 

The results refer to the change in (310) spacing transversely to the stress direc¬ 
tion, and were obtained in the combined X-ray spectrometer and tensile testing 
machine already described in previous papers. The curves for the pure iron and 
0-1 % C steel were similar to those obtained in the previous work, but, for con¬ 
venience of comparison, they are reproduced herewith on the same scale as the 
corresponding curves for the 0-4 and 0-8 % C steels, the set being given in figures 
3a to 3d. 

The curves show (a) a similar linear stress-strain relation up to the external 
yield, (ft) a similar characteristic departure from Hooke’s Law as the yield is 
exceeded, and (c) the building up of permanent lattico strains above the yield 
which remain when tho applied stress is removed. 

The point of interest in connexion with the present aims is the difference in 
magnitude of the residual lattice strain developed at the ultimate stress for the 
different materials. This increases with the complexity of the steels, being 0-04 % 
for the iron, 0-00 % for the 0-1 % C steel, 0 08 % for the 0-4 % C steel, and 0 09 % 
for the 0-8 % C steel As already mentioned, the diffusion of the diffraction rings 
also increases in the same order on deformation of these materials. Now it has 
been shown recently, by a new X-ray diffraction result (Wood 1943 ), that this 
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diffusion in the case of the steels is duo almost entirely to reduction of the ferrite 
grains to fine crystallites, when, with standard X-ray techniques, the number of 
atomic planes in each crystallite becomes too small to produce sharp reflexions. The 
crystallite size decreases as the diffusion increases. These steels therefore represent 
a range in which the ultimate crystallite size is progressively smaller from the iron 
to the 0-8 % C steel; measurements based on the usual formulae connecting dif¬ 
fusion and particle size gave 3'2xlO~ s cm (Fe), 2x10 5 cm (0-1 % C steel), 
1-6 x 10~ 5 cm. (0 4 % C steel) and 10 s cm. (0-8 % C stool) approximately The 
maximum residual lattice strain therefore appears to increase as the ultimate 
crystallite size for the iron matrix is decreased. This result thus suggests a relation 
between the secondary internal stresses and the surface boundary conditions which 
would become more effective with reduction in crystallite size 


Discussion 

A specimen which is not homogeneous, or which is subjected to a stress dis¬ 
tribution that is not homogeneous, could be stressed to a stage where some rogions 
would bo plastically deformed while the remainder was within the clastic range of 
the material When the external stress is released, the specimen would be m a state 
of internal stress because of the restraint of the permanently deformed regions on 
the remainder. These may be termed ‘layer’ stresses, because they aro commonly 
met with in specimens where the surface has been deformed more than the interior. 

It is important to note that such large-scale layer stresses could not explain the 
internal stresses investigated in the present work. For, in the first place, there is no 
reason to suppose that the stress distribution across a cylindrical tensile specimen 
would be so far from homogeneous os to produce effects of the order observed 
Also, even if the distribution were not homogeneous, the lattice spacing at the 
surface would change m a unidirectional manner as the total load was con¬ 
tinually increased, whereas in actual fact this is not so, the transverse spacing of 
mild steel, for instance, exhibits a sudden contraction at the external yield The 
point can be settled, however, by etching a specimen and determining the residual 
lattice strain from the surface to the interior, a procedure jjossiblo because of the 
low penetration of the wave-lengths used in the X-ray diffraction work. This test 
was undertaken specially on a cylindrical tensile teBt piece of mild steel 9 75 mm. 
diameter. After stressing beyond the yield to 24 tons/sq. in., measurements were 
made of the residual transverse strain shown by the (310) spacing at the surface 
and at stages as the original surface was etched away in dilute nitric acid. No 
appreciable change could be observed. A further etching tost was made on a similar 
tensile tost piece which was sectioned so that the longitudinal lattice Rtrain also 
could be measured. This process involves some difficulties becauso the action of 
sawing appears to leave an expanded lattice in the surface layers, but it was found 
that these could be removed by careful turning and etching. It was then observed 
that after continued deep etching, the longitudinal lattice spacing was contracted 
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and the transverse spacing expanded always in the same ratio. The difference 
in corresponding diameters of the diffraction rings is illustrated in figures 6 a, b 
(plate 13). These diffraction rings also illustrate the characteristic diffusion pro¬ 
duced by the plastic deformation. 

The internal stresses here observed are therefore not due to large-scale layer 
stresses. Analogy with layer stresses suggests, however, a means by which they 
might arise, though in a more fundamental manner. Thus, it is reasonable to sup¬ 
pose that during plastio flow a crystallite becomes bounded by atomic layers in 
whioh the regular crystalline formation beoomes highly distorted, or even lost. If 
the elastic range of this boundary material is greater than that of the crystalline 
interior, then as the yield is exceeded the boundary may still be deformed elastic- 
ally whilst the interior undergoes permanent deformation by the plastio flow. On 
removal of the applied stress, the boundary layer will be unable to reoover entirely, 
because of the permanent deformation of the interior. It will therefore exert a 
stress with both longitudinal and transverse components on the enolosed crystalline 
lattice. This would produoe residual lattioe strains of the type observed. The 
example just given would be an extreme case. Actually it would be neoessary only 
to suppose that the Btress-strain relation for the boundary layers was different 
from that of the crystalline interior in order to produoe the residual strains in the 
crystalline lattioe. We therefore suggest the possibility of a fine-scale distribution 
of layer stresses, originating in this manner, being an inherent oonsequenoe of 
plastio deformation in a metal. 

Finally, the extension of the lattice measurements from the transverse to the 
longitudinal direction confirms the general principle previously suggested: after 
the yield point, the lattice systematically assumes a permanent strain in such a sense 
as to oppose the elastic strain induced by the applied stress, and of a magnitude which 
increases in a regular manner with the external stress. 

The work described above has been carried out as part of the research programme 
of the National Physioal Laboratory, and this paper is published by permission of 
the Director of the Laboratory. 
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The structure of electro-deposited chromium. A correction. 

By W. Hume-Rothery, F.R.S. and M. R. J. Wydlie 
(Received 14 January 1944) 

In our recent paper (Hume-Rothery & Wyllie 1943 ) on the structure of electro- 
deposited chromium, figures were given for the stress in electro-deposits prepared 
on steel strip. These figures were deduced by means of an equation given by 
Stoney ( 1909 ) for the relation between the radius of curvature of the steel strip 
and the stress in the deposit. According to Stoney the radius of curvature, R, of 
a strip of length l is related to the deflexion of the strip, z, by the equation R — I'jftz. 
In our work, we assumed that if the strip were hold at one end, during electro¬ 
deposition, the deflexion was the movement of the free end. Actually, as can be 
seen from figure 1 , if 2 is the movement of the free end of the rod, then for small 
deflexions R = l*/2z. If the deflexion is defined as the perpendicular distance from 
the mid-point of the rod to the chord of the circle joining its two ends, i.e. the 
distance y in figure 1, then the relation is R = J*/8y, which is that given by Stoney. 

f\ 



The stresses given in figure 6 of our paper are thus all four times greater than they 
should be, and although the general conclusions are quite unaltered, the maximum 
stress is really only 27-5 tons/in.*, and not 110 tons/in . 1 as^was erroneously stated. 
This mistake was pointed out to us by Mr G. R. Gar dam of the Research Depart¬ 
ment, Woolwich, and we can only express our apologies for the confusion which 
may have been caused. 
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The three infinite harmonic series and their sums (with 
topical reference to the Newton and 
Leibniz series for ir) 

By F. Sotjdy, F.R S. 

The following corrections refer to the above paper which was printed in part 989 
of this volume 

p. 114, third line from end of Abstract for ‘If d/2 is oven, .. ’ read ‘If d/2 is odd, . ’, 
and also on p. 124, at tho end of tho second lino precoiling formula (17). 

p 110, 10 linos from end, d/a should be a/d. Tho first part of the noxt sentence should bo: 
‘Integral changes of n/d, m (5) and (6), change the denominators of tho terms from d(Af + njd) 
to, say, d(M +n + ajd), that is, In the rest of the paragraph, for (3) read (5), and for 
(4) read (6). 

p 122, 1 10, tho numerator should be (- l)*+ l , and, in I. 11, the denominator (Afd) , " a 
should be (A/d)*" 1 - 1 , 
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